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In the previous papers (Wadhwa 19644, b, c) on the same topic eight basic
circuits, each employing three capacitors and six resistors and eapable of simu-
lating, under certain conditions, third order systems with a leading time-
constant, were presented. Tn this paper two more basic cireuits for simulating
the same type of third order systems are presented. The circuits are analysed,
the design formulae obtained and the conditions of their physical realizability
discussed,
IxTRODUCTION
In previous communications (Wadhwa 1964a, b, ¢) on this topic eight
basic circuits, each capable of simulating, under certain conditions, a par-
ticular type of the general third order linear systems, that is systems with a
leading time-constant, had been presented. The purpose of this paper is to
present the remaining two basic circuits, discuss and obtain the design

formulae and the conditions of physical realizability.

THRD ORDER SYSTEM SIMULATION

Two basic circuits, each employing three capacitors and six resistors (with

a certain arbitrary choice of resistor values) and capable of simulating, under
certain conditions, third order systems with a leading time-constant, that is
by(b,5+41) 1)

a3 S84 a,S24u84-1

F(S) = —

are shown in Fig. 1.
Transfer function for the circuit of Fig. 1(a) can be shown to be

(—i—)(Rcss.g.l )

Bo_ Fataf+3

o @?I%H‘) R3C,05C,83+ [m R20205+(57?—(_%'%%—) R2C,C,+
Gt Rwﬁ@]s o+ [(5&52 5y B0 ooy RO+
%‘%Rq]su O )
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(1) and (2) will be identical if

b - B
07 (Batof+3)
by =T}
o (Qatl) «(B+3) 3a(B+1)
h= (5a+aﬁ+3)7 2+(5a+aﬁ+3) T5+(5a+aﬁ+3)]7
_ ® ; «B+1) 3af
9= Batap+3) T2f5+(5a+aﬁ+3) 12T7+(5a+uﬁ+3) T5T7
-
T = Gatop$3) 2517

where
T‘IL = an .

Elimination of «, B, T'5 and T'; from (3) to (7) gives a quartic

bubf(l—bo)T;—[3bob§(a1—bob1)—as(l_zbo)_azbob,]T§+3(3a2bobf—alas)Tg_

9ag(3bob>—a5) T2 —27a% = 0

™

(8)

9
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which, as shown in Appendix I, will have at least one positive real root corre-
sponding to which a set of positive real «, 8, T’y and 7', exists, provided that

(1—=bg) >0 1
(@1 —bgby) >0 1
by(aa—Beb)? > dagl1—by) | (10)
(azbl—ag) > 0
0B> 0P > 04 ]
and
5bg
> " 11
B =6y (11)
where
» 3by(ay —bgby) — J{ 9bf(a1_bobl)z—sﬁugbl(l_bo)}
i _ - 2b,(1—by)
o 2 Sha—bbi+ §96a,—bob 2= 36asb,(1~8) } L (12)
- 2b,(1—by)
0P = (_?L‘&)
llzbl—'a«3
and 8 can be shown to be given by
T bob>T
= dastbbiT) N 1)

&y
)

l

b

(2201 —a3)Te~—3ash,

The proper procedure for design of the network would be first to check
and see if the inequalities of (10) are satisfied. Then solve (Turnbull 1947)
(9) for 7'y, and substitute the positive real value(s) of T, into (13) and see
if the inequality of (11) is satisfied. Satisfaction of the conditions of (10)
and (11) signify that a positive real set of «, 8, Ts, Ty and T'; exists for which
the circuit of Fig. 1(a) is physically realizable.

The circuit component values may be then conveniently determined by
solving (9), (13), (3), (4) and (7).

Referring to the circuit of Fig. 1(b), its transfer function can be shown to
be

( A )(aR(’5S+])

5a+3
T ap 308 (B+1) (x+B) } ,
5 +3)R 05070383+[(5a+3) 5C7+( +3)R 0508+( +3)R 0.0 | 82+
3a 3(x+8) (2a+B+1)
[m R05+(5a+3) RO+ ROS]S+1 .. (14)
(1) and (14) will be identical if

B
bo = 53y

(15)
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bl = GT5
_ 3 3(a+p) , | (a+B+1)

M= Gk 3) o Gk d) LT (Gat3) L
88, a(B+1) ., , (x+58)

27 (5a+3) [5T7+(5a+3) T5f8+(5a+3) T7Ts

— aB T 7

(Z3 = ———*(5a+3) ]5[7T8

where
Ty = RC,.

Elimination of «, 8, T and T from (15) to (19) gives a quartic

AT = AP+ Ay Tim AT+ Ay = 0

where
Ao = 13550 )
Ay = 450707 (ag+5bob?) |
Ay = 15bghy(a1a3+5asbob?+4azbeby) } ..
A = 5agfag(1+2bg) +boby (51, +ap+15bb7)] |
Ay = 10a3b,(1+ 3b,) J

(16)

(17

(18)

(19)

(20)

which can have no negative roots and will have two positive real roots if its

discriminant A is negative.

As shown in Appendix II, at least one set of positive real o, 8, T, T,
and T4 exists provided a set of conditions listed in any one of the under-

mentioned seven cases is satisfied together with

B > 3b,.

(i) A;>0, 0y>0, Ag>0; 0P > ON

Either OL > OB
or OM > OB > 04 > 0L
ot 04 >0M 1
and either 04 > OP |\
oo 0Q>O0B |
or OP > OB J
or OM > OB > 0L > 04
or 0B>0M>0L>OA}
and either 0Q > OB 3

or OP > OB J

(23)

(27)

(28)
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or OB > 0OM > 04 > OL']
and either 0Q > OB s
or OP > OB J

(i) Ay >0, As>0, Ag>0;0Q > 0N > OP

Either OL>0B ..

or OM>0B> 04 >0L

or OB > 04 >0M > OL |
and ecither OA > 0

or 0Q > 0B )

or OM> OB > (OL > 04

or OB >0M>0L>04
and 0Q > OB {

or OB >0M>04 > 0L
and 0@ > OB } o

(1) A1 >0, As>0, Ag>0; 0N >0Q>0P
Either . OL>O0B |
and either 0Q >04 >0P
o0 0Q>O0B> 0P |

or OM>O0B>04>0L )

and either 0Q >0B>0P>04"*

or  OB>0Q>04>0P)

or OB>0~1>04M>0L}

)

q

-

)

}

|

and either 0@ > 04 > OP
or 0@ > OB > 04 > OP
or 0@ > OB > OP > 04
or OB > 0Q > 04 > OP
or OM> OB >O0L > OA
and either 0Q > 04 > 0P
or 0@ > OB > OP
or OB > 0M> OL > 04
and either 0¢ >04 >0P
or 0Q > 0B > 0P
or OB >0M> 04 > OL
and either 0@ > 04> 0P
or 0@ > OB > OP

747

(36)

(39)

(40)

(41)
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(iv) A3 >0, A2 <0, Ag>0

Either
and either
or
or

or
and either
or

or
and either

or

0Q > OP > ON
0Q > 04 > OP
0Q > OB > OP
0Q > OB

0Q > ON > OP
04 > OP

0@ > OB

ON > 0Q > OP
0Q > 04 > 0P
0Q > OB > OP

———— e

(V) A1 <0, A >0, Ag>0

Either

or

0@ > 0P >0ON ..
0@ >ON > 0P ..

(vi) A1 <0, Ae <0, Ag >0

Either
or

or

and

0Q >0P>O0N ..
0Q > ON > 0P ..
ON >0Q>0P

A =13-2772 < 0}

(vil) A1 <0, A <0, Ay< 0

where

Ay = 2507576 —12abob, (14-5bo)(2+45bg) ; Ay = 225b7b1 —36asbb,

17071

A =[3-27]2 <0

Ag = B;—300a.b% ; Bs = 5agbehs—as(1+5bg)

04 = 6bob,(1+5b,) 0B = 6bob,(1+5bq)
0L — 15bgb;— o/ A s 3 15b0b§+JA2_ _ Bs—.J A
T 18bgh; T 18bghy - 30670
2
_ Byt+Jas _5by . A4, fi_g
=y N T =T TR
3
_@(Az@._f’_i)_il(A 4, Arts)_(4e)
T2\ 3 8 16 771 3 6

5a1bob1—/ A1 .

071°

_ 5abebi+4/ .

(42)

(43)

(44)

(45)
(46)

(47)
(48)

(49)

The network design procedure would be to first compute the values of
A1, Ag, As, By, OP, 0Q, ON with the aid of (51) and see if any one of the
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seven cases mentioned above is applicable and then check to see if any one
set of conditions listed under the relevant case together with (23) is satisfied.
The satisfaction of these conditions signifies that the circuit of Fig. 1(b) is
physically realizable. The circuit component values may be then determined
by solving the quartic of (21) for 7',. Substituting the positive real value(s)
of T'; into (2.7) gives B; «, T; and T's may then be obtained with the aid of
(15), (16) and (19).
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APPENDIX [

CoNDITIONS UNDER WHICH THE CTRCUTT OF Fid. 1{a) IS PHYSICALLY
REALIZABLE

Simulation of the system represented by (1) with the circuit of Fig. 1(a)
is possible only if values of «, 8, Ty, T'; and T, obtained as the solution of
equations

b =(5“—_:;’%_|—_—3—) (1.1)
by=T;.. . L (1.2)
= Gatar D Tt a9 T”wﬁﬁ?m 7 (1.3)
g =@+—Z/§_|~_—3~)T2T5+ G%%@Tzcrﬁ@%g—w Tl .. (14)
as =(~5&—fo%q_§3TzT5T7 O )

are positive real, where a’s and &’s are positive real constants.
Elimination of «, 7’5 and T, from (1.1), (1.2), (1.3), (1.5) and (1.1), (1.2),
(1.4), (1.5) give the following two equations :

1 3bl(a/1_"bObl)Tz"bl(l—b())TZ—-Qa3

= e .. (L6)
B bgby Ta+9bgb3T's +9ag
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1 _ (agh;—ag)T'2—3agh, (1.7
3 ot by ce e )
The intersection of the curves of (1.6) and (1.7) in the first quadrant of
1
the 7', — F plane will give 7', and g both positive real. It is evident from
(1.1) that
3
= (T=b0)B—5bo 1
will be also real and positive if
(1—by) >0
Bby \ £o - < e .. (19)
and - f> (1—-%)

The corresponding 7’5 and 7'; as seen from (1.2) and (1.7) will be also positive
real.

1
Now, the curve of (1.6) will cut the 7T',-axis (i.e. E: O) at two points

4, B whose T'y-coordinates may be obtained by equating to zero the right-
hand side of (1.6) and solving the resulting quadratic

by(1=by) 75~ 3b;(ay—boby) To+9a5 = 0. .. .. (1.10)
The roots of (1.10) are \
8ba(az—bohn) &/ § 967 (a2 —bobs)2—36aghy(1—ho) }

TZ(A, B) = le(l—l)o) (111)
which will be positive, if
(@ —bgb)) >0 .. .. .. .. (L12)
and real, if .
by(ag—boby)? > dag(l—bg). .. .. .. (L13)

Similarly, the curve of (1.7) will cut the 7',-axis at a point P whose T,-
coordinate is given by

0P=(—?’3§9L) .. .. .. .. (L14)

agbl—a3
which is real and will be positive, if
(flzbl——as) > 0. . . . .. (].].5)

Hence, if the inequalities of (1.9), (1.12), (1.13) and (1.15) are satisfied then
a portion of the curves of (1.6) and (1.7) can exist in the first quadrant of

1 .
the Ty — 7 plane, and the curves for positive 7', are sketched in Fig. 1.1.
The curves will intersect each other in the first quadrant provided that

OB >0P>04 .. .. .. .. (1.16)
and that the conditions of (1.9), (1.12), (1.13) and (1.15) are satisfied.
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Fic. 1.1. Sketches of curves for positive 7'y,

\
o /A 6 ™
1
!
?
/\
] P ="
| 3by(ay—boby) Tp—by(1~bo)To— 91,
I B 2 B
boby T3+ 9bob, T+ 90y
1T 1__: (aghy—ag)Ta— 3agby
B ry(bobiTa-tas)

To summarize, if the inequalities of (1.9), (1.12), (1.13), (1.15) and (1.16)
are satisfied, then a positive real set of «, 8, Ty, 75 and T'; exists for which
the circuit of Fig. 1(a) is physically realizable.

ArpENDIX 1T

CoxXDITIONS UNDER WHICH THE CIRCUIT OF F1a. 1(b) IS PHYSICALLY
REALIZABLE

It is possible to simulate the system represented by (1) with the circuit
of Fig. 1(b) only if the values of «, 8, Ty, T'; and 7’5 obtained as the solution
of equations

__B
b°_(5a+3) R - B
by=0aTy .. - .. .. .. (2.2)
. 3 3(x4h) ,n , (x+B+1)
a1‘(5a+3)Ta+(5a+3) T+ Bt 3) Ty . .. (23)
~ 3B x(8+1) (a+B)
Ay = (5¢Z+3) T5T7+(5a+3) T5T8+(—5—m T7Ts ‘e . (2.4)
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aa (5 id)[5T7 8 .. v . s .. .. e (2-5)

are positive and real.
Elimination of «, T and T from (2.1), (2.2), (2.3), (2.5) and (2.1), (2.2),
(2.4), (2.5) give the followmg two equatlons :

1 3bghy(1+5b6)T2 —Basbeh, Totag(2+5bo)

i . .. (26
B bo(9bob, T —15bgb% Ty +az) 2.6)
1 1526372~ { 5agbeh, —ay(l +5b0)}T7+5a3bobl oo
B a3bo(377—bby) (2.7)

The intersection of the curves of (2.6) and (2.7) in the first quadrant of
1
the T, — 3 plane will give both 7’, and B as positive real. 1t is evident from
(2.1) that

_ ,8—3b0)
a_(w Y 1)
will be also real and positive, if

B=>38by .. .. ... (29)

The corresponding 7’5 and T'g, as seen from (2.2) and (2.5), will be also
positive real.

Now (2.6) will have a pair of zeros and a pair of poles which are respective-
Iy given by

_ babobi £ A

T7(A, B) = m (210)
15bgb° &/ A g

Tre, m = *_—_lébobl (2.11)

The zeros and poles will be real or complex depending on whether A,
and A, are positive or negative.

Similarly, (2.7) has a real pole given by
by

.5
Tiny=ON = 5 (2.12)
and a pair of zeros given by
Bs+J/a
T =-3=N28 2.13
7(P, Q) 30625° (2.13)

which will be real or complex depending on whether A 5 is positive or negative,
where

17071
A = [2266%5* — 36agbobs ] |
As = [Bi~300a5%" T
Bg = [5aboby —ay(145b,)] J

A1 = [25a2b2b2—12a5behy (1+5bo)(2+5by)] 1

(2.14)
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The branches of the curves for positive 7'; and various possible cases of
interest wherein a portion of the curves can exist in the first quadrant are
sketched in Figs. 2.1(a), (b) and (c).

Fie, 2.1(a)., Sketches of curves for positive 7.
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(i) OM> 0L > 0B >0A (1) oM »0B8>04>0L
_I* .‘.t
p! [
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! 1
1
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i | | 1
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3
+ .
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(i) oB>o04>0M>0L (iv) oM >08>0L > 0A

Ph ok
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1 ! 1.
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i 1 ]
0 A\ L L] /= 0 1t Al M
i ! |
| 1 \
o |
1
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! | :
1
1

N\
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1
'
;
I
i
1
|
118
|
1
)
i
1
;
1
)
[

" o
(V) 08>0M>0L>0A (vi} 0B >0M>0A>0L
1t is obvious from (2.11) and (2.12) that
ON >0M >0L. .. .. . .. (2.15)
Elimination of g from (2.6) and (2.7) gives a quartic
AT — AT AT~ AT+ Ay = 0 S .. (216)
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where

Ay = 136b75°

A, = 455%b%(az+5beb3) )

Ay = 15bgh, (@y05+5a9bob’ +dazbeby) \ Soo(207
Ay = bag[ag(1+ 2bg)+bob1 (5,6, +ag+ 15b40%)] ’
A,y = 10a%b,(14-3b)

Fra. 2.1(8). Sketches of curves for positive 77,

{

4,20
A,L0
4
i
\] L—I‘
7] 2 M e

e

8,20
8,40
which can have no negative roots and will have two positive real roots if its
discriminant A is negative. The real roots of (2.16) signify real points of
intersection of the curves of (2.6) and (2.7), and the positive roots mean that

. . < . .
the points of intersection lie on the right of the B-ams.

In view of expression (2.15), it should be evident that the curves of (2.6)

and (2.7) will intersect each other at at least one point in the first quadrant
5B
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F1e. 2.1(¢c), Sketches of curves for positive 7',
‘ 3, 17
¢

\

{
!
|
I
I
I
b
|
N
|
1
1
i
1
;
1
1
i

|
i
!
1
|
;
’ ”T: V‘ 7 ° 4
i
|
1
|
)

A3>0 A3>0

/\

O~

-

=4

o).

-~
<\“

|
1
)
¥
'
i
b
+
o/P ot tw — 5
t TY
+
)
!
s
:

a,>0 4,<o0

{sazb,b,-az (r+ sb,)}# 0

1| 8boby(1-+5bg) T~ Biryhohy T+ ag(2+ Sbg)

T <- _ :
B bo(9bob1 T — 15bob Ty +t3)
2,22 ,
1 16bgb T, ~{Baghohy ~tg(1- 5bg)} Tz -+ Saghob,
T ;=
B tgbo(3T7— 5by)

~1

if a set of conditions listed nnder any one of the following seven cases is

satisfied :

(i) 81 >0, 83 >0, 03>0;0P > ON.

Either
or

or

or

OL > 0B
OM> 0B > 04 > 0L

0A >0M)

and either 04 > OP J
or 0@ > OB

or OP > OB J

OM> OB > 0L > 0A

(2.18)
(2.19)

(2.20)

(2.21)
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or

and either

or

and either

or
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OB > OM > OL > 04
0Q > OB
OP > 0B

l
)

0B>0M>0A>0LW

0Q > 0B
OP > 0B

(i) A3>0, Ae >0, A3 >0;0Q > 0N > OP.

Either
or

or

or

or

or

and either

or

and

and

OL > OB

S

OM> OB > 0OA > OL

0B >0A4>0M > 0L
0A > 0Q
0@Q > OB
OM> 0B > 0L > 04
OB > O0OM > OL > OA
0Q > 0B
OB > 0M > 04 > OL
0@ > 0B

(i) A1>0, As >0, A3>0; 0N >0 > OP.

Either

or

or

or

or

and either

or

and either

or

and either
or
or

or

and either
or

and either
or

OL > OB
0Q>04>0P:
0Q>OB>0PJ
OM> OB > 0A > OL

0@ > 0B > 0P > 04 |

|
]

!
§

|

1

OB> 0Q > 04> OP )

OB > 0A > 0M > OL
0Q > 0A > 0P
0@ > 0B > 0A >0P
0@ > OB > OP > 04
OB > 0Q > 0OA > OP
OM> 0B > 0L >04
0Q > 04 > OP
0Q > OB > OP
OB > OM> OL > 04
0Q > 04 > OP
0Q > OB > OP

} o

(2.22)

(2.23)

(2.24)
(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)
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or OB>0M>0A>0L}
and either 0Q > 04 >0P ( .. .. .. (2.35)
or 0Q > 0B > OP

(iv) A1>0, Ay <0, A3>0.

Either 0Q > OP >0N ]’
and either 0Q > 04 > 0P |

o 0Q>0B>0P!> e (2.36)

or  0Q> OB J

or 0Q > ON > 0P1
and either 04 > OP v (2.37)

or 0@ > OB J

or ON > 0Q > 0P
and either 0Q > 04 > OP ‘> .. .. .. .o (2.8%)

or  0Q>0B> 0P|

(v) A1<0, As >0, Ag>0.
Either 0Q > OP > ON .. .. .. oo (2.39)
or 0Q > ON > OP .. .. . .. (240)

(vi) A1 <0, Ay <0, Ag>0.

Either 0@ > OP > ON - . . .. (24D
or 0@ > ON > OP .. .. .. .. (242)
or ON > 0Q > 0P |

om 7o ‘ (2.43)
and A= 13-27]2< 0|

(vii) A1 <0, Ay <0, Ag<O0.
A=DB=2TJ2<0 .. .. .. .. (244)

To summarize, if any one of the seven cases mentioned above is applicable
and any one set of conditions listed under the relevant case together with
the inequality of (2.9) are satisfied then a set of positive real «, 8, T'5, T'; and
Tg exists for which the circuit of Fig. 1(b) is physically realizable.



