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Some results concerning dj(n)—the number of divisors of # which are con-
gruent to y modulo 24 are proved. Of particular interest are the methods and
relationships of §7.

1. Introduction. Throughout this paper, all congruences are modulo
24, the subscripts belong, unless stated otherwise, to the set

€ ={i,5,7,11, 13, 17, 19, 23},

p,’s denote primes which are congruent to j modulo 24, n;’s denote integers
all of whose prime divisors are of the p -type, starred numbers n* are squares
and a divisor d of n > 0 is said to be of the j-type if d is congruent to j modulo
24, We denote by d;(n) the number of j-type divisors of »,

T ={5, 7,11, 13, 17, 19, 23},
and

Ji={L,4J,k|i,j, keT, jk = i, { arbitrarily fixed}.
Without loss of generality, we assume that (n, 6) = 1.
Recently Vanden Eynden (1962) has shown that for all n,

dy(n) > dyn). .

The object of this paper is to prove some results about d;(n). The methods
used are applicable to all moduli which divide 24 and the results obtained
hold with minor changes for all such moduli.

The underlying fact is that if (n, 6) = 1, then n? = 1,

The main results proved in this paper are:

dy(n*) > dy(n*), for every ie T, (1)
da(n*) +di(n*) > dj(n*)+di(n*), i, 4, ke T, jk = |, (2)
D ) > > dy(n). @
te]; s€C=J;

2. The values of dy(p5).
All divisors of pf are of the 1-type. Hence

di(py) = a+1, dy(p) =0forjeT. (2.1)
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For te T, the divisors:
195 ph e, P
of p¥, are of the 1-type, while the divisors:

3 5 2[(®+1)/2] -1
Pi;P,-;Pp-n,Pi[ 2l

are of the i-type. Hence for any i¢ T, and a > 0,
dy(p]) = [(2+2)/2], d(pY) = [(«+1)/2]
di(p*) =0,j#%Lori '

3. Evaluation of dj(n;).
Let
ng = pimy, (pi, ma) = L.
Then for ¢ =1,
dy(ny) = (e+1)dy{m,) ; dj{ny) =0forjel;
while for ie T,

di(ns) = dy(p])dy(ms) +di(p )da(my)
di(ng) = da()ds(mi)+di(p])dr(ms) | -
dj(n;) =0 for j£ lor: J

Formulae (3.1) and (3.2) enable us to evaluate d;(n;).
In fact, it for non-negative integers a, b, ¢, d we define

& b/ \c, d/ = c+bd, ad+bc/,
where
\:v, J/ = \u, P

if and only if = w, y = v; then for¢eT,

), ) > = o), a) > o, dioms) -

Since

- e

-
according as « is even or odd, from (3.4), we have
dl(ni)—di(n,;) =1or0,
according as #; is or is not a square,
4. Let
n = nym,

where m has no prime divisors of the p;-type.
Then for ¢ = 1, we have

dy(n) = dy(ny)dy(m), dy(n) = di(n1)ds(m),

(3.1)

(3.2)

(3.3)

(3.4)

(4.1)
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while for 1¢ 7,

< 1(n), > = < 1(ng), di(my > <d1(m dy(m )> . (+.2)
In general, if
n=1rs,
where (r, s) = 1, then for given i e C,
dn) = > dr)dus). (43)
e

Now, every n > 0, can be expressed in the form
= RN N3 77 9N ey, (4.4)

where we take n, = 1 when n has no prime divisors of the p,-type. There-
fore, as a direct consequence of (4.3), we have

i) = da(my) > dig(na)des(ns) . . - dp(129) (4.5)
tu
where t, = 1 or % and the t’s are such that
IIt, =1 (+.6)
uel

5. Let T; be a subset of T such that the product of the elements of T;
is congruent to j, then we say that T'; is a factorization of j.
If T, be a factorization of 1, then

—{j} or T1 U {j}

is a factorization of j, according as j does or does not belong to T'y. We need,
therefore, to consider factorizations of 1 only.

We further notice that if 7'; be a factorization of 1, then
T-1T,
is also a factorization of 1. Thus the factorizations of 1 are:
$:{5,7, 11,13, 17,19, 23}: {5, 7, 11}; {13, 17, 19, 23} |
{5, 13, 17); {7, 11, 19, 23}; {5, 19, 23}; {7, 11, 13, 17}; | 6.1)
(7,13, 19}; {5, 11, 17, 23}; {7, 17, 23}; {5, 11, 13, 19}; {
{11, 13, 23}; {5, 7, 17, 19}; {11, 17, 19}; {5, 7, 13, 23}
Corresponding to these, we have the following solutions of (4.6):
(tss t7 yys tygs by t10s t23) = ‘ ‘
(1,1,1,1,1,1, 1), (5,7, 11, 13, 17, 19, 23), (5, 7, 11, 1, 1, 1, 1),
(1,1,1,13,17,19, 23), (5,1, 1, 13,17, 1, 1), (1, 7, 11, 1, 1, 19, 23),
(5,1,1,1,1,19, 23), (1,7, 11, 13, 17,1, 1), (1, 7, 1, 13, 1, 19, 1), -+ (32
(5,1,11,1,17,1,23), 1,7, 1, 1, 17, 1, 23), (5, 1, 11, 13, 1, 19, 1),
(1,1,11,13,1,1,23), (5,7, 1,1,17,19, 1), (1, 1, 11, 1, 17, 19, 1),
(5,7,1,13, 1, 1, 23)
The values of d;(n) are now readily given by (4.5).
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6. The case when

o
Yz

*® *k k  k * *
W= Ry Ty By 5Ty 7R gltag

is a square, is of special interest, because all other cases are reducible to this
one.

Denote for simplicity, by a;, je T, the value of dj(n;‘)
Then as already stated in (3.5),
dl(n;) = a;+1.
and we have from (4.5) and (5.2),
di(n*) = (a5 + 1) (ar+1)a;+1) . . (ags+ 1) Fasasyg .. . 2oy
+asaragi(ays+ 1)@+ (@ + 1) as+ 1+ . - . ©6.1)
+(a5+1)(ar+ a3+ Dagrar9(azs +1) ‘1
+asaz(an+ Days(arr +1)(arg+1)ags )
Denoting by ((g) the sums of the products of the numbers

a5, A7, A11, @13, A17: A19; A2y
taken ¢ at a time, we get

di(n*) = 1+G(1)+6(2) +G(3) +2G(4) +4G(5) + 8G(6) + 16((7)

+ Z Q50K (()2)
ijk =
{4, , k}CT
So the factorizations of 1 have finally appeared in d,(n*)!
The expression for d;(n*) is obtained by interchanging a; and («; 1) in the
right side of (6.1).
Then for any ie7, we have

dy(n*)—dy(n*)

= {146(0)+6(2) - Z g +2 Z amarl, (6.3)
k=1 =1
{,kycT {4k BCT

so that for every ie 7,
dy(n*) > di(n*). (6.4)
As an example of (6.3), we have
di(n*)~ds(n*)= l+ar+an+ ... +ag+aaiz+aair+azaytaragstanas
+a11017+ 211019+ 11223+ 215219+ A13%25+ C17019+ A1 7025
+2(ara13019+ 7017023 +a11013023 + 2110 17019)-

It is noteworthy that d;(n*) is linear in each a;, je 0, teT.
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7. Some relationships between the values of d;(n*).
For any given 1¢ T and je C, let

dj(n*) = oya;+-f, (7.1)
where a’s and 8’s do not contain a; and are linear in every other a,, te 7.

Then, if (pi, #;) = 1, we have

<d1(pf n;), di(pin; )> = <d1(Pf), &} )> <d1(n:), dz(n;)>

=/2 l\/, { .\\,\
(G atha
= <3ai+2, 3ai+l>.

Therefore, for every je C, we must have

di(pin") = oj(3ai+1)+B;. (7.2)
But
dy(pin*) = dy(p})ds(n*) + di(p7)ds(n*)
= 2d,(n*) +dy(n®). (7.3)
Therefore
ay (a4 1)+ 81 = 2(azas+B1) + (s +Bi)
50 that
o = oy, B = oy —f,. (1.4)
Hence for a given te T, if
di(n*) = aa;+8, (7.5)
then
di(n*) = an;+(x—pB). (7.6)
Since
di(n*) > di(n*),
28> a. (7.7)
Now, let

o = Pa;4+Q, B= Ra;+8,j#lor!,

where P, Q, R, S are independent of a;, a; and are linear in each @, other than
these, teT.
Then in view of (7.6), we have

dy(n*) = Paja;+Qui+ Ra;+ 8
di(n*) = Paa;+Qai+(P—R)a;+(Q@—S) . (7.8)
dy(n*) = Paya;+(P—Q)as+Ras+(R—=5)

Replacing n* by p?pfn*, (n*, pipy) = 1, {3, j} € T, in these formulae, we get

dy(p2pin¥) = P(3ac+1)(3a+1)+Q(3ac+1)+ R(3as+1)+5 (7.9)
with similar results for di(p/p;n*) and dy(p}p;n*).
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But
dy(pipin*) = dy(p;)dy(0])ds(n*) +di(p})dy (P))di(n*)
+03(B)ds(27) dyim*) + du(07) dy (2 ) di(m*) (7.10)
= 4d; (%) + 2d5(n*) + 2d;(n* )+ di(m*)
where

k=1,{t4, kCT.
From (7.9) and (7.10), we get
di(n*) = Paa;+(P—Q)a;+ (P—R)a;+ (P —Q—R+8). (7.11)

Finally, setting
P = ‘4lak+Bl’ Q = ‘42ak+B23

R = :‘13ak+B3, S = A.4(Zk+B4,

where 4’s and B’s are independent of a;, a; and a; and are linear in other
a.'s, we have

de(n*) = {dyaa;+ (A, — Ag)ai+ (A — Ag)aj+ (A — Adg—Ag+ A4 ar
+{Byaa;+(By—By)ai+(By—By)aj+ (By— B — By+ By).  (7.12)
In view of (7.4), we should, however, have

di(n*) = {Alaiaj+A2ai+A3aj+A4}ak

+{(4,=B))aa;+(do—Bs)ay+(A3—Bs)a;+ (44— By)}. (7.13)
Therefore, we must have
Ay =2By, Ay = 43=B,, Ay = By—B;—B;3+2B;. (7.14)

Hence, for s, j, ke T, ik = 1,
dy(n*) = By M+ Boa;+ Bga;+ A ,ax+ B,
di(n*) = B\M +Bya;+ (B1— Bg)a;+(B1— A 4)a+ (By— By)
dj(n*) = B{M 4 (By—B,)a;+Bga;4(B1— A,)ar+ (B3—B,) }
di(n*) = B\M +(By—Bs)a;+(B1—Bs)a;+ A a5+ (A, —By)

, (7.15)

where
M = e, 4004005+ aga;
and
4‘14 = BI_BZ_B3+2B4
8. Theorem. For i, j, keT, 1jk =1,

dy(n¥) +di(n*) > di(n*)+d(n*).
Proof. Since
dy(n%) > dy(n), te T,

we have from (7.15), the set of conditions
9B, > B;, 24, > B, 2B, > B,
2By, > By, 24, > B, 2B, > B, |, (8.1)
2B, > By, 2By > By, 2B, > 4, )
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with at least one inequality in each line, according as we take ¢ =1, j or k.
The theorem follows immediately.

The theorem could also be verified by using (6.3).

A little calculation will also show that

Zd,(n*)> Z dy(n*). (8.2)

teJ seC-J
9. Cases when #» is not a square.
(2) For a certain arbitrary i¢ 7', let
n = nm*

where »; is not a square, and (n;, n*) = 1.
Then
dy(n) = di(na)dy(n*) +di(n:)di(n*)

= d(ne){d (n*) +ds(n*)} = di(n),
jk=i,{ij, k}cT,
dj(n) = dy (ng)d;(n*) +dy(ne)dg(n*)
= di(n){dj(n*)+dr(n*)} = di(n).
Thus for each of the four solutions of

jk=1i,{j, k}cO

and for every

we have
dy(n) = dj(n) (9.1)
and
dy(r) > dy(n), j# 1 or i. (9.2)
(h) For certain arbitrary ¢ and j, {i, j} C 7, let
n = nyngn*

where n;, n; are not squares and (n; n;, n*) = 1.
Then for k = 1j,

dy(ngny) = di(nny) = di(ngny) = dg(mng) = dy(ng)dq(ny)

and we have for te.J,

dulm) = dy(mmy) " dy(n¥)
sejf
while for te C—J,

dy(n) = dy(nemy) Z dy(n¥).
seC~]
Hence in view of (8.2),
dyn) > dg(n) (9.3)
for te.J and se C—J,
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~
(=]
St

and
dy(n) = dy(n)

if #, » both belong to J or to C—J.
(¢) Finally, for certain arbitrary ¢, 4,1, {¢, j, 3 C T, 4l # 1, let
n = nmm*

where n;, n;, n; are not squares and (n;nyny, n*) = 1.
Then

de(mimyny) = dy(nq)dy(ng)dy(ng)
for every te U, and we get

du(n) = dy(n)dy(ns)da(m1) > o).

SeC

Thus
di(n) = d(n) (9.4)
for every te T
We might state here that (9.4) holds also when
7= NyNsNaT 1N 3R My 9Teg

and more than three of the n.’s, te T, on the right are non-squares.

10. The following numerical examples (Table I) will illustrate the results
in this paper.

TaBLE I
7 dy(n) ds(n) dg(n) dia(n) dig(n) dyz(n) dig(n) dog(n) d(n)
52 74 1310 36 18 24 12 30 15 20 10 165
11.5%,74,1310 48 42 42 48 40 35 35 40 330
11.17.52,74,1310 83 82 82 83 82 83 83 82 660
11.17.53,132 6 6 6 6 G G [} 6 48
11.173.55.133 24 24 24 24 24 24 24 24 192

11. As suggested in the introduction, divisors of 24 could be considered
as moduli in the same manner as 24 has been considered above. The cases of
moduli 3, 4 and 6 are particularly simple and interesting. Thus for the
modulus 6, we have for )

(n,8)=1,n=rs (r,s) =1,
Cartm, dsm) > = o), dofr) > o ) >
Writing i(n) for d;(n)—ds(n), we re&dily find that

t(n) = t(r)i(s) (11.1)
so that t(n) is multiplicative.
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If

n = nng
where #; has no prime divisor of the form 6« 4 5, and n; has no prime divisor

of the form 6u +1, then »
t(n) = dy(ny) or 0 (11.2)

according as n is or is not a square.
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