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One of the usual methods of solving the boundary value problems relating to
the wave equation or the diffusion equation is to eliminate the time, by
means of a Laplace transform. Sometimes this method is very long and
often involves the evaluation of intricate contour integrals, In many
problems the method of finite Fourier and Hankel transforms is quicker and
simpler to use. Hitherto, however, a corresponding use of the Mathieu
functions does not seem to have been made for the solution of boundary
value problems involving elliptic cylinders. The aim of the present in-
vestigation is to supply this deficiency.

We introduce a transform applicable to Mathieu functions analogous to
the finite Hankel transform and give an account of some of the simple pro-
perties of this new transform as well as its application to the solution of a
few boundary value problems relating to elliptic cylinders. As regards the
Mathieu functions we have followed the notation given in McLachlan (1947).

1. Theorem I

If any function of (¢, %) continuous and single valued within the ellipse
vanishes on the boundary, then its finite transform analogous to finite Hankel
transform in the range 0 < £ < ¢;; 0 <7 < 1is defined to be

Eo 2T
E(gan, m) = f f L&, n)[cosh 26—cos 2n1Cesn(£, Gon, m)cesa(n, gon w)dédn (L1)
0 0

where ¢.4, m is a root of the equation
Oegn(fo, q) =0 . .. . .. (12)
and according to McLachlan (1947, pp. 21, 27)

Cegn(é, q) = z AL cosh 2ré

r=0

@

Cegn(n, q) = z A(Z:" cos 2rm
r=0
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A’s being the functions of ¢; then at any point within the range (McLachlan
1947, p. 296)

Uem) = ConCesn(t, cesnlr, 0
0

= Z [Z OanCesn(é, qon, miCeon(n, gom, m)] . .. (L3)

=0Lm=1

where the constant coefficient (4, is to be determined by the following
method:

Multiply eqn. (1.3) on both the sides by (cosh 2£— cos 27)Ceyp (€, gsop, 1) X
ceap(n, ¢op, r) and integrate with respect to ¢ from 0 to ¢, and with respect to
n from 0 to 2=. Then by the orthogonal property (McLachlan 1947, pp. 175,
176) all terms vanish except when p = n, r = m. Hence

f() 2
f Ceonlé, gon, mClon(M, q2ns m)L(§, n)(cosh 2£ —cos 2n)dédn

02" — [} 0 50
. f Ce2 (&, @, mlcosh 26—Osn, ] €
0
6(921“ m) (1.4)
& .. .
T f ("33,,(&, G2n> m)[cosh 26—y, ] dE
(4]
where

2w
Oznr m = —~ f ce2 (1, qan mcos 2qdy
0

— AP AP} Z AP 429, [McLachlan 1947, p. 177, equ. 9],
r=0

Hence the inversion formula for this transform is given by

© [ Z z(QZm m)062"(é’ 9on; m)662ﬂ(173 92n, m)]

Uem) = > =n=t

fo
n=0 o J ngn(g, Qon, m)[cosh 26 =gy, ) dE
0

(1.5)

where the sum is extended over all the positive roots of eqn. (1.2).

We find that the transform defined by Theorem I is of use when the
variable ¢ lies in the interval 0 < ¢ < §,. When the range of variation of
¢ does not include £ = 0, i.e. £ lies in the interval 0 < £, < ¢ < ¢, we make use
of another transform defined by the following theorems :
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Theorem II : If {(¢, ) is continuous and single valued in the region
Lo < E< €, 01 < 27, and vanishing on ¢ = ¢;, then its ﬁmte transform
in that range is defined by

‘fl 2
o m) = j g f UE, m)Ban(€s Tz m)cozn(n. Gam m)lcosh 26—cos 2q1dédn (1.6)
oY 0
where

an(f, 92n, m) = Oezn(f, Fon, m)F@y;n(fo, 92n; m)"Fe?lzn('f, qons m)Oe;”(fo» G2ns m)
dash denotes differentiation with respect to £, ¢, substituted for ¢, ggn, m
being the roots of

. Ceon(ér, Q) Fey,, (o, 0) —Feyon(£r, 9)Ce,, (€0, ) = 0. S (L)
Whereas

Feyum(t ) = > AR 3‘%4’&9—’ Y3r(2k simh €) [[sinh €] > 1; R() > 0]

r=0 0

and k2 =g, Y, is a Bessel function.
Obviously the function (¢, 7) by the well-known theorem on Fourier’s
series within an annular region can be expressed as

{é n) = Z 021:[06211 (¢ Q)Feygn(fm 9)—- C“;n(fo, Q) Feyan(€. 9)]%21»("), q)

i i 0(‘7?71 &, Q3 m)Fey (o, Gons m)

-Oegn(foy Q2ns m)Fey(€, qans m)]cezn("], 9an, m)- .« (L8)
The constants C'y, can be determined by the same method as in Theorem I,

viz.

fl oQmr
f g f L&, M) Banlf, Gans m)cean(n, Gom m)(cosh 2 —cos 2n)dgdn
0211. = 0

. &
™ f B;n(f, q2ns m)[COSh 2§“@2n, m]dg

0

Z(qf‘ﬂd m)
: .
. j " B2 (€, dams m)cosh 26— Op, e
£

(1.9)

Hence the inversion formula is given by

w [Z Ugzn: m)Ban(€, q2ns m)cean(n, an,m)J
&e, 7 Z ... (110)

- ﬂfé an(f, J2n, m){cosh 2£—0qy, m)dé

.11]
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Theorem III : If any function {(¢, 7) is continuous and single valued in
the region &, < £ < £; 0<% < 2n, and vanishing on both the boundaries
¢ = ¢, and ¢ = £, then its finite transform in the region is defined by

tamm = [ " cosh 2605 20)Bon(6, Gom mlontn, dom w6 EEy (111
where
Bon(€, qan. m) = [{Feyan(bo, q2n, m)—Feyan(ér, don, m)}Ceon(é, q2n. m)
—{Cegn(fo, q2n, m)—Ceon(€1; Gon, m)}Feyan(€, qon. m)] (1.12)
and ¢gn, m is the root of the equation
Cean(€1, QFeyan(o, 9)—Feyen(é1, 9)Cesn(bos q) = 0. - (L13)

Adopting the same method as in Theorems I and IT above, we get

L¢, )= z [ Z ConBaen(€, Gon m)ceon(n, gon, m)]

n=0Lm=1
where

Ogn =~ Hazn m) R B
n f BZn(é" 9on, m)[COSh 26_@21“ m-ldf

0

Hence the inversion formula is given by

[ Z (‘]2117 m)B"n f, 92n; m)C( 21&(77’ Q2n; m)

& ) = ~ ... (1.15)
2n(6, Gons m){cosh 26— By, ¢

;w

2. Properties of the Finite Transform analogous to Finite Hankel Transform

In the application of the theory of the transform discussed above, we
shall require some simple properties of this transform to the solution of special
problems, hence we discuss these in the following sections :

Case 1: qgpn, m i8 a oot of eqn. (1.2),

. Ou _ cegn(n, 9)]
{i) [Oezn("), q)‘a; —5;)—— . =0

and «’, 4" are continuous.
Now

o p2m

o 0

f f (a;:'{"a 12‘)062n(§5 Qen> m)Cean(n, Qons m)@édn = Li+Ig .. (2.1)
0 0
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where

fo 7 0%u
I = f f Oezn(f, 9ons m)cem("la G2n> m) -@dqu,
0 0

§o 27 -
Iy = f f Cegn(€, Qans m)ceon(, qans m) ﬁdfd"f'
0 0 n

Now integrating (2.1) by parts we have

ou d o
I = Cezn(’% gons m) | Cean(€, Gan, m) 55 _u?)E Cean(€, 4on, m)] dn
0

2
+ f f D coan(m Gzm m)Cean(®, qans m)dndE.

Following (McLachlan 1947, p. 21)

. 2 d fo
I = 27”43 [Ce2n(§, q2n; m) 5? —u 5 Cegn(¢: gon, m):l

0

fo 2 a?-
+f f u 55_2 {0@211(5: 9on: m)cezn(ﬂ, Qon, m)}d&dn.
0 Yo -~

But the first term vanishes at ¢ = ¢,. Hence if we assume % to be such that
ou
=0= th
[ulg, = [a‘f]f:O en
) fo 2 92
L = f f uggg{oezn(fa Gons m)C2n(n: Gan, m)}dEdn.
0 0

Similarly

fo " doy

Iy = f f Oezn(f’ Jons m)Cean (M, Gon. m)dEdn
2w

— fooe £ Y] cean( )a——u—uzce( q )] 3
—-f ol Gans m onl": 92n; m a’? o on\)s Gans m

0

¢y 27
f f s [0921;5 Qo m)C0an(1 Gams ) 1466,

Obviously the first expression within the brackets vanishes at both the
limits, hence

§o o7 92
Iy = f f u%—é {Cezw(f, Qans m)Cean(ns Qons m)}dfdn,
0 0

Thus (2.1) transforms into

fo b
f f (agz'*‘a 2)§2n, m(€m)dédn
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where {,n, m(£, 5) is the solution of the equation

62;27!’ m a C2n, m
2z T

{on, m being equal to Oezn(‘f, Gan> m)Cean(n, Gon, m)-
Hence we see that

+299n, m (cosh 26 ~cos 29){on, m = 0

£ [27 (92, o2
f f (a;: a 1;,) pe?ﬂ-(§7 Qons m)""zn(n, 92, m)dfd’?

0 on
= —27on, mJ‘ j w (cosh 2£—cos 2n)Cezn(€, qan. m)ceen(n, qan, m)dédy
0

= —24%m, m .. . .. .. .. .. .. .. (2.2)
Case 2 : If qyn, m is @ root of the equation (1.7) and
oV ] i
[68211(77, Gans m) 5;)‘ - Va—ﬂ cegn(M, Gan, m)]o =0 ., .. {23)
then proceeding in the same manner as in the derivation of eqn. (2.2), we have
£ pim
otV otV
f f Ban(€, q2ns m)cogn(n, Gans m) (aéz )dfd
Y0
v 8 f
= 6627,(17, Gans m) B!’ll(§9 92n; m) =5 — V3 B‘l’ll(f’ qons m) d"l
0 o o £o

G027 5
+f f 4 5@ [Ban(€, gzn, m)cean(n, qan, m)1dédn
0

+f Banlt, 4 [cv (s gom m) B =V 2 ceqnlns 4 )rdf
on(Ss 9ens m Conl"> Gons m 6n a") onl qons m

0

az
+J‘ » 8772 [Ban(€, qan, m)cezn(n, q2n, m)dédn

0

] &
2n ov 02
= —27TAE; 'Bon(¢os q2n, m) [a?] +f f |4 e [B2n(¢, 920, m)
£=¢o £ 0

fl o
02
X cezn("]: Q2m m)]dfd“’?'f'f J‘ V 'é——z [Bﬁﬂ(g: 9211, m)cezn(ﬂ, qul:; m)]dfd’?

131
= —277Ag2ﬂ)B2n(fo"]2mm[ ] f f (a£2+a Z)Cm,mdfd’l (2.4)
=t

by virtue of (2.3) and (1.7), where {35, m = Bsu(é, gan, m)Cean(n, 92n, m) is the
solution of the differential equation

az 3 a 2
%’g; =+ ‘;’; ™ 4 205, m(cosh 26—co8 2n)lgn, m =0. .. (2.5)
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Hence (2.4) becomes
G (% ey v
ffo fo (a‘fz + a'q2) Boa(€, gon, m)cesn(n, gan, m)dédn
2n aV
_ _211A(()2 )B2n(60’ q2n> m) [*aE:L =¢£

£ p2m
X ff f 2q2n, mV(COSh ZE—COS 277);21;, mdf(l"]
ov 0

3 ’ aI/ =
= _Q"A«()Q 'Bon(o, gans m) [g;gL ; —299m. mV". . o (2.6)
=<0
Case 3 : If gon, m is a Toot of equation (1.13) and
. w9 . )
(i) |cezn(n, g2n> m) D) —w n cegn(n, Jons m)| =0 .. -2

O
then proceeding exactly in the same way as we have done in deriving eqn. (2.6)
we have on integrating by parts

&1 0%w 0%
f fo (6172 ag;) an(f, qon; m)C(’zn("}: 2n; m)d’fd'ﬂ
21

= fng (¢ )[ce ( ) 22 102 oy )} a¢
Je, onlSs Qens m 2nl"s G2ns m an a9 2n\", Gon: m .

+f f e [B2n £, qan, m)cean(ns Qan, m)1dédn
0

3

au a 1 o9

[B2n(§y Gons m) aE; ‘a?BM(f: Qen, m):L 277A;). )
0

1 om .az
+f§ f w 5{5 [Ban(€, dan, m)Ceon(n, qan, m)1dédn
ov 0

o L
. 2ns m 21 M
_ffafo w{ 3E2 + o }dqu .. .. .. .. (2.8)

where we have assumed that w vanishes both at ¢ = ¢, and at ¢ =¢; and
Lon, m = Ban(€, Qan, m)Cean(n, Qon, m) is the solution of the differential equation

2 2
0 %25112, m+a éznyg, 2 - 200m, m(cosh 2€ ~cos 29)8an, m = 0.
Hence
25
f f (32;: 0 n) Ban(¢. g2ns M)Cf’zn(n, Gom» m)dédn

51 2w
= —2qon, mf f w(cosh 2¢—cos 29) Byn(€, qens m)Clan(n: Q2n, m)d€dn
£o

=—'2an,m7.Z7 .. .. . . . . .o . (29)
by virtue of Theorenm ITI.

7
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Now in the following sections we give a few examples which have been
solved with the application of the transforms and whose properties have been
discussed in the above theorems.

3. Unsteady Flow within the Elliptic Cylinder

A flow of a viscous homogeneous fluid through a tube of elliptic section
has been discussed where the pressure gradient has been taken as the arbitrary
function of time. Let the liquid be flowing within the tube and be at rest
initially. If the tube be long enough, then the velocity at right angles to the
axis is zero. Let us also assume that the motion is due to the pressure gradient
only. Then the fundamental differential equation is of the form

_lop 2v(a2u azu) 1 _Ou (3.1)
T p oz h2\ g2 (cosh 26 —cos 2n) ot .
where the body forces are assumed to be absent and
1op
2
55, =1 N %)
with the boundary conditions
1) w(é& n, =0 for¢t > 0; at &, on the ellipse, and
(ii) u(£,7,0) =0 within the ellipse,
where 7 = 1/a2—b2 is the interfocal distance.
Hence, if g4y, m is chosen to be a root of the equation
Cegn(ég, q) =0
it follows from eqn. (2.2) that
§o pom
f f Cesnl£, dam m)Ceznl, Gams m) [g i ’;} dedy = —20gom m . (33)
0 0

where
fo 2m
= f f w(cosh 26—cos 2n)cesn(n, qam 1) Cean(s dams m)dEd.
0

If, therefore, we multiply both sides of eqn. (3.1) by Cesn(é, gon, m)
X Cegn(M, gon, m) and integrate with respect to » from 0 to 2+ and with respect
to ¢ from 0 to &, we find that 4 satisfies the differential equation

di o
Gttt m @ = —ft Gmm) . .. .. (34)

where
_ fo b2
f & Gonsm) = J f S(t)(cosh 2 —cos 29)Cegyn(£, an, m)cean(n, 92ns m)dédy
0

with the initial condition

’L.L(qzn, ms 0) = 0. . ‘e .o .o (3.5)
78
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We therefore have the appropriate solution
¢

2
i=— J‘ e T e ol . . .. (3.6)
0

where
4Q2n, m= sz:::”’ me

So that by the inversion Theorem I and eqn. (1.5)

H
®
w(é, n, 1) = — Z z
n=0m=1

4. Transition to Circular Cylinder (McLachlan 1947, p. 330)
We see that u is independent of  when we consider the circular cylinder,
and the appropriate boundary as well.

2
Ceonl€, qon, m)Cean(Ms Gons m) J e P, T)f(T, Jon, m)dT

— 0 (3.7
ﬂ J CeZ (£, qan> m)[cosh 26—y, ) dE
0

We have A, m = EL-O(;—’—”; m=1, 2, 3,... etc., these being the roots of

Jo(wg, m) = 0. Also e—> 0 as £ oo, sinh £ cosh £, & cosh ¢— 7 (as h— 0),
h sinh &dé—dr, cosh 2¢d€— 2 cosh € sinh &d¢ — 2rh2%dr; using the results

’ Aoy ma T _ 1 "
Ceq(é; %vm)"POJO( o ); ceo(n: gor m) > 274 AgY =274 4D 50,0, > 0;
2

2 0,m .
Ao,m_’ el g—>0; e>0

eqn. (3.7) degenerates into
‘ 7 2 T)/a *

o f [f(T)e—mm(t' )/ z]dTJo(ZP—:—")

A f) = —2 Z 0 .

=

a

4.1)

where
oy =peo) [ ro(22)
i
and o, has been written for ag, n.

5. A Particular Case
. 1@ .
Let the pressure gradient F—a—{-) be given by

I\ ap = Ao~

paz
to (2"
f(f; QZTL’ m) = Ae'wJ‘ J‘ (COSh 2§-—COS 277)0627L(§7 92n: m)ce2’n('7’ q2n, m)dfd'?
0 0

£o
= Aot f Cogn(£, gam m) [24cosh 26— AT de .
Q0
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Hence the velocity is given by

[= ¢} oC 2
of — -vA ¢
w(é, 1) = — E E A (e %—g "an, m )Oezn(f» Qons m)Ceen(n; Gon, m) (6.1)
n=0m=1
where

3
4 f Cegn(€, Jans m) [245" cosh 26— AT df

’

o .
{ m f Oegn(‘f: qons> m)[cosh 2€ —Ogp, 1) } { on, m a}

When there is a constant pressure gradient, i.e. « = 0, we have

Z z 1 — 2" ™ )Oezn(f, Gons m)Cean(7, Gans> m)- (5.3)

On the r.h.s. of (5.3) the terms which give the steady state can be summed
as below. Put

o 9
U= — %ﬁ— [cosh 2£o—cosh 2¢ —cos 2,7_'_@2_5_098_11]

cosh 2¢,
fo 82u 02%u
552 5 Py Cegn(é, Q2ns m)cean(n, gans m) dédn
0 Yo

Ahg fo 2
= — ———J f (cosh 26— cos 29)cegn(n, qzn, m)Cegn(§, dan, m) dédy

h2ax’ e
o MM AR 54

and
[ule = ¢, =

where
o
= f f (cosh 2€ —cos 22)Cegn (€, Gans m)Ce2n(n, Qon, m) dédn.

It is easy to show that the Lh.s. of eqn. (5.4) is zero; hence
AI
A2

2n, m

U == —

which is therefore the transform of

Ah2

-5 [cosh 2¢,—cosh 2£—cos 2y +~09-S}1—2————~WE].
1 4

cosh 2¢,
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Therefore eqn. (5.3) can be written as

2 o 9
wé, m, t) = — %ii [cosh 2¢,—cosh 2 —cos 2n+m"§_———?ﬂ’]

cosh 2¢,

oo} el

o™ .
+ Z Z A’e om, mtOQZn(f: Jan> m)Cean(n, dan, m) .. (8.5)

n=0 m=1

Obviously the velocity becomes ultimately steady and its value in Cartesian
coordinates can be written as

2
u(x, y) = _4 (1—3'——1:)( a?h?

2 a? a?+4b2)
where % cosh ¢, ==« ; k sinh £ == 0. It can be written as
4 -
w(r, t) = — o (a2—r2) .. .. .. .. (2.6)

when the elliptical cylinder degenerates into a circular cylinder. It can be
readily shown that eqn. (5.3) degenerates into

o Jo(um?)
u(r, t)za_za_p 8 Z -—a——— ‘”“33/“-—(1—12) :

41 02 ~ ochl(am) a2

According to Sneddon (1951, p. 88)

, & (&)
= S =-— (=)0 r<a
a? Z 0('mJO(m) a ) srs

(
m=1]1 4@2

which is in agreemeht with Mital (1960).

6. Heat Production in a Cylinder

We shall consider finally the diffusion of heat in the region bounded by
the confocal elliptical cylinders when there are sources within the region which
lead to an axially symmetric distribution. If we take the interfocal line of
the cylinder to be of length 2% and use elliptic coordinates (£, n) then the
fundamental differential equation is of the form

72 av a2V 92V
3 (cosh 2¢—cos 29) = 5 = k( 3 + )-f— )K‘I’(f) (cosh 26 —cos 29)  (6.1)

for t>0; 6<EKCE; 0< <27

V being the temperature at time ¢, k the diffusitivity, and ¢, £, the values
of ¢ on the confocal ellipses of the cylinder. Assuming the initial tem-
perature to be zero, equn. (6.1) is to be solved with the boundary conditions
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(i) V>0, whené—>&; 0 <2m;t>0

(ii ) 6§ = — E'2—(1 —at)h(cosh? &g — cos? 17) 0 < 5 <27 when é— §0[ (6.2)

(i) V—>0; §<é<é;0<n<2m; t=+40
Hence if we assume that ¢g,, 5 is a root of the equation
Ce,, (€1, Q) Fey,, (é0, @) —Fey,,(¢1, 9)Cey, (&, ) = 0 .. (6.3)

it follows from eqn. (2.7) that

oV o2
f f (agz F) Izl) Bou(€, g2n, m)cean(n, qons m)dédn

Z‘rr
= ""'?Q"m mV+an(§0: 92n, m) f = (1 —at)(cosh? £~ cos? ’7)

X 06271(7): qzn,m)dﬂ
= 7 Qa ’ 2 oos? n)
= =22n m +*KT(1—°¢)Bm(fo, Gon> m) | (1—e2 cos? 1)
0

X cean(n, qans m)dy .. .. .. .. .. .. .. (64)

e being the eccentricity and % cosh é; =u. Since e < 1, hence (1-e2 cos? 1)
can be expanded binomially, and on substituting for cesn(n, gon, m) We get
for the r.h.s. of eqn. (6.4)

82p Hp
-2

—299n, mV+Q (1 —at)Ban(£os gan, m)J z A(Z ) cos 2ry z 1)1

X (cos2 1)Pdn

2 n 2 etl
—Q—(*K—‘"an(fo,%mm)[ 2)(1—-?——55,5"")

32
(2n) [ —e?
ea (5 )]

(by the theory of uniform convergence the change of summation and
integration is legitimate);

2aQ(1—at)
—ﬁ_g/—) wF (qan, m» €0 €)

= —2Q2n: mV+

= —2¢yn, mV +

where

If, therefore, we multiply both sides of eqn. (6.1) by Bgaa(é, qons m)
X Cegn(n, g2u, m) and integrate with regard to n between 0 and 27 and with
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respect to £ from &, and £;, we find that ¥V satisfies the equation

AV dqgen, mkV 2Qak A .
Gt B T (o) F(gan, o G b R B Gam ) e (60)

where

¢ 2
l/;(t, Gon, m) = Y(£) f; f (cosh 2§ —cos 2n) By, (£, G2n> m)Cean(n, qan, m)dédn
fi] 0

with the initial condition ¥V = 0; t = +0. We therefore have

' -
7 - (7, Qons m)A  20Qk(1 —at)
V = foe FAom, mit-7) I:‘)t‘ ]i'n mA ]({/‘l2 "F(q2n, mo €0 e)dr] (6.6)

where
4?211., m= h2/\2

2m, m
and the inversion formula gives

e]

V= < T/‘an(f: Gons m)Ce2n(n, Qans m)
- S :
n=0m=1_ fg Bgn(f, G2n> m)[cosh 26 —Oyy, i ]dé

0

(6.7)

7. A Particular Case
If () = e"Bt, then we have

— g 2 ) -
7 =f R, [%c BT 2nQak (1 —atf) F] i
0

K h2
9 2
= e—k/\2n, mt [rl.\lc_z_l.._._ {ek’xzn, 11lt_ﬁt— 1 } ]
K (k/\Zn, m—ﬁ)
2 =
— 200k gl ety (14 2 )| (1)
KhZI\;n' " k/\Zn, m /\2”7 "
and
. - I7B2n(§, qans m)Cean(n: Gan, m) 7.2
V= & - -
n=0me=1 - { B;n(f, J2n, m)[cosh 26—@211,: m]df
< o

For instance ¢(t) = 1, i.e. 8= 0, and if the flux is also constant, i.e. « = 0,
then we have

2
- 2Qal
(l —ekl\z"' ”‘i) (—/\— — —%—;)an(‘f, Qons m)Cean(ns G2ns m)

w [+ 8] K
- . (3
r=>> N (73)
S e J B2 (€, qan, mlcosh 26—y, 1at

]
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If A = 0, i.e. there is no source of heat generation, then

= 2aQknF o o “Z s
Ve — 2200 | (1—at -1+ e M
Khz’\gn, m l:( ’ )+k’\2 ( k’\gn, m) ]

2n, m

So that by the inversion Theorem IT and eqn. (1.10)

2
o B2
[ l—ad)+——— <1+k/\;x )e 2n, m }an(fg Q2ns m)Ce2n(7> Qans m)
21,

‘)aQﬂk 2n, m
"Kh2 Z Z b,
n=0m=1 17/\')‘" m f an(f, qon, m)[COSh 25—@211, m]df

0

(7.4)

8.  Transition to Circular Cylinder

Proceeding exactly in the same way as in § 4, we have

Cegn(é, G2n, m)—*P,ngn(A/k ) Feyzaz—>P2nY2n(A/L )

where « = kp2. We find that (Gupta 1963)

2

Qn 1 J(pb)Bo(pr) [ « ( o ) -

Ve=— m e |1, — (17— |7 %7 - (80)
K e p J3(pa) — J2(pb) kp? kp?

where By(pr) = J O(jw) Y.(pa)—Yo(rp)J1(ap) and p is the root of the equation
By(pb) = Jo(pb) Y1 (pa)— Y o(pb)J 1(ap) = 0. . .o (8.2)

9. Unsteady Flow between Hollow Elliptic Cylinders

In this section we have discussed the case of a hollow elliptic cylinder
after making use of the transform defined by Theorem III. Suppose the
viscous incompressible fluid is flowing between the confocal elliptic cylinders
and let the liquid be at rest initially. The motion is started due to pressure
gradient along the axis of the tube. Hence the equations of motion, neglecting
the external forces, are defined by

8w__ 02w 3210)_1@

a = \amtos) " be: o1
_9 o J '
O0=%' =&

. .. 0 . .
and the equation of continuity ~az£ == (0 which shows that w = w(z, y,t). Since
2
% = 0 = v, the pressure gradient is constant across. the section of the channel

and becomes only a function of ¢, i.e. 1%]5 = f(#), say.
p
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Hence in this case the governing equation of motion, using elliptic co-
ordinates, becomes

2. 2; 2
G | 0w h—v(cosh 2£—cos 29) 9w

?F_i_—éﬂ—z -3 h—z(cosh 2 —cos 2n)f(1) .. (9.2)

E
with the boundary conditions
(1) w(g, m, 1) =0, fort >0, atf=2¢,0<7n<2n
(i) w(, 9, t) =0, for t >0, até=¢,0<y<2n L. (9.3)
(iii) w(é, n,t) =0, for t = 40, ab & <& < £,0 <n< 2n
Hence if we assume that gey, n is a root of eqn. (1.13), i.e
Bynlé1, @) = Cean(€r, ) Feyan(bo, @) —Feyan(é1s ¢)Ceon(éo, ¢) = 0,

then from eqn. (2.9)

0% (aow g2
J‘ J‘ (agz a 2)B2n(§’ qons m)cezn("h Qon, m)dfdﬂ - "'-W(,I2n, me

If, therefore, we multiply both sides of (9.2) by Byu(€, g2n, m)Cesn(n, Q2n, m)
and integrate with respect to » from 0 to 2= and with respect to ¢ between
& and £, we find that @ satisfies the equation

dw - -
+v’\2n = =1 9on, w) .- .. .. (9.4)

with the initial condition w = 0 when ¢ = +0 where

_ 1 217_
F(t 4y ) = f f f(t)(cosh 28 —cos 2n)Bu.(€, q,, ,)ctan(Ms €, ,,)dédn
¢y

and

,\j = 492;;, m — ]Cz.
1, Hi hz

Now the appropriate solution of eqn. (9.4) is given by

-t

') -
&= __f o~ on, mlt=7) (72 gy, )07 e .. (95)
0

So that, by the inversion Theorem III and eqn. (1.15), we have

[

'VAz t—7) 7, 9
o B2n(f, q2n, m)ce2n("7a q2n, m)J~ e 2"1’”( T)f(Ts - m)dT

w(€, m, 1) = — Z 2

n=0Q0m

&
ﬂf an(f» on, m)[COSh 25—@2,,’ m}df
£
0 9.6)
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10. Transition to Circular Cylinder

Following the same method as before in § 8, we find that after putting
o = kp?, etc., we have

) = e M.o(_p_al_B b T —-vp2(t—T) dr
0= = 2 ety i P07 [ 0

11. A Particular Case
Let the pressure gradient
1@ = Ae B,
POz
then

_ &y p2m
f(t, Gon, m) = Ae” Bt ff f (cosh 2¢ —cos 29)Bon(é, qon, m)Cean(n, Gon, m)dédn.
)

Hence the velocity distribution is given by

© © . _W\?
w(é, n,t) = — Z Z A (e Blmg™"am, ’”t) Bon(€, qons m)ceon(n, Qon, m) (11.1)

m=1

<

where

g1 27
4 f f (cosh 26— cos 20)Byn(£, gans m)cean(n, qam mdéd
£

/,—-—

€1
|:7Tf Bgn(f qan, m){COSh 25 @2n: m}] [ 2, :B]

0

If 8 = 0, that is the pressure gradient is an absolute constant, then

& 2
f f (cosh 2€ —cos 2’7)an(§, Gon, m)Cean(N; Gans m)
£o

0
f; T]: = z z 51 . x
n=0m= WVAEn mJ B;,,(f: !Zzna m)[COSh 25_@27&; m]df
€

0

x (l-—e Zn ) )an(§ Jon, m)Cezn(T], don, ) . .. (11.2)
The series giving the steady state can be summed up as follows by putting

Ah2 [ 9 {sinh 2(E—&y) +sinh 2(£— &) £ cosh 250]
o8 = sinh 2(¢;—&,) &

W = =

} — (cosh 2é4cos 29)+

o

d2w ot Ah?
f f [(a;;’ aﬁ) — 4 (cosh 2£—cos 2n>] Baal&, qan, m)eean(n, Gan, m)dédn

Ah2 &
= —2q9n, mW0— f (cosh 26 —cos 29)Bgy(€, qons m)cean(n, dan m)d€dn.
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Now it is easy to show that the Lh.s. is zero as well as [w]¢, = 0 == {w]¢ = ¢,.
Thus we find

_ A})Z fl 2
D= - 4———-f f (cosh 2f£—cos 29)Ban(€, gon. m)cesn(n, Gon, m)dédn
Vdons m §0 0

which is therefore the transform of

Ah2 sinh 2(é—£q)+sinh 2(51—§)} . ¢ cosh 2§0]
— = [cos 27 { sink 3(E, —£0) — (cosh 2&4-cos 27)+ |
Therefore eqn. (11.2) can be written as
An2 inh 2(é— sinh 2(¢, — .
w(é, n, ) = — —é [cos 27 f sinh (iinflo?z-&?f;o)(fl E)} —(cosh 2¢+cos 29)

h 2 -] @ . 9
+§£%——§Q] + Z Z A'e AZ"’ ! an(f, q2ns m)C€2n("7, Fons m)-

n=0m=1

(11.3)

It is easy to see that the velocity becomes steady ultimately if the pressure
gradient is constant.
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