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The problem of flexure of & beam whose cross-section is in the form of a lune
has been solved by applying Milne-Thomson’s (1959) method with the aid of
hypergeometric functions.

7 1. INTRODUCTION

Milne-Thomson’s (1959) method for solving the St. Venant’s flexure
problem has been extended by Deutsch (1962) to the case when the mapping
function which maps conformally the cross-section of the beam on a unit
circle is known as a power series. In contrast with other methods, Milne-
Thomson’s method reduces the problem of flexure to the determination of a
single flexure function. The method is very elegant and compact in that the
shearing stress, displacement torsion and the centre of flexure may be found
directly in terms of the flexure function. Also the origin as well as the direc-
tion of the coordinate axis in the plane of the cross-section can be chosen
quite arbitrarily. In this paper applying this method, we solve the problem of
flexure of a beam whose cross-section is a lune formed by two circular arcs of
equal radius and intersecting at right angles, The flexure function pbtained
with the aid of hypergeometric functions 4s given in a closed form. The
result obtained for the associated torsion problem is compared with the
existing value.

The following well-known functional relations concerning Euler’s beta
and gamma functions will be used without making any reference to them:

: _T®»I')
Pla+1) =al'@); Blp, 9] = 7,10
pB(p, ) = (p+9)Blp+1. q]

In the course of the calculations, we shall also use the following relations

for hypergeometric and generalized hypergeometric functions:

< ) AU 1 1-b,1-d,1; 2
”ZO Bla+n, b—n]Blc+n, d—n] ~ Bla, b]B[c, d] [ ]

12| <1, at+b4c+d >3

(1.1)
a, ¢
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i 1 _ Ha+b—-1)I(a+b+d—2) (L.2)
& Bla+n, b—n}B[n+1, d—n] T (a+d—1) =
a+b+d > 2
i nan-1 _ (a=b)(1—d) 2-b, 24,2 7] |
4~ Bla+n, b—n}Blc+n, d—n]  a.cBla, b}Ble, d] atl, el )
2| <1, at+btctd >4
i mtn _ da+b=N)(a+b+d—3)
& Blata, b—n)B[1+n,d—n] ~  I'(®)I(a+d—1)
X[(1=b)(1—d)+mla4+b+d—3)] .. (1.4)
a+tb4d >3
@ n 1
= -—_ v a, —z] .. 5
n:OB[u+n’ b—n] h B[a: b] F[l b, 1, @ ] T o t (1'())

2] <1, a4b>2

2, NoraTIioNs
We consider a prismatic beam made of isotropic homogeneous material

bounded by planes perpendicular to the generating lines. The beam is
assumed to be fixed at one end and is in equilibrium under the action of forces
acting upon it in the plane of the other end. Body forces are assumed to be
absent and the lateral surface of the beam free from applied forces.

Oz, Oy, OR—three mutually perpendicular axes, the axis OR being

parallel to the generating line of the beam. = length of the beam, §—
section of the free end B = 1. Q(zg;, y¢, !) centroid of S.

2 =gt+iye 4 = ”SW—%)"’ a5 B = ”q(x—%)z i

H= ff (x—xG)(y—yG)dS, ,]=6[ff 232 dS
s s

I—polar moment of inertia with respect to OR.
(Bars are used to denote conjugate complex quantities.)
W = total load of a distribution of shear stresses applied over the plane

R=1

W., W,—forces acting at O’ (the point of intersection of the axis R with

S) parallel to the x and y axes respectively—statically equivalent to the
shear system W.

M = moment of the forces W about OR.

. AW—HW, BW,—HW
P=W,+iWy; d,,:—fE—A—-—-»y; ocy=__yET—"f
A = AB—H?

(A+B)P—(B—A+2iH)P
2E(AB—H?)

'3 = az+7‘ay =
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E = Young’s modulus, » = Poisson’s ratio, u = shear modulus, o, o, o,
normal stress components, r;;, 7ys;, 7zy—shearing stress components:
p = tr—3(1+7) (Bzc+Pzc), = being the twist per unit length determined by
(3.12) in section 3. ¢ = }(1+2v)8, r = 48.

3. Basic EqQuaTions

o0

z=w(l) = z a,r .. .. .. .. (3.1

n=0
be the function which maps conformally the cross-section S of a prismatic
beam of the z = x 44y plane, on the unit circle

|1 < 1 of a {-plane [{ = peif].

Introducing the quantities

by = z Gngslls . .. .. .. (32
s=0
Cp = z (n+3)an+sdsl
0 ,- (3.3)
Cp = z Slp ysls ‘
s=1
Ay = Ap._ss . . s .. A (3.4)
s=0Q
By = z (n+5)sn s
=0 (3.5)

B_, = z 8%y 4usls
Cpn= z (n=+8)otn 4 50s

=)
Oop= z L

the flexure function () expressed in terms of the variable { is given by
Deutsch (1962):

¢(§)w’({)=2kn§"'1 N )|

n=1
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where
kn = irnby+ 9By +qB_n+3rCn+3rC_p+ (p—it)(Cn+én) .. (3.8)
The non-vanishing stress components are given by
Toe=— 1Ty, = pl@(2) —pE—qz2—r2z] .. .. .. (3.9
where ¢(z) is the flexure function expressed in terms of z, in fact
$2) =@l =% .. .. .. .. ..(3.10)
oy = B(R—D[ag(x—xe)+oy{y—vs)] .. .. .. {3.11)
The value of 7 is determined by the relation
2M - 1 .
= = UE+E)+2rT 45y (1=2v)(BJ+87) . . (3.12)
where
K =27 > bykn .. .. . .. .. (3.13)
2
The local twist is given by
wp = 1—3(Bz—Pz) .. .. .. .. (3.14)
The centre of flexure is given by
B .OM
Ze =20 6P0 (3.15)

where M, denotes the value of M which corresponds to
= 3iv(Bzc—Pzs) .. - .. .. (3.16)

Thus once ¢(z) or ¢:({) is known the flexure problem is completely solved.

4. CROSS-SECTION AND MarriNe FuNcriow
Consider the cross-section & which is mapped conformally on the unit
circle | £| < 1 by the mapping function
1—(1=22)
4

where the appropriate branch of the square root is determined by the fact
that the imaginary part of z is positive whenever # in o = ¢t lies between

z=w(l) = (4.1)

0 and 7.

It is a lune (Fig. 1) formed by two equal ares of radii ,/2 intersecting at
right angles, the points of intersection being at (— 1, 0) and (1, 0).

The mapping function (4.1) may be written.

'
—

z=71:(§)=2an§" .. N )

=1
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where
Aoy =0
_ 2(—1)nt1
"1 = 3B L ] o
n=123,...

V l
T
SN,

z-Plane $~Plane
Fra. 1.

5. TaE FLEXURE FUNCTION

In order to find the flexure function from (3.7) it is first necessary to
determine the coefficients by, cp, C_p, By, B.p, Cy, C_y in (3.8).
From (3.2) and (3.3) using (1.2), (1.4) and (4.3) we find after some algebra

b — (—=1)» _ 2(—=1)» (5.1)
2T 9B[34n, §~n) 3B[{14n, $—n] ’
bop_1 =0
n=123,...

_ _(=1)*n—}) 2(—1(2n—1)
Con = 2B[§+n, §—n]  3B[1+n, 3—n]

Cion-1 =0
n=0,12 ...

P (=hHrtin+3)  2(=1)nti (5.3)
T 9B[34n, 3—n] 3B[l+n, $—n) v
n=1213,...

The coefficient o, is to be calculated from (3.4). It may be calculated
more easily from the observation that a, is the coefficient of {» in the
expansion of {w({)]2. Thus from (4.1) we find

21— (1—g2)— 2
c2

[w(f)]2 = > anln =

n=1

(5.4)
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and hence we find
4(~1)»
= 3B24n, —n]
o1 =0;n=123,...

changing n to (n—1) [which will be convenient for future calculations]

vor ) = A

‘2(n—-1) 3Bn+1, 3—nj

Now for the coefficients B, B_,, C, and C_, using (1.2), (1.4), (4.3) and

(5.6), we get from (3.5) and (3.6) after some algebraic mampulatlons

(5.6)

Bion=0
B o (=D"n—F)  4@n=3)(—1)»"
LT B I4n, §—n) 3B[n, §—n]
n=1,23,... (h.7)
B (=1*in4-4)  4(=1)»H
-en-0) = B ] 3B[1+n, 3—n)
n=1,23, ...
Oion=0
_ (=1)rn—3)  8(=1)*(n—1) -
Con-y = Bl3+n, 3—n]  3Bn+1, 2—u] (5-8)
o _ (=D)Mn+3)  8(=1)»
~®"-U= Bl3+n, §—n)  3Bn, §—n
n=123,..

Further making use of (1.5), and (5.1), (5.2), (5.3), (5.7), (5.8), it can be
shown that

o0

241 1 2
> gt =ta-go-i= L [EE g 2 7]

=]

2 " 1__“,,—;10%35 O S L=

2 a1l = lo 1+§ ;22 [(1~—2)—1]

2101;5""1"—@4-(1 :2)é+§2 (1_42)&_1]_%]%,%%

210 W= zzl gifé :+2(1_;z)§

2:1 (cn+é_n);n—1-_-%[(1—{2)&_1]__ [1 cf log 1 g %]H(l—cz)—a

8
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where we have taken into account the fact that

Fl=} 15 1,88) = (1= o)
3 [41, 141
= a5 | 55 s -]

P(—3.1; §5 89 = 1+302—-34(1-22) log %E

)
g
E

(]
[y
U

b2
&

I

132 1+
—1.2:3:72)=23
F( 272:‘25€) 4+ 8€ log l—-c
1-¢2 1+¢
1 3.2 =141 -Ts
and F(—%,1; 3:(2) =14} 7 10g1-{
Also since the centroid of the section is at the origin of coordinates p = ir

and the last term in (3.8) vanishes. Thus from (3.7) we have for the flexure
function

#O = b7 {0 == L (B g 22 D)
+q{-1;2—ﬂ%log }—1%+(1—-£2)—%—21§(1—:€?’—1)§
+é{ 7! %1}??2(1—&2 —1)§v+;r{ﬂi@+(1—c2)-‘
+§§(:@*—1)—%§f log %i
Iy ;22{ ]Ogl‘%"%“(l_cz)ﬂ N X

6. Twist PER UNIT LENGTH

The relation (3.12) may be written as (Deutsch 1962)

n_ (I+])0\+ ' (14-20)(BT —BU )+ 7;7 (BV —BV)
i A=2ABT+B 5 A+ tBdT .. . (6)
where
]=% [bono-}- z (/’n";n+7)n0n)] .. . . .. (6.2)
n=1

= > (baB-n=Fuln)

n=1

(6.3)

V= (”nﬁ-n-[_)nnn)
nz::ﬂ
8B
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o0

Dy= —7 > nbuby .. .. .. . . .. (6.4)

HZI

T=Z(b,,,én—5ncn) L (8
=1

J =iz > %0,0p .. .. .. .. . .. .. (6.6)
HZO

For this particular case we find that U=V =T =z, =J = 0. Also
we find that

1=8iﬂ[20n2-ﬂ3—32—46ﬂ] N ()

Further making use of Dixon’s theorem (Macrobert 1954) D, reduces after
gome algebra to

Dy = %[112—211-—4] .. .. . .. (6.8)

Thus from (6.1) we have for the twist per unit length

_ SMm
T u(28a2—73—64—62m)

T (6.9)
Since the section is symmetric the centre of flexure coincides with the centroid
of the section.

7. Torsiox

In the case of torsion ¢ = r = 0 and p = 7r, and the relation between the
complex torsion function fy({) and the flexure function #({) is

fo(0) = (L)L) or

folf) =1 Z by "+ const .. .. .o (1)

7=
Tt can be shown that

s

> baln =2 F(=11; §; B)=F(—}, 15 1: )

Henee
foll) = 717 {1—'-;5—2 log E—g —w(1—52)5] +const .. .o (71.3)

which agrees with the result given by Sokolnikoff (1056).
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