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The problem of propagation of Rayleigh waves in a two-layered medium
has been discussed. The ground displacements have been worked out
numerically by saddle-point integration. The results obtained in the case
of the liquid-solid medium bear out good comparison with microseismic
data.

A. INTRODUCTION

The problem of propagation of Rayleigh waves in a semi-infinite solid
underlying a solid layer or a liquid layer of uniform thickness has been studied
by various authors. A general discussion of this problem has been given in
Ewing et al. (1957, pp. 156, 189), where they have discussed the method of
obtaining the period equation and have also referred to the dispersion curves
obtained by some investigators. All these investigations are, however,
confined to the determination of the period equation and the dispersion of the
waves. The determination of the actual ground displacements due to applied
pressure sources is, however, an important problem in seismology. Theoreti-
cal work on this aspect of the problem seems to be rather limited. Thiruven-
katachar (1960) and Ewing et al. (1957, p. 59) have discussed the application of
the saddle-point method of integration to problems of seismology, and it will
be found through the discussions made herein that this method is very helpful
in obtaining-an order of the ground displacements during the propagation of
elastic waves. '

In the present paper we have discussed the propagation of Rayleigh
waves due to an applied pressure source on a circular area of the surface of a
medium consisting of two layers. At first we have solved the problem of a
uniform solid layer over an elastic half-space, and then we have considered
the waves in a liquid layer over an elastic half-space. The second problem is
important inasmuch as it resembles the generation of microseisms due to
storm centres and it will be evident that the theoretical results obtained here
are thoroughly compatible with observational data.
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B. Sorip LAYER OVER Sormd HALF-SPACE
1. Formulation of the problem and the method of solution

We consider an elastic slab of thickness % lying over an elastic half-space.
A periodic force of magnitude F(r)e’ per unit area is applied over a circular
area enclosing the point O, which is taken as the origin. The axis of Z is
taken downwards through O. We assume cylindrical symmetry in all our
discussions. We proceed to find the displacements in the two parts due to the

application of the given force. Let us denote the radial displacement in a
medium by g; and the vertical displacement by .

}Z
Fra. A,

(j = 1refers to the upper slab, j = 2 refers to the elastic half-space.)
Let ¢; and y; denote the potentials in the two media such that

8 02
d)j + arg; f

"’¢’+rar( )

Then (cf. Ewing et al. 1957, p. 125) ¢; and 4 satisfy the equations
V2 = 192 o N+2u°

)

T2 AR
(2)
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I
V=5 =5, B;
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A; and p; being the Lamé constants and p; the density of the medium.
The boundary conditions are

Atz=0
Pzr = 0
Pzr = F(r)etet lO <r<a
=0 ‘ r>a
At 2= nh .. .. v (3)
d1 = qg
701 o= w2
[P2r)y = [Par)2
[Pzz]1 = [Pele

108
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Omitting a factor e all through, the potentials may be obtained in the
form (cf. Ewing et al. 1957, p. 125)
b =f Py o(kr)e ™" dk+ f Q1T o (ke dk
0

@

gy = f RyJo(kr)e ™" dle+ f 84T o(kr)e"s" dle
¢ 0 A

A
b = f Pyl (kr)e™ 2 dk
Q0

¢2=f RoJ o(kr)e™ 72" dk
0
where P,, @,, Ry, Sy, Py, Ry are functions of & and

‘2 2
— Le_ = wla.
v; k kzxj’ kaj wfa,

V'.2 = I\Gz—k%j, kﬁj o= w/ﬁj .

7

The displacements and stresses may be worked out from eqns. (1), (4) and
the equations

0
(P22)y = A7 A2 42y au
2 ~
- (3)
dg; 0
(Par)y = (a?+ lL]) l
Substituting these in the boundary conditions (3) we get
~2Pv, +2Q+ Ry (vEHE2) 48, (v 4k2) = 0
f [M(Py+@)) (V —k2)+2#1" P1+Q1)+2F1k2" (S1—Ry)] xJo(kr) dk
=F@r), 0<r<a
=0, r>a
P~ """ 4y —Rlv e"’1h+S ve "t Poe Ve — Ry £ —vo! 1
> (6)

—Pie” " Qe "+le29‘” "48, K2 = — Povoe "2 4 Rokte™ ol
m[—2P1vle'"lh+2Q1v1e”1"+Rl(v;2+k2)e’”1'+ 8y (v 4 k2)e ”]
= “2[—2P2V2(’,_v2h+R2(V122+ ke)e—v2 l]

,\l(v -k2) —vl Qe )+2,u1 [Plv e k+Q MRy kzvlehvl +S1k2v10v1b]

= ,\Z(vg——kz)P2e’”2" +2y2[P2v§e-v2h—-R2k2v;e_ v2h]
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Also from the theory of transforms we have

f " o)k f Fg)lolby)ydy = F(r), p<r< g
4]

l)
=0 ,0<r<pog<r<co
hence

[7 it [ 2@ty dy = £, 0 <r <
' ’ =0 ,r>a.
The second equation in (6) may then be transformed as
N (P14 Q) (7~ k) + 201 (Py + Q1)+ 2 v (8, — By) = Fa, k)l

where (6-2)

F(a, k) = kf Fy)Jo(ky)y dy 1
0

From (6—2’) and the first equation in (6) we obtain

2Q1 = [+ (m—n)R;— (m+n)5;
where
— F(a, k)
T L /2 1eN1o. 2
M=) +2p1v) ()
2,u,1v1k2
- ,\I(v?—kz)‘+2p,1vf
v’f+k2 ,’
n= !
2v, ‘

Eliminating P; and @, from the last four equations in (6) with the help
of (7) we arrive at four equations of the form
aB1+6,81+c PotdiRate; =0
agBy+bo8)+caPot+deBytep = 0

8
azk +b38 4 c3Po+dsEyte3 =0 ®)
a,Bi+0,814c PotdRote, =0

where
a;, = m cosh v h —n sinh vlh-—vlle"'lh
b, = v;evl —m cosh v h—n sinh vk
¢ = gt } .. .. .. (9a)

’ vv’ll
dy= ve 2

ey = lcosh v




constant.
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h
'k
1

v' R .
by = k%t —vym sinh vih—vin cosh v,k

Co = Vge—vzh

dz = —k2%

€9 = Vll sinh Vlh

B
-V h
2

d+k

ag = vym sinh v h—vin cosh v17L+—-—

V +k2 'h
by = ¢ 1 —vym sinh vih—vyn cosh vk
I T
Cg == 2 Vol '
By
Mo (V2LL2) ~v i
d3 = — .)_2(”2"‘]” ) ¢!
244

es = vyl sinh vih

ay = Dy(m cosh vih—n sinh vxh)—'.,,u.lkev;e

PR
-y h
1

/

’
—v I
1

-y .
by = "#lkzulevl ‘—Dy(m cosh vih+n sinh vk)

¢y = _Dze—vzh

dy = 2pok2ve -
ey = Dyl cosh vih

Dy = (72— k2) +20% (r = 1,2

From equs. (8) we obtain

Aq Py
Ri=21 8 =22
1= A A
Ag Ay
P,=2% B = .2t
LN A

where

A = |aybocgdy], A=

Ay = {a,bcge,]

From eqn. (7) we get Py, ¢; as well.
The period equation is given by A = 0.

)

1b1cadges |

= |a1Dyd ey |

II. Ewaluation of the displacements when T (r) ts constant

(90)

(9c)

(9d)

(10)

In the first instance we consider #(r) to be a constant, so that we suppose

that at a given time the pressure at all points on the upper surface for » < ¢ is
Solutions may be obtained with F(r) as a function of r as well.
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To find the actual displacements we have to evaluate integrals of the type

f P J (kr)e "k dk and f Py okr)e™ " dk.
0

0

When F(r) is a constant, Py, @, R;, Sy, ete., all contain a factor J,(ak)
and we may write the first integral in the form

I] = f Gl (k)Jl(kT)Jl(ak)e_vlz dk
0

=f Gy (k)T ®) dfe . (1
)]

where

f(k) = log Jy(kr)+log Jl(ak)—J"lﬁ:%;f, .

We evaluate this integral by a saddle-point method, assuming that near
the saddle-point the variation of G,(k) is small. The saddle-point is deter-
; om U —
mined from 5= 0.
We get then
Ji(kr) T (ak) -

y O e = e = ),
"IN k) T J g 2
1

1
Since ak is small compared to rk, we replace the second term by % and we

obtain

Jol@) _ [z z )

76~ (7 vaeer | ;

whero - .. . o (12)
kr=x }

For all practical purposes z/r is to be assumed small and egn. (12) may be
solved numerically by the method of successive approximations, This equa-
tion has an infinite set of solutions, and one has to choose the best saddle-
point, i.e. where there is the steepest descent.

In other words, we have to choose that value of % for which

is the maximum. An inspection of the second derivative of f(k)

of
ok
reveals that the proper root of (12)is the one for which % is closest to ka,.
Denoting this saddle-point by ks, we get

fkg)
L= (vam)y Gl ™ g

JE.

12 = J- PIVIJo(kI')e-vIZ dk
0

We may evaluate the second integral
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in a similar manner. I, and I, are both complex and may be expressed in the
form
A4,¢™1 and Ageiz,
We are, however, primarily interested in finding the displacements at the
surface 2 = 0. In this case we obtain

I~ A/;—’ @y (o) ORIy gy
r
where ks is a root of the equation
Jol@)=0. .. .. .. .. (15)
Also
7 w J1(ak ) o(rE
Ipex A/’:; Go(k) L)’__‘i_) .. .. .. (16a)
and rk; is a root of the equation
Jolx) = &Jy(x). .. .. .. .. (16b)

The displacements are then calculated from (1) and after some simpli-
fications we arrive at the results:

, 7 J(rks
9)z=0= [—(P1+Q1)k+(Rl_Sl)Vlk]k;kS A/g ](; )

o JD(T]G;)
wilz =0 = [(Q1"‘P1)V1+(R1+Sl)k2]k=k; A/g p

The values of Py, @y, Ry, S; are to be determined from eqns. (7) and (10).

TII. Numerical evaluation

The roots of (15) can be obtained from any standard treatise on tables of
Bessel functions. The corresponding values of J,(rk,) are also given in the
tables. The values of G;(k) may be tabulated for different values of .

The solution of (16) has to be obtained in a somewhat different manner.

For resonable values of ]; ( < 0-5) and the period of the applied force ( <10 sec),

the value of (= kr) > 10, and may be of the order of 30 or 40. We may
apply asymptotic expansions of the Bessel functions, and obtain the equation

11)__ 1
tan x—z = ol

Inverting the above equation, we obtain after sonie simplifications

z = $(a+1/a2—4)

where
nt] S ¢ L)

4

m

Some of the values satisfying eqn. (16) are given in Table I.
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TaBLE I
n 1 2 3 4 5 6 7 8 9
rk; 125 4-20 7-15 1022 13-35 1648 1961 2274  25-88
n 10 11 12 13 14 15 16 17 18
% 2902 3216 3530 3844 4158 4472 4786 5100 54-14

For numerical computations we assume the following relations of the
constants (cf. Gutenberg 1949, p. 369):

A= p, Ag = po,
nu’z = ].'3[/.1, Oy = %ocl, ete.
For this case, the values of B, and 8, may be obtained as follows:

.. (19a)
= D2
Hy=—=
where
A\
B = 2k, ¢ O A, sinh v h424/Zi 4, cosh » A
Ay = —pik le ~la)t
Ag = —Flkb le ~la )
with
Ay = NS 41241- 2743) + bk (1777 —0-210) 4 3-741
" ,, .. (19b)
Ay = ¢~ (3-460 420051 )+ Bl (1-390i +0-907)
+1-691 —2-860i
= V(66240 —0-418) 0-473+0-5914
O = ¢"1H0-324+ 0-4741) 4 1-2154+0-5015
F o1
l= =22 Jyak
M1 kal ke
Also
Py4@Qr =1
k2 .. (19
@i=Pipr = — 5 (B1+81) |, _, (1%
. o
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In utilizing these results, it will be assumed that the saddle-point ks
comes closer and closer to the value ky,, and for all practical purposes G (ks)
may be calculated assuming ks = ka,.

With the help of these equations we can calculate the values P,Q,, R, S,
for different values of the saddle-point (ks, k,— ks,) and h. It is then

possible to find (g;), - o and (w,), - o from (17). We also write J 1aks) == j‘f?
since aks is small, and finally obtain (g,); — g, (#;)z — o in the form
(1) = o = HQye™s
(W1)e=0 = HW1¢h
where g . .. . . (20
1]

feeg |
T and o against different

h
values of the period of the applied force. Two values of the ratio o have been

In Fig. 1 we have plotted ¢, and w,, i.e.

assumed in the numerical work (h/r = 0-36 and 0-5, k=35 km). The

curves indicate that for any fixed values of Ajr, there is a maximum of
'%l and minimum of [ ' L near about a value 3-75 sec for the period of the

20

g
<

-y =035

v/

10 /é \ \\f
0 / N\ %

H
6 / //
/ / \\{y=0~35 L
4 =
ws 2 | T ——T
0 i 2 3 4 5 6 7 8

Period in Seconds ——>

Fic. 1. Gravhs of EFIL‘ and %’ against the period of the applied force for values of

y(hjr) = 0-35 and 0°5.
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applied force. Itisalso evident that |w,|is much less than|q,|. It seems that
the maximum has a small shift towards smaller periods for larger values of 4/r.

Fig. 2 gives 6, and ¢, against the period. The phase difference between
w, and ¢, varies from a maximum of 125° to a minimum of 90°.

180°

120°
60° / \y=0'35

A 4
0° / !
—~60° \
~120° \ //

/
\/

0 | 2 3 4 5 6 7 8

Period in Seconds — .
Fie. 2. Phases of ¢; and wy (0,, $;) plotted against the period of the applied force for

y(hir) = 0-35.
It may be interesting to calculate the actual displacement at some distance
for given values of the applied pressure and the ratio a/r.
As an example we may assume

F = 107 dynes/cm?2
2= 1073,
r
We find that the maximum value of |¢;|; = ¢ = 3-8 X 10~% cm.

C. Liguip LAYER OVER A SoLip Borrom

We next consider the case where the pressure is applied over the surface
of a liquid layer overlying an elastic half-space. We proceed to find the
displacements on the surface of the solid bottom. It is to be noted that this
case has a similarity to the case of propagation of microseisms due to storms
over the seas.
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1. Analysis of the problem and the solution

The method of solution is exactly the same as in the previous case;
moreover, the equations become much simpler. We denote the displacements
by ¢; and w; as before and define

_a‘ﬁl _a¢1
%—‘5;,101——*6'2—
and
_ 9%s 2, . .. (21
o 1 ara:

. 0 a‘/’z)
“2—E+;“a7( ar

The solutions for the potentials are
L 2] *
é = J PyJo(kr)e=® dk+f Q1Jo(kr)e' Y dk;
(:D ]
0

(]Sg = J‘ PzJo(kr)e_v2z dk

& —J RoToerje™s d @)
where
j‘ = k2~ kal
:: = k2 k%
.).d = k ﬁo
The boundary conditions are
Atz=0
Pzr =0
Prz = F(r)eiwtl o<ir<a
= f r>a ‘\_ ¢
Wy = Wy
Parle =0
Pzzli = Dizle ;

‘Inserting the values of the displacements and the stresses in the boundary
conditions, we arrive at the equations

(P14+QuN (Vi —k?) = F(a, k)
—Pe " Qi = — Pyge™ 2" Roke 2"
—2P2v2e'”z”+R2(v;”+k2)e’”;" =0 P (24)
(Pre™" " Qi )\ (] —12) = Poe ™" [2ugvi+ de(vi—42)]
— Ro2ughrue ™"
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We get from these equations after some simplifications
—2n F(a, b)(v; +E2)e""

1)2 = D
2. —bml, B)e
2= D ro (29
where
D = 2v; cosh vih{ —4y2v2k2vé+ 2y2vg(v;2+k2) +/\2(u§—k2)(v_’;+ k2)}

+22,(vF —£2) sinh vyh {ve(v, +E2—20gk?) }

The displacements on the surface of the solid bottom are given by

’

“ ’ ~v_h
qol:=n = J- [”zk Bee 2 —Py ke ”2/’] Jy(kr) dk:
0

'wZ]z =h = f [Rz kze_v2h—PZVQC—VZIL]JO(ICI‘) dk.
0

Following (14) and (16), we apply the saddle-point method of integration and

obtain _
4 - ’h —v. h J }"k Y
@2l = A/g [vzk Rge™ "2 — Poke 21]1&: s l(r :

- Jolrk, =0
wz]z: = J?’z— [ngzg—vzh_szze_Vzh]k=k, 0(: s) )

rks and rk)s are still given approximately by the solutions of equations
(15) and (164).
II. Numerical evaluation

We assume A, = (4, and observe that A; is much smaller than A, or .

It is also seen that the saddle-point contribution will be more accurate

if we choose ks, k, as near to ke, as possible. The eqns. (26) may then be
simplified as follows:

77 ko) (rks
Wﬂz:h:’A/‘"Ji(“/T)z (r )1(()717‘76)4

2 b 3-12 cos (Bksh)+ ; sin (Bksh)
(1) o(rke.) (27
‘“’%-h"A/ZM (a/r)? 0061

1-16 cos (ﬁkh)+

= JiZ /F=1, =./k§1/k;z—~1

In deriving eqns. (27) we have assumed ps = 2:7p;, «, = 1-52 km/sec,

ag = 6:50 km/see, J4( aks).——?—;ﬁ. Numerical results have been computed

sin (B'k h) v

where

from eqns. (27) assuming different values of ky, (cf. Gutenberg 1949,
Pp- 240, 357; Ewing ef al. 1957, p. 336).
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The values of %-‘ have been evaluated for r = 25, 50, 100 km and the results

are shown graphically in Figs. 3, 4 and 5.

5

4

3 -
t {/\\y\ﬁh—z
= A\

A NG
R
, \g\ﬁ;

0 ] 2 3 4 5 s 7 3
Period in Seconds ——

{2z

Fra. 3. Horizontal displacements Fz plotted against the period of the applied force
for values of A= 10, 1'3 and 2:0 (km) (r = 25 km).
8
7
6
t s TN

:g|:74 / \\ h=4
} i\ \ ~h=3
) \\__/—\\ (\
\ h=i ?\§ \:h\: ’
0 I 2 3 4 5 6 7 8

Period in Seconds ———

Fic. 4. Horizontal displacements l—;{;—l plotted against the period of the applied force

for values of & = 1, 2, 8 and 4 (km) (r = 50 km).
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|%l.._..
N
\
o

4
/ h=5
3 //é ‘k\
= \\%’h=4
2 T h=3} .
I
0 i 2 3 4 5 6 7 8

Period in Seconds s

Fi1a. 5. Horizontal displacements I_‘_Iﬁz_l plotted against the period of the applied

force for values of h = 3, 4, 5 and 6 (km) (r = 100 km),

It is evident that for » = 25 the displacements have a maximum for
periods in the neighbourhood of 1-75 sec. Also for the same  as kb increases
the magnitudes of the maximum displacements also increase. For r = 50
km the maximum is in the neighbourhood of 4 sec periods and for » = 100 km
the maximum is near the 5 sec period group. This fact closely corroborates the
records obtained in microseismic disturbances in which higher period groups
appear from more distant sources and the magnitudes of the maxima increase
with the depth of the water. It is also to be noted that the rate of change
of the position of the maxima with respect to  decreases as r increases.

The numerical value of the displacement may be calculated and compared
with seismogram data. We may take a specific case of a storm in the Bay of
Bengal (on 31st October 1963, time 8 a.m.) at a distance of 300 km from
Howrah where the central portion of the low pressure region may be assumed
to have a radius of 20 km. The maximum pressure drop was nearly 90 mb and
the seismograph at the Bengal Engineering College recorded a ground displace-
ment of nearly 6 10~* cm. The theoretical calculation gives @, = 3-1x 10~*
cem (for A =05 km). There is good agreement in the order of the result
ag there are many uncertainties in the numerical values of the different
constants. Moreover the mathematical model assumed here does not com-
pletely represent the exact physical picture. It may be pointed out that
Longuet Higgins (1950) has obtained the ground displacement to be of the
order of 6-5x 10-* cm for a storm area of 1,000 sq km at a distance of 2,000 km.
His value seems, however, to be somewhat exaggerated.
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III. Concluding remarks

In the case of the liquid-solid medium, we notice that the actual displace-
ments may be worked out numerically from the mathematical equations and
the results deduced therefrom agree well with the phenomena observed to be
associated with microseisms due to storms over the sea. It may be concluded
that the method will prove to be quite effective in determining the actual
ground motions in problems of seismology.
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