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A theoretical study of unsteady flow of a non-Newtonian fluid between two
rotating coaxial cylinders has been made for investigating determinate
solutions of the governing equations and the limit of solutions, A unique
solution of the equations exists only when the initial state of stress is known,
and for the visco-elastic solution to tend to the ordinary viscous solution in
the limit the elastic parameter should be positive, A brief comparative
study of the differential equations, under various stress-rate hypotheses, has
been made.

1. INTRODUCTION

Bandyopadhyay (unpublished) has recently studied some unsteady
rectilinear flows of fluids which are visco-elastic and also exhibit cross-viscosity.
In comparison to the flow of ordinary viscous fluids, the equations considered
by him involve higher time derivative multiplied by a small parameter (the
elastic constant). The question therefore arises: whether the solution of
such equations, as the parameter tends to zero, is the same as the solution for
an ordinary viscous fluid. The answer is not always in the affirmative.
The question }as, however, been answered in Bandyopadhyay’s study for a
particular type of flow. In the absence of a general analysis of this nature
one may think it worth while to examine this question for other different
types of flows. This has been the chief motivation of the present paper.
Although the object of the present paper is the same as one of the objects
of (1), the approach of analysis in the two papersis different. Bandyopadhyay
has used the well-known technique of separation, whereas we have adopted
the method of finite Hankel transforms. »

Sometimes it is observed that equations determining the flow pattern
take different forms under different expressions for stress rates expounded
by different authors. Bandyopadhyay (unpublished) has also examined

-this question and has shown that some salient differences in the flow pattern
result if one adopts one hypothesis in preference to the other and that for
certain hypotheses there exist some interrelations between the equations. We
have also made a parallel investigation in § 3 and have obtained the result
anajogous to that obtained in Bandyopadhyay (unpublished).
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2. STRESS-8TRAIN RELATIONS AND Basic EqQuaTioNs

We take the constitutive equation for an incompressible visco-elastic
non-Newtonian fluid as
oyt 70y = 2}Ld¢;+4p.¢ dix duj, .. .. .. 21

where oy; are the components of the extra-stress tensor, &;; denotes the rate
of change of stress and di; is the rate of deformation tensor given by

dy = vy, 44ve,9), .. .. . .. {22

comma denoting covariant differentiation. The equation (2.1) is a simplified
form of the more general stress-strain relation proposed by Oldroyd (1958).
Here y and p. are constants defining the coefficient of viscosity and cross-
viscosity respectively, and 7 is the elastic constant having dimensions of time.
Various expressions for &y, i.e. the rate of change of stress, have been
proposed by different authors, but it is suggested by Bandyopadhyay
(unpublished) that these can be writfen in terms of a single formula* as

. Ooy
Gy = —5;’ +vg oy, k+Rlogg vi, s +om v, ) = Tlog vy, kFopve, )+ T oyvpe:  (2.3)

from which the different hypotheses can be obtained by giving different
constant values to R, T and 7. Although the deduction of different hypo-
theses and the use of this formula in studying the special flow problems in all
theories have been dealt with in detail by Bandyopadhyay (unpublished),
for the completeness of the paper we summarize below very briefly how one
can obtain various hypotheses from (2.3):

(i) That due to Thomas (1955) and Noll (1955) is obtained by putting
R=T=1}%and T' = 0in (2.3). It has been pointed out by Prager (1961)
that this hypothesis was formulated much earlier by Jaumann. In the
present paper, following Bandyopadhyay, we shall call it RT theory.

(ii) That due to Cotter and Rivlin (1965) is obtained by putting B = 1,
T =T = 0in (2.3). We shall call it R theory in the present paper.

(iii) That due to Oldroyd (1950) is obtained by putting 7 =1 and
R =T =0in (2.3). We shall call it 7 theory in this paper.

(iv) That given by Truesdell (1955) is obtained by putting T' = T =1,
R =0 in (2.3). This theory is identical with 7 theory for incompressible
fluids.

The équations of motion and continuity in the absence of body forces are

oy

P[‘—a—["l—vj v, 1] = —p, ;401§

and
E=0 .. e e e (25)

(2.4)

* This is only a convenient formula and not any sttempt at unification or generalization.

4



60 P. N, KALONI

respectively, where p is the density and p is the pressure. Equations (2.1),
(2.3), (2.4) and (2.5) constitute the basic equations.

3. Frow BETWEEN CoAXIAL CYLINDERS
We now consider the motion of an incompressible visco-elastic non-
Newtonian fluid between two coaxial cylinders of radii r; and r; (re > 1),
which are rotating with angular velocities 2, and 2, respectively. We
use cylindrical polar co-ordinates (r, 8, 2), taking z-axis to be the common axis

of the cylinders. The velocity distribution then is given by
u=0, v=10(r1), w=0. .. .. .. (38.0)

On using (3.1) the equations giving stress-strain relations become

oo, ov v v\
o"+1[T:'+2Ra,-9 (-é; -_ ;)] == [Lc(‘a“"' hnd ;) . .. (32)
0 0 0 z
090+‘T[%’ Y (51; - g)1 - ,Lc(ai; - ;) N . %)
' ) ov ] L ‘
0,9+1[%0+(R090—T0") (5; - Z:;) = ;1.(91: - g), .. .. (34)
0oy; 0 v\ ]
a,,,+7[% ~Top, (a—’r’ —;)- =0, N .7
0,,+7[§%-;£+R0'9, (%; _— ;) = 0, .. .. .. (3.6)
00z,
Ozt T 5 = 0. e .. .. (3.7

The equations of motion (2.4) on transferring to cylindrical polar form,
and on using (3.1) also reduce to

v® _ 0p  Ooyy  opr—agy
- -;.- = —--5;+7+—7-—, . .. .. (38)
av_ao're 20',-0
Pt e 89
_ ap 0oy; | Oy,
0_—5_2 _5F+-,_- .. .. . .. (3.10)

and the equation of continuity is automatically satisfied.

Borrowing the notations of Bandyopadhyay (unpublished) we shall in the
following discussion write (3.1R) to mean equation (3.1) in B theory, i.e. the
equation obtained by putting R =1, T =T' =0 in (3.1). The notations
(3.17) and (3.1BT) will have similar meanings, i.e. the equation (3.1) in T
and RT theory respectively. We now make the following observations
regarding the solutions of equations (3.1) to (3.10), corresponding to different
expressions proposed for the rate of stress.

4B



ON THE QUESTION OF DETERMINACY AND LIMIT OF FLOW-FORMATION 51

CaseI : T Theory (T =1, R=T' = 0)

In this case, eqns. (3.27), (3.47') and (3.9) determine o,,, o5 and v,
which along with (3.37) determine oy. Knowing oy, or, and v, eqn.
(3.8) determines p. The remaining stress components are then obviously
known. It is noticed that all these expressions contain both g and ge.

Case II : R Theory R =1,T = T' = 0)

In this case egqns. (3.3R), (3.4R) and (3.9) determine og, oy and v.
Knowing these, the other stress components and p are known as in Case I.
In this case also all the expressions contain both pu and p.. However,
one special similarity between these two cases to be noticed is that eqns.
(3.37'), (3.2T), (3.4T) and (3.9) go over to eqns. (3.2R), (3.3R), (3.4R) and
(3.9), if we replace ogg by —orr and pc by —pc respectively. Hence we con-
clude that—

(@) ‘ from any solution of orr, org, ogy and v, in T' theory we can obtain a
solution of —ogg, arg, —orr and v, in R theory by simply replacing p. by —pe.’

Case III : RT Theory (R=T = $%,T" = 0)
In this case we subtract (3.2RT') from (3.1RT) and get

2 0
(cgg—ore)+7 3 (ago—a")—Zw,-o(—a; - g) =0 .. .. (3.11)

Eqns. (3.11RT), (3.4RT) and (3.9) determine (ogy—orr), ory and v, and
thereby determine other unknowns. It is interesting to note that these
expressions do not contain p.. Hence we conclude that—

(b) in RT theory the velocity distribution and the shear stress oy are
not affected by cross-viscosity (pc), though they may be affected by the
presence of the elasticity of the fluid =.

It may be remarked here that these two conclusions are analogous to
those observed in Bandyopadhyay (unpublished). We shall now examine the
question posed in § 1 in the case of the present theory.

4. SOLUTION IN CASE OF RT THEORY

Eliminating (cgy—ocrr) between (3.11RT) and (3.4RT) and neglecting
the terms which contain higher powers in 7 we get

do dv v
0r0+7?;-9=l‘(5;—;). .o .o .. (41)

Again eliminating -y between (4.1) and (3.9) we obtain

7% 13"..[2”_” 13y i], e @)
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where

V=

-~

Eqn. (4.2) is now to be solved under the followmg sets of boundary and initial
conditions :
v=Raatr=a
v=0batr=0> % 0
v=0forallt 0.

(4.3)

Multiplying eqn. (4.2) by
t{J 1(rAn) G1(aAs) — T 1(aAa) G1(TAa)}, @ <7 <D

where J,(r) and GQ,(r) are Bessel functions of the first and second kind res-
pectively and A, are the positive roots of the transcendental equation

J1(bAn)G1(@An) —J 1(@An)G1(BAn) = O. .. .. .. (4.30)
and integrating between the limits @ to b, we get
Td?% 146 a2y J1(BAn)
. vaz Ty = ~A @ =05 gy #4)
where
[4
’7=f r{J1(rAn)G1(@An) =G\ (r2n) T 1(@dn)}e(r)dr .. .. (4.5)

is the finite Hankel transform of v(r, t).
Making use of the boundary conditions v(a) = 2,a, v(b) = 2,b eqn. (4.4)
reduces to

d2 d . J
= it d’f+u,\§v+v( Q.b JIEZ::; —91a) =0. .. .. (48
The solution of this equation is .
J Qla-"ng. j] EZA,‘;
5= Aemit Berit | ¥ OMlrg 0y, .. .. @D

where A and B are arbitrary to be determined with the help of initial conditions
and m,; and m, are the roots of the equation

7m2+m+w\i =0.

Now the solution for ¢ < 0 is given by v = 0 which can be adapted in
(4.7) by making v equal at £ = 0 for both the expressions. However, there
remains underdeterminacy in this adjustment, since eqn. (4.7) contains two
arbitrary parameters 4 and B. It is remarkable to observe that, although the
conditions (4.3) determine the flow completely for all the time in the case of
ordinary viscous fluid, they do not determine the flow uniquely in the case
of visco-elastic fluid. It therefore follows that we should know one more
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initial condition on & to determine 4 and B, i.e. we should know the value
of the local acceleration initially at all points. From equ. (3.9) it is implied
that local acceleration can be known if the initial state of stress is known,
which, however, depends on the past history of the flow. If the fluid be
supposed at rest for all £ < 0, then it can be assumed that the initial state of
stress is zero. However, this will not be the case if the fluid has been in
steady flow for a short time before the motion started, for then the fluid
will be at different stress states. We therefore take

(%), =70

as the second initial condition, where F(r) is arbitrary if the initial stress
state is arbitrary. From (4.5) we therefore have -

ot -
(E);_,_O:F(A”'“’ b) .. .. .. .. (48)

where F(\s, a, b) is the Hankel transform of F(r). With these initial condi-
tions the solution of (4.7) then turns out to be

7 = et (K —¢)eme — K, .. .. .. 49
where
4= F(,, a, by—m.K
- My — Mg !
and
Jl(a/\n)
275 ~8
K= (419
An

Making use of the Hankel inversion formula (Sneddon 1951) we get

© 2732

Q,b2 (,-z_az) a2Q, (b2—r2) o z [ Ad,(0A0) }‘lﬁ(/\m o, r)geny
r \gat) T pr—dd) | TaAn) —T20a)

N

+2 e P P

£ (@) —T300))

where the summations are extended over all the positive roots of the trans-

cendental eqn. (4.3a) and where
',h(An, a, 1') = Jl('rAn)Gl(aAn)—Jl((lAn)Gl(r/\n)- .o N (4.12)
the flow in the case of visco-elastic

v{r, 1) =

H#H=1

¥(An, @ r)(K-—«ﬁ)e"‘z‘ .. {4.11)

Eqn. (4.11) gives the velocity pattern of

fluid. .
jon that arises when we make the elastic

Let us now examine the situati ‘
constant = tend to zero in (4.11). From eqn. (4.10) it follows that ¢~ k a8
> +0 sinoe as 7 tends to zero (plus)

—~14 1——4v)‘12'1-
my = 37 i -—VA”
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—1-J1—43®

and my = ——2;————— —_— -0

go that the third term on the right-hand side of (4.11) vanishes, and the resulting
solution turns out to be identical to that of viscous fluid. However, the
interesting point to be noted in this connection is that if r had been negative,
then the situation would have been quite different. For, then, as 7 — —O,
mg — -0 and the term (K —¢)emst becomes of the form 0x co. Hence the pas-
sage of the visco-elastic solution to the ordinary viscous solution as = tends to
zero depends essentially upon the fact that + must be positive. We therefore
conclude that—

(c) the unsteady flow of a visco-elastic fluid between rotating cylinders
tends to the flow of ordinary viscous fluid as the elastic constant » (assumed
to be positive) tends to zero.

Although we have obtained this result to our expectations, yet it is not
entirely obvious a priori. For, had = been negative, the matter would
have not been so simple. Further examination of this question when both +
and p. are involved is, however, reserved at present and will appear in a future
paper.

ACENOWLEDGEMENTS

In conclusion the author wishes to express his sincere gratitude to Prof.
G. Bandyopadhyay for his valuable advice and guidance throughout the
preparation of this work. His thanks are also due to Prof. B. R. Seth, F.N.I.,
for the facilities of work and constant encouragement.

REFERENCES

Bandyopadhyay, G, (unpublished). Some time-dependent rectilinear flows of elastico-visedus
non-Newtonian fluid. Abstract UNESCO Symp. on Non-linear Physical Problems, held
in Roorkee, Dec. 1959.

Cotter, B. A., and Rivlin, R. 8. (1955). Tensors associated with time-dependent stress. Q.
appl. Math. 18, 177.

Noll, W. (1955). On the continuity of solid and fluid states. J. rut, Mech, Analysis, 4, 3,

Oldroyd, J. G. (1950). On the formulation of rheological equation of state. Proc. R. Soc..
A 200, 523,

(1958). Non-Newtonian effects in steady motion of some idealized elastico-viscous
fluid. Proc. R, Soc., A 245, 278.

Prager, W. (1961). An elementary discussion of definitions of stress rate. Quart. appl. Math.,
18, 403, :

Sneddon, I. N, (1951). Fourier Transforms. McGraw-Hill Book Co. Inc., New York.

Thomas, T. Y, (1955). Kinematically preferred co-ordinate system. Proc. natn, Acad. Sci.,
Wash., 41, 762,

Trueedell, C. (1955). The simplest rate theory of pure elasticity. Communas, pure appl, Math.,
8, 123.




