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Using the free-meson lattice model of the nucleus, an expression has been
derived for the difference of free energy between the normal and superfluid
state of nuclear matter. In the normal state, attraction between nuclear
particles predominates for lighter nuclei and for heavier nuclei there is contri-
bution both from repulsion and attraction between nuclear particles. The
kinetic energy of #-mesons increases after the phase transition from the
superfluid to the normal state, Energy conservation laws are maintained.

1. INTRODUCTION

By using the formalism developed by Trainor and Sood (1959) in their
article entitled ‘Nature of Nuclear Matter in the Free-Meson Lattice Model’
we have studied the possible superfluidity of nuclear matter. In an earlier
consideration Trainor, Bhatia and Sood (1958-59) had suggested that in the
independent particle approximation nuclear matter exhibits a periodic
structure similar to the structure of a normal liquid. By using the two-body
potentials of Gammel and Thaler (1957) good agreement with the accepted
values of the nuclear density and the binding energy per nucleon was obtained.
By considering the nature of nuclear matter in the free-meson lattice model,
they have suggested that it could lead to a periodic model of nuclear matter.

The nuclear structure exhibits many similarities with the electronic
structure of metals. In both the systems we are dealing with a system of
fermions. In the ‘Free-Meson Lattice Model’ an atomic model for the physical
nucleons with one or more real =-mesons bound to a nucleon core is assumed.
With a simple form of such a model, in which the ground state of the physical
nucleon corresponds to a single »-meson moving in a ‘p-orbit’ about the core
(Feld 1957, 1958), has been able to account for the static properties of the
nucleons. The binding energy of the single meson on this model is appropriate
to the experimentally measured threshold for meson production in centre of
mass (about 139-6 meV, the rest energy of the w-mesons).

Congider now the interior of a heavy nucleus in such an atomic model,
and in the usual interpretation of nuclear matter each real meson must be
pictured as being tightly bound to a single nucleon core so that the system of
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core plus meson moves as a single entity, the physical nucleon. It is possible,
however, .that the interaction between cores and mesons is such that the
mesons have a limited mobility for moving from core to core. This situation
is associated with the quasi-lattice model. The extreme case in which the
mesons possess almost complete mobility is referred to as the ‘Free-Meson
Lattice Model’ in loose analogy with the ‘Free Electron Model’ of a metallic
lattice. In this extreme, the internal kinetic energy of nuclear matter is due
largely to the circulating mesons, and one may consider in some approxi-
mation that the nucleon cores form a lattice. We can consider that a nucleon
surrounded by 7-mesons is in some sense similar to a nucleus surrounded by
electrons. Thus some of the considerations that are used to explain the phase
transition and superconductivity of electrons in metals will be used to explain
the superfluidity of nuclear matter (Bohr, Mottelson and Pines 1958).

We shall further consider that each nuclear particle is a sort of a lattice
gsurrounded by a =-meson. The so-called nuclear ion in the lattice has a
mass approximately equal to the mass of a single nuclear particle and has a
hypercharge of ‘g’, say. The nucleonic cores possess ‘like mesonic charge’ and
the 7-mesons possess the ‘opposite mesonic charge’. Binding of physical
nucleons then arises from the attraction of opposite mesonic charges, much in
the same way as binding occurs for atoms and molecules under electromag-
netic forces. The basic core-meson interaction force can be considered to have
a simple inverse square radial dependence and that the short range of the
nucleon-nucleon force is due to the screeming of the nucleon cores by the
orbital 7-mesons. V

In the calculations presented in this paper we have shown that the above
model enables us to calculate the differences, between the normal and super-
fluid states, in the mean kinetic energy of »-mesons and the mean potential
energy of the entire system. The word ‘mean’ is to be interpreted as ‘thermal
average’ at a given ‘nuclear temperature’ and ‘pressure’.

Furthermore to ensure the superfluidity of nuclear matter, it is essential to
prove that the energy corresponding to the normal state of the system is not
the minimum, but the energy corresponding to the superfluid state of the
system is the minimum, and hence the superfluid state is the ground state of
nuclear matter (Flowers 1961). In our calculations, this is proved by taking
-the difference between the free energy of the system first when it is in the
superfluid state, and second when it is in the normal state. Thus for the
superfluid state to be the ground state, the energy difference between the
superfluid state and the normal state, respectively, should be negative and this
fact is proved by equation (19) where we have shown that

(A@Dmin = —24¢,.

Finally, we must emphasize the two features of the calculations presented

in this paper. Firstly, the results we obtain are completely independent of
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any theoretical picture or ‘model’ of the superfluid state of the nuclear matter.
They are based exclusively on the general principles of statistical mechanics
and thermodynamics. Secondly, our calculations are based on some ex-
perimentai and quantitative considerations and the general principles of
statistical mechanics will be used to study the macroscopic behaviour of
nuclear matter.

2. GENERAL DERIVATIONS

Let us consider the complete Hamiltonian of the nuclear matter in the
superfluid state. This can be written as

H=K,+K,+® .. . . D)
where K, is the kinetic energy of the nuclear ions and is given by
K] P2
K"=ZW e L@

where A is the atomic number of the nucleus, P; the momentum of the ith
nuclear ion and M the mass of the nucleon.
K, is the kinetic energy of the w-mesons and is given by

A 2
2
K,,_—.Z%—ﬂ O ¢ )

where p, is the momentum of the ith =-meson and m, the mass of the -

meson.
The potential energy & of the entire system considering pair interactions

is given by ) )
2 2
?= Z<JZ l’tg]—_"m+,Z<JZlR¢g-]-le
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where r¢ and r; refer to the coordinates of the ith and jth =-meson; and R;
and R; refer to the coordinates of the ith and jth nuclear ion. The first
term on the right-hand side refers to the interaction between w-mesons, the
second term refers to the interaction between nuclear ions, the third term
refers to the interaction between m-mesons and nuclear ions, and A\ accounts
for the interactions in the nucleus which are of the non-Coulomb nature.
Now using the general principles of statistical mechanics and thermo-
dynamics we obtain the internal energy of the system as given by

) U=E=K”+Eﬂ+6 . . .o .o (5)
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where H is the thermal average of the Hamiltonian, K, is the thermal average
of the kinetic energy of the nuclear ions, K, is the thermal average of the
kinetic energy of =-mesons and @ the thermal average of the potential energy
of the entire system. The second theorem we need is the virial theorem
(Milne 1925) which states that the product of the pressure p and the volume
V of a system is given by ,
~ pV =Ko+ EKr)+30 .. .. .. .. (6)
where @ is the average of the virial of the interparticle forces of the system.
Now putting U and V in terms of the derivatives of G, the Gibb’s free
energy, we can write down the equations (5) and (6) in the following form:

oG a(G/T)] o
—p| e/t = .
p[aP]T,M [ 0T Jpm Ent Kt

oG = = —
%p[a—] = Kn+Kn+%¢ ‘e .o .. .o (7)
plT, m

To study the transition of the nuclear matter from the superfluid to the
normal state, let us define G; as the Gibb’s free energy when the nuclear
matter is in the superfluid state, and G, the Gibb’s free energy when it is in
the normal state. Let 7. be the critical temperature at which the phase
transition occurs from the superfluid to the normal state. Then we can write

GT, p) = —24kTlog @ for T<Ty .. .. (8)
and ’
Gu(T', p') = —24KT" log @ for T'>T, .. .. (9)
where @ is the partition function of the system. The difference of free energy
between the two states superfluid and normal state of nuclear matter is given
by
Gy~ G = 24K(T" log @ —T log Q)

= 24k log (@' )7/(Q)F

= AG. .. .. .. .. .. .. (10)

Now to find the difference of free energy between the superfluid and the
normal state in terms of the changes, in the kinetic energy of the nuclear ions,
in the kinetic energy of the =-mesons and in the potential energy of the entire
gystem as it goes from the superfluid to the normal state, we proceed as
follows.

From equations (7) we can write

[BAG}

0A( T = - - .

—_ -T2 =AK ” .o (11
p[ ap ]T’M T 1, u AKy+ AKr+ AD (11)
and

IAQ . _ -
— 1 y ” . . v ]-‘
&p[ 3p ]T'M AK+ AK 3 AD (12)
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where A refers to the change in the physical quantity as the system goes from
the superfluid to the normal state. Now just when the system goes from the
superfluid to the normal state, we can assume that the average kinetic energy
of nuclear ions remains the same in both the phases, that is AK = 0, and
this assumption seems to be adequately justified to us, since from an over-
simplified point of view one can say that the physical nucleons are very tightly
bound and hence their mobility is very small. This would mean that the
cores remain more or less immobile and it is only the =-mesons which account
for the greater part in the changes of the kinetic energy of the system at the
time of transition from the superfluid to the normal state of nuclear matter,
Hence dropping AK, from equations (11) and (12), we can solve for A K,
and A, and get

[aAG]

_ T 2AQ

= 272 -5 .. N

4% 0T Jp,m )p[ op ]T,M (13)

[aAG]

_ T dAG .. .. (14)
K_ =12 dpl——| .

Aldg oT p,M+p[ op }T,M

Now we can write (@)7 and (Q')" in, the following forms :

(@7 = (Ze' 'T‘T)T for T < T,.

Changing from summation to the integral approximation we can write

o= ([t

log (@) =T log (J.e— k—tTde)

We have not introduced the density of states in the above formula because it
does not affect the final form of the result, and for 7' < 7', this becomes

or

log ()T =T log kT(l—-e— ’7;) .. .. .. (15)

where e, is the critical energy of excitation at which the transition from the
superfluid to the normal state takes place in the nuclear matter. “
Similarly, we can write down
€

-
@)= (Z e rr) for T* > T

Changing from summation to the integral approximation we can write

€ T
@\ = (fe- ﬁ'ck) for T > T,
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or

€
log (@) =T log (fe- k_fde)
and for 7" > T, this becomes

log (Q)7" = T" log kT'— 3. (16)
Now in order to calculate A@, the following two interesting cases arise :
(1) Case:
&>kl .. .. . . oo (17)

and this assumption is taken from the work of Trainor and Dixon (1956) and
Livesey (1955), in that the nuclear temperature remains essentially constant
till the transition from the superfluid to the normal phase.

Now AG is given by

AG = 2Ak[T’ log k1"~ 5 —T log kT(ll—e_ ﬁ)}
and using equation (17), this leads to
AG=2Ak[T' log kT’—ek—‘—-Tlog kT]. ... (18)

Thus the minimum change in the free energy when the nuclear matter changes
from the superfluid to the normal phase is obtained by putting 7' = 7" = T,
the critical temperature of phase transition. This gives

(A@min = —24e. .o oo oo .. (19)
Corresponding to the minimum change in the free energy given by equation
(19), we can find the minimum change in the potential energy, (A @®)mi, and
the minimum change in the kinetic energy of the w-mesons, (A K,)m, from
equations (13) and (14). This gives

(AP)min = —44e, .. .. .. .. (20
and

(A B )min = 24e,. R 1) )
Equations (19) and (20) show that after the transition from the superfluid to
the normal state, the interaction energy of the system decreases and attrac-
tion predominates. This can be adequately explained if it is assumed that in
the ground state and in the lowest excited states, the interaction is greater
(large residual forces between pairs of nuclear particles), and it decreases with
the excitation energy. Moreover, (AK,)u. i8 positive and this shows
that the kinetic energy of the =-mesons increases after the transition from the
superfluid to the normal state. This also means that the n-mesons are more
and more loosely bound as the excitation energy is increased, and they are
more tightly bound at low excitations which further corroborates earlier
theories which have been propounded to explain the existence of strong
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attractive forces between nucleons. The soundness of our calculations is
adequately proved since by looking at equations (19), (20) and (21), we see
that the energy conservation laws are maintained, that is
‘ (ADmin = (ADmin+H(ABmdumin: .. .. .. (22)
(i1) Case:
€2 kT. . (23)
We can proceed similarly as in case (i), and find that for 7 = 7" = 7,
we have

(AG)min = —2Aeg—2A4kT, log (ezl). (29

We can similarly find the values of (A@)mn and (AK,)n. and satisfy
the energy conservation law. The important feature of case (ii) is the
appearance of the positive term in (AQ)n, and this accounts for the
repulsion between nuclear particles—and the presence of this term is essential
to explain the stability of the atomic nucleus (Khanna 1963).

3. Discussiox

The calculations carried out in the previous section by using the con-
siderations of the free-meson lattice model of the nucleus bring out several
interesting properties of nuclear matter. Case (i) is generally true for lighter
nuclei and case (ii) for heavier nuclei. The negative values of (AG)y, and
(A@)min indicate that attraction predominates between pairs of nuclear
particles in the normal state, in agreement with the result arrived at
by others (Soloviev 1958-59; Cooper, Mills and Sessler 1959) from different
considerations. It has also been shown that the kinetic energy of the »-mesons
increases after the phase transition from the superfluid to the normal state
since (A K,)mn is positive. Our case (i) represents this result; but the
presence of case (ii) seems to distinguish between the behaviour of heavier and
lighter nuclei in the sense that equation (24) contains a positive term which
can be interpreted as a contribution from repulsive interaction unlike the
equation (19). Furthermore, for heavy nuclei in which case kT. is generally
less than 1 meV or of the order of 1 meV, the contribution from repulsion
between nuclear particles becomes significant. Thus, there seems to be a
transition point where contribution from repulsive interaction between nu-
clear particles will play an important role. Our next object is to study this
transition region.

The fact that

» AG = G4—Gp = —24¢,
is negative, adequately proves that the normal state is not the lowest energy
state, and that the superfluid state is the ground state of the system. At
the end we must emphasize that the results we have obtained are completely
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independent of any theoretical picture or ‘model’ of the superfluid state of the

nuclear matter.
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