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We consider the linear space B [0, 1] of bounded real-valued functions defined
over the closed interval [0, 1]. The passage from a function f € B [0, 1] to its
nth order Bernstein polynomial being regarded as a linear operator Ta, the
relation involving T'w’s is obtained in the Lemma. Treating B [0, 1] first
as an incomplete lattice and then as a complete metric space, in Theorem 1,
we get several properties of T's and also the complete set of fixed points of T'a.
The significance of these results is pointed out in the subsequent remarks,

INTRODUCTION

Our remarks relate to the fixed points of a certain collection T, (n = 1,
2, 3, ...) of operators in B = B [0, 1], the set of all bounded real-valued
functions f(x) defined on the closed interval [0, 1]. 7', is the operator which
associates with f(x) ¢ B, the corresponding Bernstein polynomial of nth order,
namely

Tof(x) = ﬂ)(n)x’“ 1—x)r=",

s = 31 (2) () =0~

All these operators turn out to have a common fixed-point set whose cardi-
nality is the same as that of the continuum. This fact serves to furnish a
norrtrivial example in illustration of each of the possibilities: (i) An isotone
operator, even in an incomplete lattice, can have several fixed points; (ii) a
non-contraction operator in a complete metric space can have fixed points,
in fact several fixed points, in contrast to a contraction operator which can
have one and only one fixed point.

REsurts
Lemma. If fe B [0, 1] and TiT; is defined by (T'T) f = T«(Tyf), then
ToT, =T, for each n. .. . .. (D)
TTy=1T, for ecach n. .. .. .. {2

Proof. (TyT,) f=Tu(T.f) for any f e B [0, 1]. By definition,

' T\ f(z) = 2 f(1)+(1—=) f(0).
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Therefore

To(T, f(2)) = ” (;) z(l—g)*= [T o (g)]

m=

: O

(:;) z(l—z)" ™ [ ( f(l)—f(()))+f(0)]
(f(l —f(O)) ( )zm(l—z)n—"+f(0) "Z) (:}) (1 — )

(f(l f(O) nz+£(0).1 = zf(1)+(1—2) f(0) = T, f(z).

Thus (1) is proved. _
Now for any f(z) ¢ B[0, 1],

(T Ta)(f(2)) = T\(Tf (@) = 2(Tnf (1)) + (1 —2)(Tnf(0))

= 2f(1)+(1=2)f(0) = T,f (@),
This proves (2).

We recall here certain ideas required in the sequel. An operator 4 in

a complete metric space (X, d) is said to be a contraction operator if there is
a non-negative k < 1 such that

‘d(dx, Ay) < kd(z, y) for every 'z, y e X. .. .. (3)

If £ > 1in (3), we call 4 a non-contraction operator.
B [0, 1] is a complete metric space, under the metric

a(f, 9) -I!f—gll—lub If(x —g(@)].

B [0, 1] is also an incomplete lattice, under the usual function order.
We shall now prove the following result :
TaeoreM. In B [0, 1], considered as a lattice and as a complete metric
space, the set Ty (n =1, 2, ...) has the following properties:
(i) the set of T'y’s is a countable collection of isotone operators;
(ii) the set of Ty's 18 a countable collection of nom-coniraction mappings
with k = 1 for each n, according to the definition in (3);
(iii) each Ty has the same fixed-point set;
(iv) the cardinality of the fixed-point set is that of the condinuum.
Proof. We first show that each T', is an isotone operator. Let f(xr) <

g(x). Then )
Tfe) = > (2)1(Z) e sy
m=0
< Z( ) ( )xm(l——z)m-n

m=0
since (;) am(l—z)* ™ >0 for each  in [0, 1].

2B
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Thus T'»f < Tag and (i) is proved.
To prove (ii) we proceed as follows. Let

- Y
| Tull =1lub. 7l

where
I £l =Llu.b. | f(z)| > 0.
I<r<1

Clearly, || 75 || = 1 for each n. And

d(TnL Tng) raliuéb& llTnf(z) —Tp9(x) l

=|Tof=Tagll = Tulf =D I < Tl If =gl = d(f, 9)-

Therefore 7', is an operator which satisfies (3) with k = 1 for each n. This
proves (ii).

We shall now prove (iii). Let S; denote the image space of B [0, 1] by 7.
Then 8; is the collection of all Bernstein polynomials of first order. Since
T2Ty =T,0r Ta(T,f) = T:1f, wesee that the set S; = (T, f|f ¢ B [0, 1]) contains
some fixed points of each 7',. It is clear that, for each 7', a fixed point cannot
be outside the collection of all Bernstein polynomials. Hence we need only
show that S; is the complete fixed point set for each 7',. The Bernstein poly-
nomial of nth order is of degree < n. Further, the Bernstein polynomial of
& polynomial of degree m is of degree < m (Lorentz 1953). In view of the
Lemma, it is sufficient to show that, for no % and f e B [0, 1}, we have T';(T',f)
= Tnf where Tof ¢ S;. For k = 1 the assertion is true, since T'y(T'nf) = T', f 7%
T,f. In order to prove the result for ¥ > 1, by considering 7,f as a poly-
nomial and remembering that 7' is a linear operator, it is sufficient to show
that in 7' (z7) the coefficient of z* is not equal to 1 if » > 1 whatever be £.

Now,
k

Ty(a) = Z (]Kc)" (I:) 2(1—z)E". )

y=0

Let us set
k
Py, = (V) zv (1—x)*-7,

R
Tr(z®) = kl" Z w Py,

ve0

Then it can be easily verified that

R
z Wy—1)...(p=n—1) Py, = k(k—1)... (k—n+1)zn.

v=0
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Hence
Z [v"ka+an_1V“'1Pk,,+ oot ay Py
v=0
=k(k—=1)....(k=-n+41)z?-
where a4 _1, . ...a; are suitable constants occurring in the expansion of v(y—1)

...(v—n--1) in powers of v. Hence
k

Ty(z®) = -’;1,—‘ Z v(v—,l)' e (p=n+1)Ppy— a;‘:;l Z Wl —. ..

=0

_ k(k=1)...(k—n+1)
- kn
Thus the coefficient of x» in Tg(2#) is k(k—1) .. .. (k—n-1)/k", which cannot
be equal to 1 unless » = 1. Thus (iii) is proved.
Since 8, is the fixed point set for all T, and since S; contains all poly-
nomials of first degree, the cardinality of this set is the same as that of the
continuum,

an4-[terms not involving z"].

APPLICATIONS

(i) In a complete lattice each isotone mapping has at least one fixed
point (G. Birkhoff 1948). This result is not necessarily true in an incomplete
lattice. However, our theorem shows that there is an incomplete lattice,
B [0, 1], which has a countable number of isotone operators, each of these
operators having the same set of fixed points.

(i) In a complete metric space every contraction mapping has one and
only one fixed point (Ljusternik and Sobolew 1960). However, in our theo-
rem we have non-contraction operators 7', with k =1 for all », each with
the same set of fixed points, whose cardinality is that of the continuum.
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