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We have (i) modified the definition of superposability in order that it may be
applicable to all types of fluids and studied its implications for a class of non-
Newtonian fluids, (ii) introduced the idea of homogeneous additivity of fluid
flows and compared it with the concept of self-additivity, (iii) discussed the
existence of steady viscous Beltrami flows, (iv) discussed the characterization
of steady axially-symmetric self-shperposa.ble viscous flows, (v) discussed the
characterization of steady viscous pseudo-planar Beltrami and self-super-
posable flows, (vi) introduced new definition of superposability wherein we
require only one of the flows to satisfy the condition of integrability and
studied its implications for both Newtonian and non-Newtonian fluids, (vii)
subsequently obtained three-dimensional general rotational fluid flows from
two-dimensional flows due to (a) two-dimensional vortex, (b) two-dimensional
spiral vortex and (¢) two-dimensional vortex doublet, (viii) obtained axi-
symmetric solutions by considering conditions of integrability in poloidal and
toroidal velocity fields respectively and (ix) discussed new two-dimensional
solutions and axi-symmetric irrotational flows.

1. INTRODUCTION

The present paper is to be regarded as continuation of Kapur (196la)
where one of us (J. N. K.) had (i) established some general theorems about
steady self-additive (or self-superposable) flows, (ii) discussed the decay of
vorticity for non-steady self-additive flows, (iii) introduced the concept of
transitivity of additivity of fluid flows and stated some general theorems
about the same, (iv) discussed the most general two-dimensional rotational
flows superposable on a two-dimengional irrotational flow, (v) obtained the
general axi-symmetric rotational flows superposable on axi-symmetric irro-
tational flows, (vi) discussed the axially-symmetric unsteady superposable
flows, (vii) discussed the superposability conditions of Gold and Krzywoblocki
(1958) for incompressible non-Newtonian flows, (viii) compared the conditions
of superposability in magnetohydrodynamics obtained by Gold and Krzywo-
blocki (1958), Kapur (1959, 1960a) and Bhatnagar (1960) and generalized two
theorems of Ram Moorty (1960) about these, and (ix) extended the concept
of superposability to inviscid and viscous compressible flows.

In § 2 of the present paper we have slightly modified the definition of
superposability so that it is applicable to all types of fluids—compressible or
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incompressible, Newtonian or non-Newtonian, elastic or inelastic. We have
obtained the condition of superposability in the general case and studied its
implications for a class of non-Newtonian fuids.

In § 3, we introduce the concept of homogeneous additivity of fluid flows
and distinguish it from the concept of self-additivity. While for Newtonian
and non-Newtonian fluids with constant coefficients of viscosity and cross-
viscosity, the conditions of self-additivity and homogeneous additivity are
identical ; for more general fluids, the conditions are quite different,

In § 4, we discuss the existence of steady viscous Beltrami flows. These
flows had been characterized in Kapur (196056). Based on this character-
ization, Rathna and Rajeshwari (1961a) tried to prove the non-existence of
such flows. We give an alternative discussion of the same result.

In § 5, we discuss the characterization of steady axially-symmetric self-
superposable viscous flows given in Kapur (1960b). In § 6, the character-
ization of steady viscous pseudo-planar Beltrami and self-superposable flows
have been, discussed.

In § 7, we introduce a new definition of superposability wherein we
require only one of the flows to satisfy the condition of integrability. We
discuss the implications of this new definition for both Newtonian and non-
Newtonian fluids. - .

In subsequent sections by making use of the new principle of super-
posability we have constructed new solutions of equations of Fluid Dynamics.
In § 7.1, we have constructed most general three-dimensional rotational fluid
flows from two-dimengional flows due to (i) two-dimensional vortex, (ii) two-
dimensional spiral vortex and (iii) two-dimensional vortex doublet and radial
flow in first three cases only.

In § 7.2, axi-symmetric solutions have been investigated by considering
the conditions of integrability in poloidal and toroidal velocity fields respect-
ively and compared with corresponding steady poloidal and toroidal flows
superposable on each other obtained in Kapur (1960b) by considering the
conditions of integrability in both the flows.

In §§ (7.3) and (7.4), we discuss the construction of new two-dimensional .
solutions from flows due to a (i) two-dimensional vortex, (ii) two-dimensional
spiral vortex, (iii) two-dimensional vortex doublet and (iv) radial flow and
construction of axi-symmetric rotational flows from axi- symmetnc irrota-
tional flows.

2. SUPERPOSABILITY OF MOTIONS OF A GENERAL FrLuimp

2.1. Definition of superposability
Ram Ballabh (1940, 1952) defined superposa,blhty of two flows as follows :
‘Two flows of an incompressible fluid with uniform density p, kinematic

- =

viscosity », velocity vectors ¢;, ¢s, pressures p;, p;, and force potentials

-
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£2,, 02, are said to be superposable or additive, if it is possible to determme

a pressure p; -+ such that (q1+q2, Pr1+De+m, £214R) is also a solution of
Navier-Stokes equations with the necessary modifications in initial and bound-
ary conditions.’

We mod.lfy the definition as follows :

‘If ql, _q2 are two possible velocity vector fields (i.e. vector fields satis-
fying the basic equations determining the motion of the system), then these

will be said to be superposable or additive if ;1-{-;2 is also a possible velocity
vector field.’

2.2. Some remarks on the definition

We make the following remarks about the definition : (i) It is not restricted
to incompressible fluids (Kapur 1961a), i.e. it can be applied equally well to
compressible fluids. (i) It is not explicitly restricted to Newtonian fluids ; it
can be applied to all classes of non-Newtonian fluids. (iii) It is implicit in
the definition that initial and boundary conditions may have to be modified.
It is also implicit that pressure field may have to be modified as suggested in
the earlier definition. It is also implicit that in compressible fluids, density,
temperature and entropy fields may have to be modified. In viscous com-
pressible fluids, even the viscosity field has to be modified (Kapur 1961a).
(iv) Nothing is said in this definition about the external force system. This
is not a restriction since in almost all discussions in Fluid Dynamics, we do
not consider external force systems. Moreover since a conservative external
force influences only the pressure field, we need not insist on the force system
for the superposed motion to be given by force potential £2,4-Q,. In fact if
we assume that it is given by £2,4-2,1-Q then we have for the two fluid
motions and for the superposed motion

£l+(;: x;1)+grad ({q'f+%+91) = —vourla, .. .. (1)

at (w2><q2)+gra,d (§q2+ +.Qz) = —v curl wy .. . (2

_(111_8-:-_2?)_'_ (w1+w2) (—q’x +;2) +grad {‘}(7;14_&2)2
+1—”‘—"'—f:2i’-'+9,+9,+9} = —vourl (;,+Zg) )

where ;1, ;2 are vorticity vectors and » is the kinematic coefficient of vis-
cosity. From (1), (2)-and (3)

- =

‘"1X45+“’3X41+gmd (41 qs+3 +9)-0 .. . @
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By taking curl of both sides of (4), we get the condition of superposability

— =

curl (wl xq2+w2qu) =0 .. . . (5)

which is the same as obtained by Bhatnagar and Verma (1957) with the
earlier definition. Equation (4) shows that only the adjustment in pressure
is to be considered.

Our not mentioning the force system in the definition helps in clearing
a misunderstanding which the earlier definition sometimes may create. It
appears from the earlier definition that if two motions are possible under two
different systems of forces, then we can talk of superposed motion only under
a force system which is the vector sum of the two force systems. Thus if
both the motions are possible under gravity g, then the superposed motion
is possible under gravity 2g. The above discussion shows that our modi-
fication of the original definition removes this difficulty. The difficulty

could also be overcome by replacing (;1—1—;2, P1+pot-m, £2,4+,) in the original
definition by (¢1 +¢s, P1+pat 7, 21+$2:+£).

2.3. Superposability condition for incompressible fluids
For a general incompressible fluid, the equations of continuity and motion
are:

a_> -+ — — 1
5%+w)(q+gmd (§q2+%+ﬂ) =3 v.T o )

where T is the deviatoric stress tensor.

—_ -

If Ty, Ty, Ty, are the deviatoric stress tensors for the motions ¢;, g,

q;—{—;; respectively, then the condition for superposability is

- - 1
ourl w1X92+w2XQJ] =gourl[v c(T12—T1—Ty)). @

If the relation between stress temsor 7' and strain rate tensor D is
represented by
T=fD) .. .. .. o . @®

then condition (8) becomes

ourl [, X gy +wg X ] = 5 0wl [V . (D1 +DI—~fDI~D] - (10)

For Newtonian fluids
T=f(D)=F'D .. - .. .. (ll)
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' |
where p is the constant coefficient of viscosity.
Thus

ourl [V . (Tyg~Ty~Tg)] = 5 wrl [V . {f(Dy~+Ds) (D) ~f(D}]

curl [V . {#(Dy+Dg)—pD; —puDy}]

O

: =0
and 5o the condition of superposability reduces to (5).
We consider the non-Newtonian fluid for which
N .
T == Z BpDn = pyD+poD24- . ., 4-pnDV, .. .. (12)
=1

The condition of superposability becomes

h N
curl [Tul x;2+32 x;l] = curl [v . { Z (va(D1+ Dy)t—vy D} —v,, D7) }}
: n=1

= curl div {v3(D,Dg+ DeD))+vy(D:Dy+ D, D’
+DID+D1Di+DyDeD1+4DyD\Dy)+ ...} .. (13)

Thus the condition of superposability is independent of the first co-
efficient of viscosity, but it depends on all the other coefficients of viscosity.

The ordinary non-Newtonian fluids with constant coefficients of viscosity
and cross-viscosity is a particular case of (12) when N = 2,

2.4. Simultaneous additivity and transitivity of additivity of fluid motions

- > —_

The condition that m motions ¢, ¢g,...... , gm are simultaneously
additive is (Kapur 1961a)

- >

curl [(Zl+;2+ - +_c:m)x(—q)1+—q)2+ . +;m)—(;1 x—g;1+w2>(q2+ L.

N A .
.. FomXgn)| = curl div [ Z {on(Dr+ Dyt ... +D, Y ~wa(DI4 DL ... +Dfn)}] (14)
=1

For N = 2, i.e. for non-Newtonian fluids with constant coefficients of
viscosity and cross-viscosity the following theorems, which are true for New-
tonian fluids, are true.
Theorem 1: If every pair of m fluid flows is additive, then the m fluids are
simultaneously additive, but the converse of this in general is not true.
Theorem 2 : If the flows I and IT are additive and flows II and IIT are additive,
then flows I and III will be additive if and only if the flows I, II and III

are simultaneously additive. _
It is easily seen that neither of the theorems is true for N > 2.
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2.5, O’ondmcm of integrability
By taking curl of both sides of (7), we get the condition of integrability,
viz. '

-

0 — = 1 .

-a‘—:+eurl (w)(q)=;curl div T .. .. (18)
or

%t‘ﬂ+euﬂ (;x_t_;)=%curl dvf®D). .. .. .. (18

3. SELF-ADDITIVE AND HOMOGENEOUSLY ADDITIVE FLOWS
A motion is said to be self-additive if it is additive to itself, ¢.e. a vector

;wi]l be said to be self-additive if when_g; is a possible vector field, 2; is
also a possible vector field.

A motion will be said to be hon\logeneously additive if whenever_q’ is a

possible vector field, K; is also a possible vector field for all constant values
of K. . .
It is obvious that if a motion is homogeneously additive, it will be self-
additive, but the converse need not be true.
From (16), a motion will be homogeneously additive if
P

K5

+K2ourl (Zx}) = %curl div f(KD) .. NN ¥))]

is true for all K.
A motion will be self-additive if both (16) and

o - 1
5 +2 curl (wXq) =3 curldiv f(2D) .. .. .. (18)
are simultaneously true.
For fluid given by (12), eqn. (17) becomes
- N
ow - = .
K—a—t-+K2 curl (wXq) = ourl div LZ:,.K"D"]. . .. (19)
If it is to be true for all K, we get
P . -
—é-t-=v10urldlv.D=v'1V2w .. . .. (20) )
ourl (xg) =wpouldiv Dt .. .. .. (@D
0 = v curl div D8 .. .. .. (22)
0 =v, curl div D¥. .. .. .. .. (23)
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For a vectorZ to be homogeneously additive, N equations have to be
gimultaneously satisfied. For non-Newtonian fluids with constant coefficients
of viscosity and cross-viscosity there are only two conditions, viz. (20) and
(21).

~ For self-additivity, we get from (16) and (18)

— N
%—g+curl (w)(q) = curl div { Zlv,,l)"} .. . .. (24)
and
a_) - = Ll
E“’+2 curl (wxq) = curl div { z 2"‘1v,,D"}. N ¢ 1)
=1
These are equivalent to
P -
Ta?f curl div { Zl (2_'2n—1).,,,1)n} R 1)
and
e N
curl (wXq) = curl div { Z (2"—1—1)v,,D"}. .. @0
n=1
For N = 2, these become
o L~
&5 =" curl div D = »; V2w .. .. .. (28)
curl (wxg) =vgourldivDe .. .. .. (29)

which are the same as (20) and (21).

Thus for Newtonian fluids and non-Newtonian fluids with constant
coefficients of viscosity and cross-viscosity, the two concepts of homogeneous
additivity and self-additivity are equivalent, but for more general non-
‘Newtonian fluids, every homogeneously additive flow is self-additive, but
not vice versa.

To get solutions of Navier-Stokes equations, we can try to obtain

() solutions of the simultaneous set (20) to (23), or
(ii) solutions of (24) and (25), or
(iii) solutions of (26) and (27), or
(iv) solutions of

-agtg=l’lvz_(; .. . .e . (30)
and - -
. N
eurl(wXq):curldiv{Zv,lD"}. .- .. (31)
noe=2

3B
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The last set will not give self-additive or homogeneously additive flows,
but still may give useful solutions.

From (14), (28) and (29) we deduce the following theorems for non-
Newtonian fluids with constant coefficients of viscosity and cross-viscosity :

Theorem 3 : If m self-additive motions are simultaneously additive, then the
superposed motion obtained by superposing them is also self-additive.

Theorem 4 : If each of m motions is self-additive and the motions are additive
in pairs, then the superposed ‘motion is self-additive.

Theorem 5: If ¢4, g2, ..., gm are possible vector fields, the necessary and
sufficient conditions that

clg;:+czg;;+ v +c,,,;,,, .. .. .. .. (32)
should represent possible vector fields for all ¢y, ¢, .. ., ¢ are
curl [wgX g +ayX gs| = vg ourl div (DD+D;DY .. .. (33)
[.,7=1,2,...,m]
t.¢. all the motions should be self-additive and the motions should be additive
in pairs. Further, if these 7—"'(—m2_l_—1) conditions are satisfied, all motions given
by (32) would be self-additive.

Theorem 6 : If ;1, q—;, cens q—:,. are each self-superposable and if ;-i—;; are also
self-superposable for all ¢, j, then every pair of them is superposable. '

Theorem 7: If q be superposable on each of ql, qz, .. , q_;,, then ; is

superposable on any linear combination of 91, qg, cees qm
These theorems generalize the theorems of Kapur (1961a), Srivastava

(1956) and Rathna and Rajeshwari (19615).

4. ON THE EXISTENCE OF STEADY VISCOUS BELTRAMI FLOWsS'

Truesdell (1954) remarked: ‘It would be valuable to investigate in general
the question of the consistency of a Beltrami motion with the adherence condi-
tion at a rigid boundary,” Motivated by this remark Rathna and Rajeshwari
(1961a) carried out an investigation and concluded that ‘a steady Beltrami
flow in viscous liquids under conservative forces is not possible’. Their
investigation was based on the characterization of such flows as given by
Kapur (19605).

We note that the proof given by them does not establish the non-existence
of Beltrami flows given by the general integral of the partial differential equa-
tion concerned, so that the authors are led to ‘surmise’ the final result. What
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the proof achieves is to make the existence of steady axially-symmetric
viscous Beltrami flows very implausible.

Moreover the characterization in Kapur (1960b) referred to only axially-
symmetric flows and, as such, the discussion in Rathna and Rajeshwari (1961a)
refers only to such flows. We know that two-dimensional Beltrami motions
are not possible, but even then we have the vast range of three-dimensional
Beltrami flows which may not be axially-symmetric and which are character-
ized by

divg =0, V2(Ag) =0. . . .. (34)

The discussion given in Rathna and Rajeshwari (1961a) does not, of

course, throw any light on the remark of Truesdell (1954) referred to above,

gsince it does not investigate the consistency of a Beltrami motion with the

adherence condition at a rigid boundary. This interesting question still
Temains open. ‘

It is stated in Rathna and Rajeshwari (1961a) that the characterization

in Kapur (1960b) had left out the following equation for the stream function ¢,

Bt ('2 az) 0. 35
Y= or2 rar 622 $= ot o -+ (35)

In point of fact, this equation occurs in (18) and (19) of that paper. In
fact the eqn. (24) of that paper could not have been deduced without making
use of the above equation. It is also obvious that eqns. (2.12) and (2.13) of
Rathna and Rajeshwari (1961la) have been taken from eqns. (19) and (24)
of Kapur (1960b).

The characterization (25) of Kapur (1960b), viz. that if

‘ - 1 a¢—> L1 1/1"

Ay R Ay

r oz (36)

- = -

where ¢, ig, i, are the unit vectors in cylindrical polar coordinates r, 6, z, then
for steady viscous axially-symmetric Beltrami flows

Q =7y, B+ f)—al=0 .. .. .. (37

[ +alog (f)—a)=bd+ec .. .. .. (38)

is certainly subject to the consideration that ¢ determined from these equa-
tions has to be consistent with (20) and (21) of that paper which reduce to

(ar)"'(~) f@e=al - a)

a

where

Incidentally, this provides an alternative proof of the result of Rathna
and Rajeshwari’s paper. The complete integral of (39) is

#(¢) = r cos a+2z sin atc e e .. (40)
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where a and ¢ are constants and

1 2 )—
¢12(¢) = f (')b)[fi';b a] .4 .o . . .o (41)

Solution (40) does not satis;fy

ERp+b{fp)—al=0. .. .. .. .. (42
The general integral is obtained by eliminating « between
¢(f) = r co8 a+2 sin a4-h(x)

and
, 0= —ragin a4z cos ah'(x). .. e .. (43)
Substituting in (42), we get
et Lyt _# cosal
b —al+ & {¢(¢)—h<a> X } 0. v

which will not, in general, be true and thus we find that steady viscous
axially-symmetric Beltrami flows are highly unlikely to exist.
In Kapur (1960b) the particular case suggested, viz.

a=0,c=0,f@g) =0y .. .. . .. (45)

does not satisfy (39) and will not thus give viscous Beltrami flows.

5. CHARACTERIZATION OF STEADY AXTALLY-SYMMETRIC VIScoUS Frows

In Ka.pur (1960b), it has been shown that for such flows ¢ and Q must
satisfy the equations

Q = f($) Y 1)
BGHOI O =rg®) .. .. . @D

2 2
ron—soro+reonr o] +(@)] =0 - w

LA @+ 2 =FOT )+ D]
s wryoron |2+ =0 - - w
The first three equations are all right, but the fourth must be replaced by
wrasrr—rio | (2) + () |+ —re-ren-tr+m
= 4rg'(3—'f). .. (50)
This also shows that the characterization (38) of that paper must be

replaced by (46), (47), (48) and (50) above except in the case when g'(y) is
& constant.
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When g (¢) = 0, we get axially-symmetric Beltrami flows.
For a purely poloidal steady axially-symmetric self—superposable vis-
cous flow f() = 0 and the characterization becomes

E%) = r2h(y) .. . .. .. (51)
o o ' _4,, %
5 [(ar) +( )]+hh i o e .. (52)
We find that .
(i) k() = O gives irrotational flows cha,ra,ctenzed by
E=0 .. .. . .. .. (53)

which are all ée]f-superposable.
(ii) If A(y) = a constant ¢, the second equation is identically satisfied and

self-superposable flows are given by

2y 13 o2
32 rar+azz cre, .. .. .. (b4)

If ¢ is a function of r only, we get
¢=A+Br=+%f N (-

q=(2B+§r2)E:. e (89)

This gives us the well-known Poiseuille flow in a circular tube showing
that for such flows the vorticity is proportional to r. (iii) The only steady
axially-symmetric flows which are possible for Newtonian viscous or non-
Newtonian viscous fluids with constant coefficients of viscosity and cross-
viscosity and in which £ and ¢ are functions of » only are given by

Q=A4r4B .. .. .. .. .. . @)
Y= C14+Dyr24- B 72 log r24-Fyrt |, .. .. (58)
- B> -
qg= (Ar+ 7)10+[2D1+2E1(log 24 1)44F 72, .. .. (59)
ourl g = _(i*-E;-‘+8F,r)E;+2AZ e e .. (60)

gxourl g = [2A (Ar+ ‘;—’) + (4%+ SFIT) (2D +2E,(log 12+1) +4F,r2}]§;. (61)
It is easily verified that
ourl {gx curl g] = o.

Thus all motions in which ¢ and Q are functions of  only are self-super-
posable,
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It is also verified that ;xcurl—g;=0 if and only if A =0, E; =0,

Fy = 0 in which case curl ¢ =0, so that no Beltrami motions of this kind
are possible.
The present motions include :
(i) Poiseuille flow in a circular pipe.

(ii) Poiseuille flow in an annulus.

(iii) Flow between two rotating cylinders.

(iv) We consider steady flows in which all velocity components are

functions of » only. These are given by

9=Ar2-R+B (e
B2y = — (r=+oz -G)yre .. .. .. (63
where
R=E,02=2ch. (64)
1 4 1 4
This will satisfy the condition of self-superposability if
E2Q =0, B4 =0. O (5
If
A=0,0=0
giving
Q=B E=Ft .. .. .. .. (66)
- K> B (Fr2 g :
q=—7lr+;~’bo+(—2t—+a)‘lz .. .. .. (67)
ourlg = —Friy .. ... .. .. (68)
qx curl q = KFzz+Fr( +G)$,-. .. .. .. (69)

No rotational axially-symmetric flow of the type considered can be a
Beltrami flow, but all such flows are self-superposable.

(v) The axially-symmetric self-superposable steady non-Newtonian flows
are characterized by

E2Q =0 .. .. - .. . .. (70)
19@, Q) 2 2 ]
’_ a(r’ 2) =1 [(ar+ )D12+8Z'D23 . .- .. (71)
E‘¢=0 . .. .. .. - .. (72)

200, 13, B%4) D
r2 +f 3(1‘ z) ‘)blE")b = V¢ {a 2(D13)+ ar( 13)

0 (D11—Dge 821)13]
+aaz(D33 Dll)—gz'( r )"" 022 .. .. (73)

[Dy] = [d{;]’. .. .. .. .. (19)
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For purely poloidal fields these reduce to

B9 =0 .. .. .. ... (78)
124, B%) Za2 2 1) «pz(
rond e ‘“E"p = [(6r2+r T { Yo
b\ g 02 (2 ¥ (¢. »b,.)”
—e— )}+ araz{ 78 ;7} azr{ . r
'ﬁ" ¢'n ¢’ : 4¢f}]
+(T—7"FE) -2 e
For purely toroidal field, we get just
E20 = 0. R ¢ 4 )
If 2 and y are functions of r only, we get
Q
Qu—T=0.. .. .. .. .. @
5 .
Prrrr— 7 '/’rrr+%l/’rr'— %lﬁr =0, .. - .. (79)

This is the case discussed in (iii).
If all velocity components are functions of r only, we get

aq
e )
d? 1dQ
WoiE=0 e (81)
BY=0 .. .. .. .. .. (8
2
~ 58 gy g [ 2 (K )4 2 ()} 9

the case discussed in (iv).

6. PSEUDO-PLANAR STEADY VISCOUS BELTRAMI AND SEL¥-
SUPERPOSABLE FLows

(i) Beltrami flows

We consider a two-dimensional flow (u, », o) with stream function ¢ so
that

] o L
u=—a%,v=-—£,w= —Vi. .. .. .. (88
In two-dimensional flow, condition of integrability is
oY, V)

a(-'l»', y)' =-—-vV‘lﬁ. . . .o ..A (85)
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If the flow (u, v, w) is a Beltrami flow, we get

%
oy oz _w )
oy oz
from where
w=f) .. .. .. .. .. (8D
o V¥ =~ @) =W Ey). . .. .. (89)
Substituting in (85)
or
TEHW) =0 or (—'ﬁ) + (a'z) - ":’f )

gso that the velocity magnitude is constant along streamlines, Thus the
streamlines for the two-dimensional flows will be either circles or straight
lines.

For steady Beltrami flow to be possible, the conditions of integrability
are

’ vz[g’y” - v=¢]_o L e
ie. V) =C, V=0 .. .. .. . (92)
f[( )+(a§”+f V=0 .. . ()]

From (88), (90) and (93) we get

[ ermc
or : fz.f:f’z_fgflz.flu_gﬁl:;fn = 0Uf”l+3flfﬂ]. .. .. (94)
This is the equation to determine f(y). The common solution of the

eqns. (88) and (90), if that exist, will determine pseudo-planar steady viscous
Beltrami flows.

(ii) Self-superposable flows
In three-dimensional flow (u, v, w) respectlve conditions of self-super-
posability and integrability are

ourl(wxq)=0 e . .. .. (95
and

Viw=0
i.e. Vw=c, V=0 .. .. .. .. (96
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From (95) we get

W, V&) ; _
~@.9) =0, e V=g . .. .- (9

where g(y) is an arbitrary function of 4.
From (96) we get

w=Fl(z+iy)+F,(z—iy)+£(z2+y2) N ()|

3¢) (Wl) 99’

(az +ay =-7 - .. .. (99)
If for any arbitrary function g(4) the eqns. (97) and (99) happen to have

common solutions, they will determine steady viscous self-superposable flows.
Equations determining pseudo-planar steady viscous Beltrami and self-

superposable flows happen to be identical except that in the former case f(4)
has to satisfy eqn. (94) while in the latter case g(¥) is an arbitrary function.

and

7. SUPERPOSABILITY CONDITIONS FOR INCOMPRESSIBLE FLUIDS WHEN ONLY
ONE Frow sATISFIES CONDITION OF INTEGRABILITY

One of the important ‘uses to which the concept of superposability has
been recently put is in the construction of new solutions of the basic equations
of incompressible viscous fluid dynamics, gas dynamics and magnetogas
dynamics (Kapur 19615, 1961¢; Kapur and Bhatia 1963). Knowing a velo-
city distribution to be a solution of the basic equations, it is desired to find
a more general velocity distribution by adding velocity components to the
original distribution. It is necessary that the original and the final velocity
distributions satisfy the basic equations. It is, however, not necessary for
the added velocity components to satisfy the equations. It is this idea which
is made use of in this section.

In this case, condition of superposability is

a - —_ - —_ —_ — 1
ai;'+0_uﬂ[w1><92+wz><91+w2x92] =gewl|v. (T1e—=T1)] .. (100)

where T, and T, are deviatoric stress tensors for motions ¢;+¢, and ¢,

respectively. The condition of integrability for the motion ¢; has only been
taken into account.

If the relation between stress temsor 7' and strain rate temsor D is given
by eqn. (9), the condition of superposability (100) becomes

2o %28 t-curl [aoy X dy-+-0p X g1 +wp X gs] = 5 0wl [V . {fD1+D)~fPY}. .. (101)
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For steady flows, the eqn. (101) becomes

curl [w1XQz+sz91+w2XQz] = 3 c‘lﬂ[V {f(D1+De)—f(DY)}]. .. (102)
For Newtonian fluids from (11) and (102) we get the condition of superpos-
ability as follows :

L I

1
curl wIqu+wSXq1+w2><q2] = ﬁcurl[v LDyl .. .. (103)

For non-Newtonian fluids from (12) and (102) we get the condition of
superposability as follows:

N
curl wIXq2+w2qu+wZqu] = curl [V . { Z (v,,(D1+D2)n_v,,D'1')‘H

#=1
= curl div [»,Dg+vy(D1De+ DDy + D7)
+vs(Dg+D"I’D2+~D?Df+D§D1+D1D§+D1D2D1+D2D1D2)+ ) (04)
Thus condition of superposability is not even independent of the first
coefficient of viscosity when the condition of integrability in flow g; has only

been taken into account unlike the case when condition of integrability of
both the flows is considered. .

7.1. Construction of three-dimensional solutions of equations of fluid dynamics
from two-dimensional solutions by using new principle of superposability

In non-Newtonian incompressible steady fluid flow (%, v, w) the condi-
tions of integrability of equations of motion from eqns. (9) and (10) of Kapur

and Bhatia (1 963)

VU, 2vv,
” ; 0+W,+rvu,,—uv,—-ruv"

+u 19+

%, 2vgg v
4 [’{%4'2’“"0 ? —zvrr—mm""“ )

+ve [w 0 (wﬂ+“’""+“”) —wy 2 (w"+"’”+w’)] .. (105)
00 or
and
uwr"‘ wo =v (‘wrr+ Wog+— )+"c [wr (urr"' vo)

r2
2 '1)90 Dy Vr v
+ 2u, wyr— 7% Yrtpo+wp (F-l-T - r_ﬂ+ﬁ

+2w,a(1‘;‘£— 3;—'3,)] SR ¢ 1)

where %, v and w are functions of r and 6 only.
‘ Let us consider the condition of integrability in Newtonian flow (u, v, 0)
only. ‘
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The eqn. (106) is satisfied identically and eqn. (105) reduces to

+1mr +v— - ——-+wr+rwﬁ—uvr—-mvn
wm 2v99 vy @

Two-dimensional flow (u, v, 0) and (o, 0, w) are superposable if

1 w,
uw,.-}-:—iwa = (w"+-'3wgg+-7') o e .. .. (108)

We now cousider some special cases.

(A) Two-dimensional vortex

Let a two-dimensional vortex of strength K be placed at the origin.
Then its complex potential is

W—=iKlogr—K8, .. .. .. ..(109)

so that its velocity potential is
¢ = —Ko. R 0 11|
In Newtonian ﬂows’let us investigate the z-velocity component of three-
dimensional flow (o, % w)
"The superposability condition (108) becomes

K 1
) _ﬁwa—_-v((w,,.;.;iw,,,,#%'). N 5 § )
Integrating we get

. w=Z[ Ol v =P by Dy 3 4 M] N (I 5)

where C; and D; are arbitrary constants.
Three-dimensiona.l rotational motion

[ C; -' "eW+D¢r" LT e’“’}]

has been obtained from two-dimensional irrotational motion (0, %) due to

‘vortex.

Three-dimensional solution constructed here does not continue to hold
in Reiner-Rivlin fluid flows with constant coefficients of viseosity and cross-
vigcosity unlike the usual case when the conditions of mf.egrabmty are taken
into account of both the flows. -
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(B) Two-dimensional spiral vortex

Let a two-dimensional spiral vortex, s.c. a source and a vortex, be situated
at the origin, then the complex potential is given by (Milne-Thomson 1949)

W = —(m log r+K0)+4(K log r—md), .. ... {113)
so that its velocity potential is given by
¢=—~(mlogr4+K0). .. .. .. .. (114)
Let us investigate velocity component w of three-dimensional Newtonian
flow (f.’_' K w) |
rr
Here the condition of superposability (108) becomes

K
12y wog 1wy = ?nv,.+; wy. .. .. .. (118)
Integrating we get

w—'Z{EﬂW ‘J!v!+ - "2+F¢r2v 44v2+l:" "E}e"ﬁ, .. .. (116)

where n, Ei and Fs are arbitrary constants.
Three-dimensional rotational motion

[r Z{Ekm J ot "’+F‘r2v JEarn- “E}e"ﬂ]

has been obtained from two-dimensional irrotational motion ("_', 5) due to
r o r
spiral vortex.
Three-dimensional solution constructed here does not continue to hold in
Reiner-Rivlin fluid flows with constant coefficients of viscosity and cross-
viscosity unlike the usual case when the conditions of integrability are taken

into account of both the flows.

(C) Radial flow
A radial flow has velocity components (Durand 1935)
u=%G(v) RO 11 )
' v=0 O O )|
and vorticity 7
o= @@ . .. .. .. 19)

The condition of integrability (107) of Stokes-Navier equation reduces
to -
206 +vG"'+4G) = 0. .. . . .. (120)
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I;et us investigate velocity component w of three-dimensional Newtonian
flow (; G(9), O, w)
Here the condition of superposability (108) becomes

G
r2wpe+wpg+rwy = 5 Tr. R e .. (121)

Integr&ting we get

w = Z [L{TKZ’/(%K‘KZ)0+M"‘K8-‘V ((F; K-K® 0] .. .. (122)

when @ is constant, L; and M; are arbitrary constants.
When @ is not a constant, from (121) we get

(D2+D'2—gD)w=0 .. .. .. .. (123)
where 3 3 -
Dséﬁ,D’E%—,r=eR. .. oo (124)
By assuming solution of the form w = R'(R)8(6), the eqn. (123) reduces to
dze
5 =108 P ¢ -1
where :
=Cr-xe) L L aze
and ‘
1—1{,%=K, te. B =aekR=qrk . .. (127)

where « and K are constants. :
The solution of eqn. (125) depends on form of f(§) which itself depends

on the solution of eqn. (120).
When @ is constant, three-dimensional rotational flow obtained from

two-dimensional irrotational radial flow (g , 0) is

2,0, {rutel e s (|
r 8
(D) Two-dimensional vortex doublet

The velocity potential due to a vortex doublet situated at the origin
along the axis of y is given by

¢="°f”. O 47.:)

Now let us investigate velocity component w of three-dimensional super-

posed Newtonian motion (E’%E_o , é_ﬂ.___‘;la, w)
T r




SUPERPOSABILITY AND SELF-SUPERPOSABILITY - 145

The condition of superposability (108) becomes

3y - 1wgg - 10y = é (cos 0w,+m? ewg) . .. .. (129)
This determines w.

7.2. Construction of axi-symmetric solutions of equations of fluid dynamics from
(A) poloidal velocity fields and (B) toroidal velocity fields by using new principle
of superposability

(A) Let us consider the condition of integrability in poloidal flow ;1 only
where .

- 1o, - 10+

n=-: %z,—}-ozg-i-;% i, .. .. .. (130)

Let the superposed axi-symmetric flow be given by

> 1y, Q7 147
q_-;azf ;lo-’-;—a—;’l«z. . .. . (131)

The condition of superposability is

curl [y x go-twg X gy +@pXge] =¥V .. .. (132)
..
9119, @
'a—*z[—r- a(r’z)]-—va—z(Ezg) .. .o . (133)
2 |19y, .Q)] @ :
a—,:[;m —-VE‘(.EQQ) . .o . (134)
2
CHm=0 .+ (135)
where
02 192 o2
- E2 s= 5% ;W"-gz-?- . (136)
From (133) an® (135) we have /
19(4, Q) _
T =10 PR ¢ U
where f(r) is an arbitrary function of r only.
From eqns. (134) and (137) we get
E29=%f(r)+€l P ¢ )

where E, is an arbitrary constant.
On solving eqn. (138) we get

0= F+0rs+%— fr f r1f(r) dr2+§-3rn logr .. .. (139)
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where F' and C are arbitrary constants.
In poloidal flow g; condition of integrability is

2[5 5%.v] |
f—-—a-"[z—,;j——=vEtlll. . .o .e (140)
Equation (137) gives
G
—%a—f%z=f(r) - .. . .. (141)
ie. g—": is a function of r only; :
Y = 2¢(r)+3(r) . .. .. .. (142)

where ¢(r) and 3(r) are functions of 7 only.
From (139) and (141) we get
)= ——— —ftr) 1 . .. (143)
20+—1+—;1 log r+=> Jr‘lf(r)dr

2v
~ From (140) and (142) we have
vrd3"" — (Qu— B)r88" 4 3(v— 128" — (v +12¢" —rd’ —3) ¥

= —vz(rtg’""' —2r3¢"" +3,24" —3rd’) - 2rd'(r2¢" —rd’) —24(r3¢’* —3r2¢" + 3r¢’).
.. (144)

This determines 8(r). So superposed axi-symmetric flow is given by
1 1, , ,
[— LR CCRS (r»]

where Q and ¢(r) are respectively given by (139) and (143).

Since f(r) is an arbitrary function of r, let us choose the function such
that ¢ comes out equal to some constant quantity M.

Then eqn. (143) gives such function as follows :

, f(r)=1.qr‘%l—E1 e e oL (148)
where H is an arbitrary constant.
Equation (144) reduces to
S — (Qv— M)r38"" 4 3(y— M)r28" —3(v— M)’ = 0. .. (146)
Integrating we have
8(r) = at-Bre4rritar %. ce e L. (14D

From (139) and (145), we geb

e == €+(0+—~ r

r

.. (148)
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]

so that
H
=X 1—”+(0+&)r— L 7o+[2ﬁ+4w2+
r 4v M
u(e-3) B
1 4 . .
_u :
-,,(2- ilvf)r ] i .. (149)

Since we require the modified pressure also to be axially symmetric, this
would require that M = 0, so in that case the most general superposed flow
is given by ' '

q= (B1r+9rl)i0+[D1+E’2r2+F1 log )i, co .. (150)

Thus by assuming the value of arbitrary function f(r) given by (145), the

superposed flow happens to be the same as obtained in Kapur (19605) by

taking into account condition of integrability in both toroidal and poloidal
flows.

(B) Now let us consider the condition of integrability in toroidal flow g—z; only
where :

- Q7 ’ ;
q2=~;710. .. .. .. (151)
The condition of superposability is
curl [wIXq2+u—:2x;1+wl ><q1] = vvza_); .. .. {152)
: 2 [19(4, !2)] P [1 o, 9)] _
t.e. ‘a—z [; W = O, b’; “". a(r’ z) =( L e .. (153)
and

a(:—zEw, ./,)

) T—a(z:T)‘-——= E4(/l .o s . (154)
From eqn. (153) we have ‘
o, Q) _
—é(;,—z‘)*-—-AT, N . .. . .. (155)

where A is a constant.
In toroidal flow, condition of integrability reduces to

%(Em)=0, -%(E’*Q):O ceee .. (158)
and A )
E%"=o. A 0 1 )

The eqn. (154) happens to be the condition of integrability in poloidal

flow ;1. Therefore if the condition of integrability is satisfied in toroidal
flow, then it must be satisfied in poloidal flow also.
4 -
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The set of equations determining poloidal and toroidal flows being the
same as in Kapur (1960b), therefore the most general poloidal and toroidal
viscous fields superposable on each other are given by

= (Dy+Ep2 4+ Fylog )i, .. .. .. (158)
.;;=(Br+g);;. L asY)

7.3. Construction of two-dimensional solutions of equations of Slusd dynamics
Jrom two-dimensional flows due to vortex, spiral vortex, vortex doublet and radial
flow by using new pritciple of superposability

Let us consider the condition of integrability in steady flows due to

two-dimensional vortex, spiral vortex, vortex doublet and radial flow only.
The condition of integrability is

(;'V)gl—(a_»:°V)q_;=-—vcurlcurlc;, .. .. (160)

where ¢, and w; are velocity and vorticity vectors respectively.
The necessary and sufficient condition of superposability is

- =+ -

curl w1 xqg+w2x q1+w2x_qg] = —v curl curl a—»; .. (161)

(A) Two-dimensional vortex

Irrotational flow due to two-dimensional vortex of strength K placed
at the origin is given by

> K7
q1=—r—zg. . .. . .. (162)

The condition of integrability (160) is identically satisfied and condition
of superposability (161) reduces to

K o, 0D2 0
( +5- a.l:.z) aalllz a.l;a D2 '/’2 = vrDiy,, . .. (163)
where ‘
D2 1 02
8r2+ ; ar+r2 508 .. .. .. (164)

This equation determines ;.

In case D%, happens to be independent of 6, the solution obtamed by
Bhatnagar and Verma (1957) by considering the condition of integrability
in both the flows continues to hold. In this case superposed flow, having
vorticity constant on concentric circles with origin as their centre, is given by

e = 0[A log r+B]+G(») . R ¢ [:1)
4B ’
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where G(r) is given by
wyg = F(?’) = D1+leexp. [*Al (log T)2+Bl log r]d (log T) ) .o (166)

F(r)=G”+(—i~. N ¢ 1 1)

(B) Two-dimensional spiral vortex
Irrotational flow due to two-dimensional vortex, i.e. a source and a vortex
situated at the origin, is given by

—

The condition of integrability (160) is 1dentlca11y satisfied and condition
of superposability (161) reduces to

d K @
(m alﬁoz) 21,12+( +-== alﬁz) aGD o = vrD%y. .. .. (169)
This determines .

(C) Two-dimensional vortex doublet

Irrotational flow due to two-dimensional vortex doublet situated at the
origin along the axis of y is given by :

= Jcosf7 Asin b
= " e > 9. .. .. ~.. (170)

The condition of integrability (160) is identically satisfied and condition
of superposability (161) reduces to ’

(,\ sin 0 , Iy

0 o
o+ ) =5 Vst (/\ cos )

ao) D2y = D4y, .. (171)

This equation determines ;.
If D2, happens to be consta.nt the eqns. (169) and (171) are satisfied.

Then
g0y | g 0y 2
ol SR = A, O ¢ k£
Integrating we have
Yo = Mr2 4 ZrE(Hei50+ Nee—i86), .. .. .. (173)

where H; and N are arbitrary constants.
The new two-dimensional flow

> [Acos8 13y, (,\sino %)7
q_(_rz ‘;ao) it "=+ e o (178)

is a rotationsl flow.
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(D) Radial flow
Rotational radial flow is given by

- 1, = :
g = - (6. O | U /)

Vorticity and condition of integrability of this two-dimensional radial flow
"are given by (119) and (120) respectively.
The condition of superposability (161) reduces to

~ (Be@+2 04) Bt (3 00a- G"(o)) s 4 oi0) 2 g

= v DAy, .. (176)

7.4. Construction of axi-symmeiric rotational flows from axi-symmetric irro-
tational flows by using new principle of superposability
" Let u,, v, be axial and radial components of irrotational flow having ¢,
as Stokes stream function, so that

134, _10¢,

== g = O Lk §

wy = r"UB%gig=0. ... .. .. ..(78)

From Bhatnagar and Verma (1957) the conditions of integrability for steady

flows are
a(()l'h - Ez'ﬁf) VE4l/J‘.

PR . (179)

Let us consider the condition of 1ntegrabﬂ1ty in irrotational flow ¢ q, only
which is satisfied identically.
The condition of superposability is

- > > >

curl wIqu+w2><q1+ngg2] = —v curl curl w2

O(4y, 7™ 2E%5) | O(the, 7 2E2'/’2) w154
a(z, 1) + dz 1) B4y,
The most general solutions of eqns. (129), (144), (163), (169), (171) and
(180) have not yet been obtained and the discovery of their general or even
particular solutions will mean an important advance in the construction of
solutions of basic equations of fluid dynamics.

or

.. (180)
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