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In this paper we have dealt with the order of the negative order Cesaro
means of a Fourier series, at a point, considering the behaviour of the Cesaro
mea.ns‘of the function, defined by its Fourier series, near that point and by
imposing a condition on the order of magnitude of the Fourier coefficients.
We have shown that if

¢ 1\#
[ 101 = ofre+i(1og 7|
0

ast—=>0, 0>a> ~1,0>atp>—1, p>—1,

with an order condition 0[n%-8], 8 > 0 on the Fourier coefficients, then
the nth (C, a+p} mean of the Fourier series of f{1) at t = « is equal to
S-(——o[n—P(log n)p'H] as n tends to co.

1.1. Let f(t) be a function integrable (L) over (—m, =) and periodic
outside this range with period 2». Let

8(1) = @ +0+fw—1) 25},
Pa0) = 735 f (—uy-1¢)dn, (« > 0),

Dolt) = i"’%“(t), 0>a>—1),

Do(t) = e +1)t o), (@>—1),
X Do) = $(2).
Let the Fourier series of f(t) be
%Jr Z}(a,, cos nt-+by sin nf) = ‘?29+ Zl pu(®), .. .. (L11)

and that of ¢(t) be

(% - )+ Z (an cos nx+b, sin nx) cos nt = }-)29+ z Pn(x) cos nt,

n=1 =1
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Also we denote by o.(z) the nth (C, k) mean of the Fourier series of f() at
t = x,

1.2. The theorem presented in this paper may be viewed against the
background sketched below.

A well-known theorem of Lebesgue (1909) asserts that if f(¢) is continuous

at t = x, then of(x) = o(log n) as n —-00. This theorem has been extended
in various ways, broadly to the effect that if the modulus or mean modulus
of continuity of ¢4(f), « > 0, at ¢ = 0 satisfies a suitable condition involving a

parameter p, then o’ ’(2) = S4o[g(n)] as n-> o, where g(n) depends on
the condition satisfied by ¢.(t). Typical examples of such extension are the
following :

I fax= > 0 and ¢4(¢) = o(tf), t = 0, then
o> *P() = S+o(n-Plog n), n—> co.
(Obrechkoff 1934.)
II. Ifa>»0,p>—1and

J;].ﬁa(u)}du =0 [1 (log 1)1’] , t—>0.

or(z) = S+o[(log n)p*1], n—> 0.

thea

(Sunouchi 1951.)
III. Ifx>0,1>p>—1,a+4p>0, and

f; [fa(u) | du = o[l"“/(log %)] , 1> 0.

then o> *f(z) = S+o(n=F). (Kumari, in press.)

It is clear that I includes Lebesgue’s theorem as its case o = p = 0,
that IT in the case p = 0 includes I for « > 0, p = 0 and, finally, that III in the
case p = 0 reduces to II for « > 0, p = —1. A classical theorem of Hardy and
Littlewood states that I is true for & = 0, p = — 1, if we make an additional
assumption about the order of magnitude of the Fourier coefficients, viz.
@q, by =O®-3), > 0. The theorem of this paper proceeds further in the
same direction, assuming « and p to be such that 0 >a> —1 and p > —1.
The case p = 0, p = — 1 of the theorem is due to Kumari (1963).

2.1. We establish the following :

Theorem. If, for (0 >a > —1, 0> a+4p> —1),

f 1 P
0300 = | (@asste) = o[t“’rpﬂ(log;) | R
0 v
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and
Gy, by = O[n*-8],8 >0,
then "
o**P (@) = S+o[n-P(log n)P+1 s .

2.2. To prove the theorem we require the following lemmas :

Lemma 1. (Bosanquet 1935.) If 0 >a > —1, 8> «, and
(i) Px+1(t) is of bounded variation in (o, 7),
(ii) ¢a+1(+0) =0,

then ®g,44(t) is a Lebesgue integral, ®g,,(4+0) = 0, and for almost all ¢ in (0, 1),

t
1
¢ﬂ(t) = m J‘O (t—u)B—u—]d¢a+1(u).

Lemma 2. Let 0 >a > —1, [S(t) | < An~%~-2. Then, for x >u >n"1,

X
Mn, u) = F(l__aj f S(t)(t—w)- -1t

= O0[n*u~1], .. .. .. .. oo (2.2.0)
and forn "' >u > 0,
- 1
Q( n, —d)f (t u) ~ea-1di
= O[n1+%], .. .. .. .. .. (2.2.2)
and for 7 > u > X,
—_— 1 i — ~-0-1
K(n, u) = =) Sty (t—u) dt
= O[n%u~1], (2.2.3)
andfora">u>0,7 <1,
—_) -1
L(n, u) = a)J S (t—u)-%-1d¢
= O[n-1+2Y+ra], .. .. .. .. (2.24)

Proof of (2.2.1). We have
usl X
M(n, u) = 0| n1 .[ m2(t—u)-*-1dt |+ 0} n-1 J t=2(t—u)-%-1dt
u u+;1‘
= O[n " lu"2n*]4+0[n"1 . n*t1 4~1], by the second mean value theorem,
= O[n*u1],
which gives the required result.
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Proof of (2.2.2). We have, by the second mean value theorem,

2n—1 X
Qn, u) = O[n‘lf t‘z(t—-u)‘“‘ldt] +0[n‘1f £2(t—u) -1 dt]
n—1 on—1
¢
= O[n’l.nz.n“]+0[n“1(2n“1-u)‘°“1f t‘2d£],
A 2n—1
where X > ¢ > 2n71,
= O[n1+%],
which proves the result,
Proof of (2.2.3). We have.
u+,1-t .
K(n,u) = O[n‘lf t‘2(t—u)“°“1dt]+0[n"1f t‘%—u)““'ldt}
“ sl

= 0[n~l. w2 2*14+0[n"1.n*+! 4-1]
= O[n*. u™1].

This gives the result.
Proof of (2.2.4). We have

o2n—? i
L(n, u) = O[n‘lj t‘2(t-—u)‘°"1dtJ +0[n'1f "2 dt]
n=? 2”-‘)’

3

= ()[n‘l.n”.n”“]+0[n‘1(2n‘7’-—u)‘°“1j t-ZdtJ,

2“—)’
where > ¢ > 2n-7,

= O[n-1+2v+7a),
which proves the result.

Lemma 3. If, for0>a> —1,1>p> —1,0> atp> —1,

1 sin (n; t)
Rty = 4%HP ACTISE
4 (2 sin é)

where (n; t) stands for

(ot

AP = (“+P+") no+P
T \a ~ m ’

and
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then,
(@) for x> u >n"1,
1 X
P(n, u) = 7"—(:07) J‘“R(t)(t‘.---u)“"‘1 dt
= O[n—F . u-%"F-1],
and
(6) forn=t > u >0,
1 X -1
R —u)~ %=1
J(n, u) Ti—a) fﬂ_lR(t)(t u) !
= O[n1+%].
Proof of Lemma 3(a). We have
X .
1 (t—u)=*=lsin (n; 1)
Pn, u) = F(—a)A‘“pJ NG dt
* (2 sin ‘5)
1
1 14+; X
(—a)4, u il
Now
u+}; u+;1; .
—a) %=1 gin (1 -
[ e, o[ J <,_u>-aqd,}
- (e u

= O[u—ct—ll‘lnoz]7
and by the second mean value theorem, we have

"X o1 s . 3 !
J (t—u)~™ t S;I}LP(ILI’ ) dt = O] u-%-P-1p2+1 J sin (n; r)d!i
) :

1 2 sin -
u+n ( 2

Ut~
H

1
where X > ¢ > u—}-;,

= O[u~-%-P=1 p2],
Therefore
Pn, u) = O[u-%-P=1 p-%-P p%],
This gives Lemma 3(a).

Proof of Lemma 3(b). We have

on—1 X
1 t——u)=%=1gin (n;1)
T, u) = ———iry + =1 aHLl dt
P( Q)An a=1 on—1 (2 gin i)
2

X
f sin (n; t)dt”
2n—1

= O[n=%-P po+P+1 n“]+0[n'°“'” LREHPHL patl

= 0 [nt+q],
This gives Lemma 3(3).
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2.3. Proor oF THE THEOREM. We have

)= = 5 f BOKE0,
where ’
K0 = 0(m), 0<t<n ),
=RN+S(1), m 1<t < m). ..
1S()] = 0@m-1-2),

1 sin (n; ¢)
R(t) = A:Hp( t\)zx+P+1 )

2sm§

qote . Tlntatetl)  nt+P
* T T+ (@+p+1)  T+e+1)’

and (n; ) stands for [(n+°‘+ﬁ+l)z_ ai—pn].

4 &

Therefore
1 -Y
it () —S] = f.;. f + f FOKITP()dt
1) 1 n=?

=I,4+1,41;. say.
Now

1
I = f " K
1]

1

n-1
=T : f K:”(’)d'f (t—n)=%=1dPy 1 (u), by Lemma 1,
(=) J, .

1 n—1 -1 air "
‘I’(—@fu d‘l’“ﬂ(")f R0 t—w=-1d

13

a1
= f R(n,u)dPy 1(u),
0

where
1

R(n, u) =ﬁ f " KX ()t —u) ™" 'de

n=1

= O[nf (t-u)‘“"dt], by (2.3.1)

= 0[2'*"].

. (23.1)
. (23.2)
. (2.3.3)
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Now, considering the first case when p = ~ 1, we have

n-1

Iy = 0[n1+oc J‘ [d¢a+1('“)!]
0

. 1—an—“—P'1]
- O[n log n
0

Again, since by (2.3.2)
I = f Vb(t) di+ f R(t $(1) dt

= Ip1+13.,, say,
therefore,

"_y N
Igg = f $(1)S() dt
-1

1 7 ’ a-
~ Fies f"_lS(t) dt fo (=) dBy s (w)

l n¥ "—Y 7 l n—1
— -1
= =) fn-1d¢a+l(u) f,, SE)(t—u) dt+1"——(—a) fo APy 1(u)

-7

f" S(t)(t—wu) =% dt
w1

n=Y n=1 N
- f M(n, u)dDyyr(u) + f Qn, )dBu 1 (1)
n-1 0

=I511+21.0 say,
where
a7
1 -
M(n, u) = P(__a)f S(b)(t—u) >~ ds
and

n—7
Q(n, u) =T(—l_7) f S@E)(t—u) %1,
a-1

Now, with the help of result (2.2.1),

n=?

Isq,=0 [n“f u~1[d®Pq 11 (u) l]
a1
-y

=0 [n“ {u‘ld?;(u) }"'7] +0 [n"‘ f" u-
n—1 a1

2P (w) du]
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n‘y n"y
oL+ p otp~1
_Olin“u 1 ]_'_O[naf v i du]
- ful M | ful
logu - Iogu

=0 [n“n‘““”

log n]
= o(n~"),
and in a similar manner, with the help of (2.2.2), we get

n—1

Iy19=0 [n1+uf fd¢a+1(u)l]
0

1 a+p+1 1 ]
= o|nlte (2
O[" (n) Togn

o O[n1+¢l~u—P—]]

= o(n~F).

Similarly
n=v
Ing= f B)R() dt
=1

n=7 1
= J P(n, u)d¢a+1(u)+ J‘n J("I/, ’U)d¢a+1(u)
-1 0

=I95 141323, say,
where

P(n, u) = G)f y~%-1dt

and
1 -y

~Fs f,,—l R(t) (t—w)~%~1 di.

Now, from Lemma 3(a)

J(n, u)

. o
Iy21=0 n"’f u-%-P- lid%u(u)!]

|
=0|n" P{u—“"’ 1p* (u) ] [n "f u-“ p- 2<P u)du]
=o|n-r. L ] p
=o|n-Ff. 4o} n~
i log n 1 ]og—-

= o[n"”]+o[n"”{log log ‘%‘l ]
w1

= o{n~F),
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and similarly integrating by parts and applying the result of Lemma 3(b),
we get

1
n

12.2.2 — 0[')@“’“[ Id¢a+1(u)l }
0
1 a+p+1 1 ]
- 14l = e
- o[n (n) “logn

= g|npl+x-%-P=1, 1
logn

= o(n"F).

Again,

I, = f 080 di+ f _SORO B

= I31+ 132, say.
Proceeding exactly as in I,, we get

r= | sosios
wo

= f " K, iy )+ f " Ln, Wi (u)
- 0

= I31,+ 1312 say,
where

1

Kn, u) = F(—oc)f S@t) t—u)~*-1dt

and

Lin, u) = _a) f ~a-1 gy,

Integration by parts and the result (2.2.3) yield

Iy, = O[n“f u=1|dPy 11 (u) ‘}
w=Y
= O[n“{u'ltp;(u)}” y] +0[n°‘ JJ u-zt:D;(u) du]
n- n__-y

u'l+p T fr7 'ua‘*'p"l
O{na {1 1} }-'-O[na : 1 "
BU) ey v B
1
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and Lemma 2 (2.2.4) yields

4
Injp= O[n'l‘f””’“f

[P 1(u) | ]

0

= o|n-f .nr-va-p _1 ]
log »

=0 (n"").
Now, since

Gty ~Po+2 Z Pu(z) cos vt,
1

where pg = ag— 2f(x), therefore
T 1 w i’ q © L4
J $UR()dt = — poj ——-’9-(’%% dt+2z p,(z) J x
A .t
n=Y " -7 (2 sin _—) 1 n=Y

sin (n; t) cos vt
t)(!+P+l

(2 smi

Writing p_, = p,, we get

v

1 < sin (n—v; t)
Lne =5 vaf T e
i =¥ (2 sin —)

— 0

and since
sin (n—v; ) Vatpel) 1
j *—t—mdt <An ._——————‘—a+P+1 N
n=? 2s1n§ n—v-4 3
therefore

r o
= O} pra+e+y) Z V=81 4-v) 1
1

|

S e
= O nY@+PH1) > y2=§(np) =1 [ O nY@E+P41) > 8=5(p 1)1
2 2

ni1

n+

[ » w
=0 n‘)’(a+P+l)f :v“‘a(n-l-x)‘ldx}+O[n)’(ﬂ+ﬁ’+l) Z ,,—1+a-5]
! 1

"

= O[n"(“”“){(n+:v)'1:v°‘°8+1}:= 1]+0{n7(u+p+1) f (n+x)‘2x°"5+1dz} +
. 1
+0[n'}'(u+P+1)na—s]

= O[nY@+P+U=1] 4 O[nY@+P+1)  p-5]
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and
- .4
< sin (n—v; t) i
Z”v T e
1 -7 {25in~
w7 (26ing)
3 n-1
=0 n)’(a+p+1)z va—a(n_..,,)ﬂ]
L 1
- fnf2] n-1
= 0| pre+e+y) S‘ va-a(n__v)-l}_*_o[nwupﬂ) Z ,,a—a(n_,,)—1]
ey
L 1 m/2}+1
[ (/2] -1
=0 nY(a+P+1)v1Zva—3]+0[ny(a+p+1)+a-a Z (n—v)"l]
L 1 (#)2]+1
= O[WY@HPH -1, po=5+1] 4 O[nY@+P+1)~1]4 O [R¥@+PHI+2=5 log n]
= Q[nY@+PH1)~1] 4 O[n?@+P+1)+2-8 Jog n]
and

@® ™ )
sin (n—v; 1
::P"J ' a+p+1dt
n=7 )

n+1 in —
(2 sm2

= O[ny(“”’“) . ZV““S(v——n)‘I]

Al
a0

= O[nv(a+p+1) . Z vac—a-1}
n+1

= O[n%-3+Y@+P+1)],

Here we find the rest of the terms satisfying the same order condition.
Therefore

Isg = O[n-%F . px=8+7@+p+1) log n]+O0[n=%=F  n?@+P+1)-1]

(@ +8+1)

=0(n_P),ifT<m.

Thus it completes the proof of the theorem for the case when p = —1.
Next considering the second case when p > — 1, we have

27 [0, P(2)~8] = { f :—1+ f _j+ f "y} $O)K, (e

= Jy+Jg+J3, say.
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Now, as before

"—l
gy = f R(n, u)dDy 1 1(u), where B(n, u) = O[nl+2],
0

= O{nl‘“‘ .[
0

= o [n!+%, n=%-P-Ylog n)?p]

= of[n-". (log n)*1],

-1

‘d‘pau(u) | ]

and
n=Y n ¥
Jg = f _ Sed0d+ j RO

= Jy14+Js9, say.

Adopting the same notations as in the proof of case 1, we get

n=V
J2 .1 =f _1S(t)¢(t)dt

n-V n=1
_ f Mn, u)dDs () + f Qn, w)dPrs:(u)
"—1 0

=Js.1.14+J2.1.2, say.
Therefore, by Lemma 2,

n=7
J2.1.1 = O[n"‘f » u‘lld¢a+f(u)[]

-7

= O[n“ {uﬂ(b;(u)} :ﬁ] +0 [n“ f"_l
Y

1\?) ,-» » 1
o] n% § u+f lOgﬁ a1 | Fo|n® u*+P-1 logﬁ Pdu
-1 .

u‘ztp; ('u)du]

"

w¥
= o[n*.n-%-f, (log n)?l+o0 [n“ nmEP, f u~t (Iogi)l’du}
a1

= ofn-#(og met-+o [ { oz )} 177]

= o[n~P(log n)?+1].

Similarly,
J2.1.2 = o[n"P(log n)p¥1},

and hence
J2.1 = o[n~P(log n)?*1].
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In a similar manner following the lines of procedure of case 1, we can show
that J,_, and J5 both

= o[n~*(log n)?*1).

This, entirely, completes the proof of the theorem.
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