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The three-dimensional boundary layer flow over a gemi-infinite flat plate
with suction or injection with external velocity components U = 14z, ayn,

1 . s .
U= i V = ayn, where o is a small positive parameter and » is any

positive number greater than or equal to unity, is studied by expanding the
solution in powers of a and using the modified Pohlhausen method. The
stability of the flow increases due to decrease in the boundary thickness.
Skin-friction is found to increase due to the cross-flow. These changes are
more pronounced in the presence of suction than in the presence of injection.

1. INTRODUCTION

A three-dimensional boundary layer flow over a semi-infinite flat plate
with main flows U = U(z), V = ay®, where « is a small positive parameter
and » is any positive number greater than and equal to unity, has been
investigated by Bhatnagar and Ahuja (1964) for the effects of cross-flow.
They have considered the flows with adverse pressure gradient in the chordwise
direction. Continuing the same work, we consider here the flows with favour-
able pressure gradient in the chordwise direction, viz.

U =142V = ay (I),
1

U=i—,V=oy (I)

in the presence of suction and injection and study the effects of cross-flow
on gkin-friction and boundary layer thickness.*

Here also we have expanded the solution in powers of «, the coefficients
being functions of 2 and y. We have used the modified Pohlhausen method
as in Ahuja and Bhatnagar (1963) and Ahuja (1964) to solve the momentum
integral equations. A gixth degree profile has been chosen to satisfy the
integral equations as it gives better results for flows with favourable pressure
gradients.

1
) 142
are being published separately in collaboration with Prof. P. L. Bhatnagar.

* The corresponding investigations for the flows U == yV=ayrand U= 1—x, ¥V = ay~
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The chordwise component as well ag the spanwise component of skin-
friction increases due to the cross-flow and cross-effects. Further, boundary
layer thicknesses in both these directions decrease and consequently the
stability of the flow is increased. These changes in skin-friction and boundary
layer thickness are more pronounced in the presence of suction than in the
presence of injection. These effects are presented in, graphical form in
Figs. 1-4.
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Fi1c. 1. The relative variation in the chordwise boundary layer thickness due to
the change in the spanwise flow against the chordwise distance,

2. EQUATIONS OF THE PROBLEM

The boundary layer equations for three-dimensional incompressible
flow are:

v, ou,  Ou_ ldp 0%
ua—'z','-v'a?l-l‘wa_.—p—a—:;-,-l’*a—zji, .o T (2.1)
dv, dv,  dv_ lodp, 0%
uég-[—vgg';',‘w-a—z'——;'é?—/-l-li'a—zi, .o . . (22)
ou ov ow
a—:v+§g)+-é;=0, . .. .o .o (2.3)

where z, y are orthogonal curvilinear coordinates on the surface of the body,
z is the coordinate normal to the body, p the pressure, p the density, and »
the kinematic viscosity.
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Fic, 2. The relative variation in the spanwise boundary layer thickness due to
change in chordwise flow against the chordwise distance.
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Fic. 3. Additional chordwise component of skin-friction against chordwise distance.

3



o
[
o

G. C. AHUJA

Bounxpary CoNDITIONS

(i) u=v=0, w=uwyr) atz=0, .. .. . .o (2.4)
u-> Ulx), %=%=...=Oasz—>oo
(i) ce e .. (25)
dv 0%
v—> V{y), 5z—=a—zz=...=0asz——>oo
otk T Me-t

1 1 1 il I\ i 3 1 1 i 1

4 1
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Fia, 4, Additional spanwise component of skin-friction against chordwise distance.

Integrating the eqns. (2.1) and (2.2) with respect to z from 0 to 8, and 0 to 8,

respectively and using the eqns. (2.3)—(2.5), we obtain the following momentum
integral equations:

S Sz F) 3z P 3z ) 8z dU
— 2 — P, p— — —— — PR, —
5z jo uldz Uax jo udz+ay i 'uvdz Uay J-“ vdz=U » 8p— 1wy (x)U

d
ou
d “”(‘a"z'),,o’ ... (2.6)
an
o (¥ o (% o (% o ¥ av
9 dz—V 2 g 2de—V 2 de = V& 5.
3IJ0 uvdz VaxJ‘O udz+ayj-0 vidz Vayj-o z,dz—deS,, wo(z)V
ov
—”(55)“0"' (27

3B
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where 3, and 3, are boundary layer thicknesses corresponding to u and v
velocities respectively and wgy(z) is the velocity normal to the surface which is
negative for suction and positive for injection.

3. MgTHOD OF SOLUTION

In the choice of the degree of the velocity profile in the two cases under
study, we have been guided by our investigations reported in Ahuja and
Bhatnagar (1963) and Ahuja (1964) wherein it is shown that the sixth degree
profile gives better results for flows with favourable pressure gradient. Thus,
we assume, in view of the boundary conditions (2.4), (2.5) and compatibility
relations

u ! > 5
p=fz N, M): =gt KM). .. .. . @3]
where
124-M)N 4120 302M—-N 10M2M—-XN
f(nz,N,M)=( + M)V s i)vf+ ( )nf
Dl Dl Dl .
5(12N —60) —5M(OM —4N +36) ,  3(120—20N)+3M(12M —5N+64) 5
+ D 7+ D s
1 1
(120—18N)+ M(10M —4N +60)
- 5 72, (3.2)
1
, 120 60KM , 20K2M2 ; 45K2M24180KM+300 ,
0(')y~ AM) = i’D’; 77!I+ Dg ny D2 7]y - Dg My
36KEM24-192KM 4360 ; 10K2M24-60KM 4120
+ 7, = n,, (3.3)
Dz - D2 ¥y
with
: Dy = M2412M+60, D, = K2M2+ 12K M 4-60.
(/”82 S
@00z o V%22 o O
V= N=—m =5 Ty a,,’f‘ 5,
We expand 8, and §, in powers of « in the following forms:
8y = eg+ue Yl taegy?h 24 .. ., ce L. (34)
a'nd ’ ’
3y = eo+ae;y"’1+a’ezy2"‘2+ e - .. (3.5)

where €. €, €, , €, are functions of z only.

Substituting (3.1), with these assumptions, in the eqns. (2.6) and (2.7),
we get the following equations determining eo. e, e ande, :

1 1
43 o f 2z, No, Mo)d I—U—i{[f'cff(n,N.M)dq}
dx{er of (nz, No, M) 'l.cs Iz ° , z, Vg, Mo)anz

vU (124 M) Ny +120

] (3.6)
€0 M0+]2M0+60

= UU ¢g— awp(x)U ~

3
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1 .
;—x{erKof F(Kogny, No, Mo)lg(ny. KOMO)—I]d-qy} = —awy(z)
0 .

120»
KoGo(Kg.Mg-l- 12KOM0+60) ’

1 1 b
8 (0, No, M,
Ll {Uz€1 f 20z, No, Mo)dnz+4U%, f Nof (ng, N, M) Z 12 Vo, Uo) °)dq,§
& . . aN,

(3.7)

1 1
o of (12, No, Mo) }
de{Uflf S (nz, No, Mo)d”""'welj Moo, U 39

+ernj {f Nz, No, Mo —l}g( KoMo)d‘qz—- vy’ €y

120~ (124 Mo)N, UU';
Mi+12M,+60 No

d 1
i {Ue1 f S(Eony, No, Mo)g(ny, KoM o)dny
0
, €
+2U¢ IJ No 537 aN (Kony, Mo, No)g (ﬂyaKoMo)d’h/}

“dz { U‘; fof(Koﬂy: Ny, Mo)d’h/_

o f o (3.9)
+ 2Ue, €—ofo No'aTv;(Ko"?y, No,Mo)d"h/}

1
+2n€; f 9%(ny, KoMo)dny
: 0

120
4 KZM cH12K Mo+60
The eqns. (3.6) and (3.7) are the same ag obta,med in Ahuja and Bhatnagar

(1963) and Ahuja (1964) for yawed semi-infinite flat plate where the main
flow is given by U = U(z), V= const. and have been solved therein.

To solve the other equations, we write e;(x) = I(x)ey(x) and e;(x) = A()eo(),

— ne! j 9(ny, KoMo)dny = ne0+

go that I(z) = ;:_760— is the relative contribution of the spanwise flow to the
0

chordwise boundary layer thickness and A(z) = % is the relative contri-
oeg

bution of the cross-effect to the spanwise boundary layer thickness. As in
Ahuja and Bhatnagar (1963) and Ahuja (1964) we solve these equations for
M, =0, —1, 1, which correspond to np suction, suction and injection res-

pectively. The corresponding equations in I(z) and A(z) take the following
forms:
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I FlowU =142, V = ayn:
(i) When there is no suction or injection, the eqns. (3.8) and (3.9) reduce to

dN
(v d“) Fy(No) o +1[211\,0(U"’;"°)F1(N0)+( 2Wo) 2

+{ FyNg)— z— Nio}] $nFg(Ko Ng) =0, .. (3.10)
and

adN 9 v,
( o)¢1(Ko, No)dN +I\[K2N +{§JIV(;( d )+1}¢1(Ko, Ny)
AN\ (9¢1 | 041 dK

- (U 7’;0) (51710""81(10 dN(;\,]
o )

dK
+(U dzx )( 0+K°dN )‘f’f!(Ko’ No)+nKohg(Ko) =0, .. (3.11)

where | = 0, A = 0 when N, = 0, and

Fy(N) = ———— (TON2+4285N —9850),

90090
Fy(N) = 90(1)90(140N2+3144N+44650)
Fy(K, N) = 360360[ (135N —900) K7+ (780N —4680) K8
— (1456 —7280) K5+ 3575 N K 8 — (4290N +42000)K2
+102060K + (3432 —102960)),
$1(K, N) = 3?013% [— (135 —900) K®-+ (780 —4680) K©

— (1456 —7280) K4+ 3575 N K2 — (4200N +42900)K],

$alK, N) = 2N 201

N’
4115
$s(K) = — 5508 -
(ii) Suction with My = —1:

The eqns. (3.8) and (3.9) reduce to

dNg R dNo) ( (_1_1&) PN
(U g )FI(NO)dNO-H[m(UTE Fy(Wo)+\U 5 1)

{F2<N0) - 433 }]'I'nFs(Ko: Ny=0, .. (312
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and

120 1 dN,
( dNo)qsl(Ko,No) [ (& 1K+ 60KDT +{§270( ._.0)+1}
N,
e, o+ (0 52) (P 20 200) | il o (0 9) 41}
ANG\ [ 3¢y = by dK, AN, (1K, dl
X"’ﬂ‘K"’N"”( 0)(3No aKodNo)]+(Ud )(dNo+K°d_m)
X $a(Ko No)+nKopg(Ko) = 0, .. (3.13)

where | = 0, A = 0 when N = 0, and
1

Fy(N) = gozoras (17560N2-+465742N —9218160),
Fy(N) = 865212 135 (105120N2-4 3560130 +45131184),
FyK, N) = fremrer K21_12 K60 [ —(1512N —7560) K+ (21630N —104328) K8

—(124614N — 577206) K7 + (323973 N — 1461798) K 6 — (246480N
—1647360)K5— (634491 N + 1647360) K4+ (1711710N +7963956) K3
— (1397682 +23984532) K2+ (216216 N — 35891856) K +(1081080N
—28108080)],

1
— — 8 —_ 7
$i(K, N) = frgzmeriTag oo L (10128 —7560) K8+ (216308 — 104328)K

—(124614N —577206) K 6+ (323973 N — 1461798) K 6 — (246480N
—1647360) K% — (634491 N + 1647360) K3+ (1711710N +7207200) K 2

— (1415700 + 15444000)K ],
—on 9%
$uK, M) =28 2,
1
= — 4 3 e 2 4
#3(K) = goomrerTagraoy |~ 887K+ 4172K3 —4TI306 K2+ 2432640 K
— 5452800).

(iii) Injection with My = +1:
The eqns. (3.8) and (3.9) reduce to

dN dl dN, dN 60
(U#)FI(NO)EJTO-i-Z[MIVO( dzx O)FI(N0)+( O)F (1\70)4'{172(1‘70)"”F3

2 |
7;13 }] $nFy(Kg, No)=0, .. (3.14)
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and

dNo A 120 ; o
Ko, N +a| - ! )+
( )«in( 0> No) - N, [ (K3+12K§+60K§)NO+I2N0( )+ }

dN
x i, No)+ (0 900) (34 21 80) | g L1 (0 408) 41 ey,

N, ( by | Os dKo)] ( dNo)( 4K, )
+( -ﬂ) \EWZ"'aKO dN, + UTE dNo+KOdN $2(Ko, No)
+nKops(Ko) =0, .. (3.15)
where I = 0, A = 0 when N, = 0, and

1

- —_——— Q —
Fy(N) = To5n35aas (1271 202+ 201906 — 21292560),
— < 2
Fy(N) = 195035844 (254240N24-5657166.N +91201104),
; 1 _
FyK, N) = 5630628( K+ 12K +60) [—(2376N —20520)K°— (7470N —75384) K8
1 (37242N —278154) K7 +(117819N —1192230) K¢ — (595920
—4380480) K54 (541827N — 1647360) K4+ (785070N —6079788)K 3
— (1649934 N 4 4216212) K24 (277992N + 35521200) K - (13899608
—47876400)],
1
= — — 8__ - AVK7
$(E, N) = gaseos s Tag o0y L (2376 —20520)K8— (1470N — T5384) K
+(37242N —278154)K 6+ (117819N —1192230)K 5 — (595920N
—4380480)K 44 (541827.N —1647360) K3+ (78507T0N —7207200)K 2
—(1673100N + 15444000) K],
0
$o(K, N) = 2N a‘f\:,

1
$5(K) = 3003(K2+12K+60)

—5452800).

5 (—1887K4—44]172K3 —471396K2--2432640K

1 n
II. Flow U=m, V=ay

(i) No suction or injection:
The eqns. (3.8) and (3.9) reduce to

1
(U dNo)F 1(¥o) 73, dN w+ Bzzvo( dNo)

+{F2(No)"' %" "‘Ef‘} '] +nFy(Ky, No) =0, (3.16)

T py v+ (v ey
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and

(v

1 dN vu” 2U’
)¢1(KO’ ‘NO) dN +A[{ .N (U dxo) 2U/ + U,}¢1(K0’ NO)"‘
0

dNo\(9¢; , 0¢; dKo)] [{ 1( dNO) vu ,}
x)(a-No-l—aKodNo +K0l 2N0 dzx U’ +U ¢2(KO: NO)

d
No) (992 , 9%, dKo)] ( dNo) 20 )
—E) (3N0+6K0 dN, dNo+_K° aw, $2(Ko, No)

+nKops(Ko) =0, .. (3.17)

+
(v

where | = 0, A = 0, when N, = 0, and the expressions for F, Fy, Fy, 1, ¢5
and ¢; are the same as for the eqns. (3.10) and (3.11).

(ii) Suction with My = —1:

The eqns. (3.8) and (3.9) reduces to

(UdNO)F1(No)dN +l[{2}\,0(vddz‘;°) L fF1<No>+( dN°)F (Vo)

38 120
+{F2<No) p m}[]']'F”Fs(Ko, No)=0, .. (3.18)

and

dN, 1 dN,\ UU” }
( )¢1(KO’ NO) d.N +/\[{ N (U dz ) 2U' +U ¢1(K0’ NO)
1200" dNo\ [0¢1 . 0¢, dK, 1 dN,
U0 (2 2L 20 K U==0
(K4—-12K3+6OK2)N0+( & )(8N0+8K0 dNo)] +Xo [{ I, ( )

UU” , dNo 0ds . 0o dKO)] ( %)( dk,

dl
+K0m)¢2(Ko, No)+nKogs(Ko) = 0. .. (3.19)

where | = 0, A = 0 when N, = 0, and the expressions for Fy, Fy, F, ¢, ¢
and ¢3 are the same as for the eqns. (3.12) and (3.13).
(iii) Injection with M, =
The eqns. (3.8) and (3.9) reduce to

dNo dl 1 (., dN,\ UU” dNo)
(U dx)Fl(NO)m+l[{m(U dz) 2U,}F1(No) (U 3 F (No)

60 120
;Fz(.No) 73N0}U'] +'nF3(Ko, ‘NO) =0, . . (3.20)
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and

dn, 1 (,,dN,\ UU"
( 0)¢1 KO: NO) N +A[{2N (U dxo) 1 +U }¢1(K07 NO)
1200° dNo\ (04, , 94y dKo)] { 1 ( dNo)
- : U Ao\ gl U
(K3+12K§+60K3)N0+( dz)(aNo"'aKodNo + °[ oN
uU’, 1 o) (s | ¢ dKO)] ( @’_o)( dK,
2U""U}"52 ®o, N°)+( )(3N0+8KodNo @)\,

dl
+K, m)¢2(KOs No)+nKoha(Kog) =0, .. (3.21)

where | = 0, A = 0 when N, = 0, and the expressions for #y, Fy, Fs, ¢, ¢s
and ¢; are the same as for the eqns. (3.14) and (3.15).

We note that the eqns. (3.10)—(3.21) are linear in ! and A and that »n occurs
as a multiplying factor in the last term in each equation which does not

contain ] and A. Thus we can absorb n, if we redefine our 7 and A as I = ?%,

The equations in [ and A then become independent of n. Thus we

have solved these equations for a particular case n = 2, which we wanted to
present in a detailed form. From the present solutions we can easily construct
the solutions for any n through a linear transformation. We have presented
the solutions of equs. (3.10)-(3.21) for » = 2 in Figs. 1 and 2.

4, SKIN-FRICTION
In determining the skin-friction, we expand » and v in powers of a:

% = Uptoy® lu; a2y -2ys4 ..., .. .. 4.1)
% = votay® oy +a2yP-2ug 4 . ... . (49
where %, vy, %, ¥, . . .are respectively the velocity components for vawed

case and additional contributions due to the assumed flow.
(i) When there is no suction or injection, 1.e. My = 0:

N
Uo = 29— 5t + 695 — 200+ 37 (29 — 592+ 1094 — L0nS+ 379),

uy = —%’(IO—NO)(I—IOn3+15r)4-—61;5).
vo = 21y —Bm; +6m; —277

A
v = = g (2m =200 4307, ~124).
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(ii) Suction with My = —1:

g = 4l9 [1207 — 6024 20z3 — 1654 - 20475 — 7070+ No(1 1y — 3072+ 1073
+40n*— 4595+ 1478)],
u, = -Ti%-[120—11N0—120n+60n2—-660q3+1020774-4201,5+N0(10772+80ns
— 13574 45675)],
1

2 3 2 4
0

(2N

+(36K>+192K ,+360)7° — (10K 2~ 60K +120)7} ],

A
Ko(K:—12K o+ 60)

o 5 4
1207, — 120K y7° + 60K ° — 4 (45 K> — 180Ky 4 300)";
] 1 ol 0

U =

+5(36K2—192K o+ 360)" — 6(10K > — 60K g+120)5°]
(iii) Injection with My = +1:
o= 71*3 (1207 + 6072+ 2073 — 5257* 4 58875 — 19075+ No(137 — 3092 — 1073+ 80y
—T5m5+22n0)],
g = — 1 (120 — 13N+ 1207+ 6072210073+ 2040n4— 114075 — Ny (1012
— 16073+ 22574~ 8825)],

1 2 2 3 2 4
v = ~—g———— | 1209, 4 60K gn° 4+ 20K 0" — (45 K+ 180K o+ 300
(1] (K§+12K0+60) [ 71 0771 07’1 ( 0 0 )7’1
+(36K24-192K o+ 360)1° — (LOK 460K o+ 120)7°],
A 2 2 3 2 4
= — 12 120K g5+ 60K —4(45K "+ 180Ky + 300
"1 KO(K(2)+12K0+60)[ 0771+ 07’1 ()771 ( 0 1] )771
- +5(36K2+192K o+ 360)7°— 6(10K 460K, +120)7} ],
where = Z and N = i
€9 €
The additional contributions to skin-friction arise from w,, %, ... and
vy, Vg, ... We have calculated below the contributions due to u#; and v,
and these are given in Table I, using the symbols
7= '\/VA"'zz = '\/;’A"'m{
pay®-1 payn-1V °

where A7zz and Aryy represent the chordwise and spanwise additional
contributions respectively to the skin-friction.

These components are presented in Figs. 3 and 4 for the particular value
n = 2 for both the flows along with the cases when suction and injection are
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TaBLE I
Mg ‘ T D

_ o Jﬁ _»ju

0 . —5—-(10—1\70) m Kg N,
Ul T 1202 U’
-1 "”*—“(120—111\70)./““ Tt o3 o N Ny
49 Ny (K0—12K0+60K0) ]
-1 (120 -13N,) 1201 ﬁ’
e o./ Tt e L N N,
73 (By+ 12K +60K,) " o

present. Our calculations for the additional contributions are up to the
point which refers to the range of applicability of the profile in the corresponding
yawed casge.

5. CONCLUSIONS

(i) Since ! and A are always negative, therefore, both the boundary layer
thicknesses decrease due to the cross-flow.

(ii) The additional contributions to the components of skin-friction are
positive for both the flows. Therefore, we conclude that the cross-flow
increases the skin-friction.

(iii) The stability of the flow increases as the boundary layer becomes
thinner due to the cross-flow.

(iv) The changes in skin-friction and boundary layer thickness are more
pronounced in the presence of suction than in the presence of injection.
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