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An exact solution of the equations representing a spherical wave of explosion
in a stellar model of polytrope 5 has been worked out. The shock moves with
constant strength and carries a constant amount of energy. The solution,
however, is strictly valid when the ratio of the specific heats, y, equals g
and has been found to be applicable also for all other values of y.

1. INTRODUCTION

In a previous communication (Deb Ray 1957) we have given, following
the method of J. L. Taylor (1955), an analytic solution of an instantaneous
central explosion in a gaseous configuration in which the undisturbed density
falls off as »*, —8 < a < 0. The gravitational effect of the gaseous medium
was, however, neglected. In this paper we extend this solution so as to include
the gravitational effect of each element of gas. This strictly imposes the
value of « as —§ and the problem essentially becomes similar to the one
studied by Carrus et al. (1951). The disturbance is headed by a shock
surface of constant strength and the energy of the mass confined between
two moving surfaces—namely, the outer shock surface and an inner surface
enclosing a vacuous region—is assumed to be constant. As in the case of
G. I. Taylor (1950), the above authors reduced the equations governing the
motion of the fluid to a set of ordinary differential equations which were
integrated by a numerical method.

A completely analytical solution of such a problem of explosion in a
cosmic gas mass, which is valid for all shock strengths for the particular case
v = %, y being the ratio of specific heats, has been shown to be possible in
this paper. But as Kopal and co-workers have shown, the weaker shocks
are in fact excluded by the assumption that the explosion wave carries a
constant energy.

Besides, we have shown that even for ¥’s # % the analytic solution
obtained by us is a good approximation under certain conditions not very
exclusive; further, numerical results have been given which go to show,
when, compared with those of Kopal and co-workers, that even for y = § the
analytic solution given is quite satisfactorily usable for shocks of strength
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M2 = 10, and is very nearly accurate for values of M2 higher than 20. In
fact the higher the strength of the shock, the closer becomes the approximation
in all these cases. The case M2 = oo cannot, however, be treated by our
formulae.

2. EQUaTIONS-OF MoTION AND BOUNDARY CONDITIONS

As equations governing the flow behind a spherical shock, we write the
equation of motion and equation of continuity
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and further, assuming particle-isentropy for each element of fluid,
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where u, p and p are velocity, pressure and density of the gas element at
radial distance » from the centre of explosion at time #, m denotes the mass
of the fluid within a sphere of radius r at time ¢, ¢ the gravitational constant.

Equation of continuity which is expressed by (3) can also be written as

om , om

T
where m is the mass enclosed within a sphere of radius , on which the velocity
is u.

If ahead of the shock the undisturbed pressure and density be p,, p,
respectively, and those just behind the shock be p,, p;, where again the velocity
is u,, then we have the following from the Rankine-Hugoniot conditions
at the shock surface:
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In front of the shock, in the undisturbed gaseous medium, we have,
by our assumption
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where B is a constant. Since the fluid originally is in hydrostatic equilibrium,
we get
2
])0=§£3—B—'GT‘3, O 1)
where use has been made of the value of m,, the mass within a radius r in
the undisturbed state as given by

my = 4n J pyr2dr = 8nfrt. .. .. .. (D
0

It follows from the equation governing the cowvservation of mass at the
shock surface that the mass of gas confined within the shock front of radius
R at any tinie t must be equal to that contained within the surface of radius
R in the undisturbed state.

Thus we have
R R
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where m, denotes the mass of gas behind the shock front at time ¢.
Lot us seek solution of equations (1), (2), (3) and (4) in the form
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where
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The four constants k, A, a and b are for the present kept open and are to be
determined from the conditions of the problem.
In terms of the variable » we may express the total energy ¥ as given by
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where 7, and %; are assumed to be the values of # at the shock front and at
the inner surface respectively at time f (the radii to these surfaces being
functions of t). The values of 9, and %, will be discussed further below.

We choose the shock surface to be given by 7, = constant and it will
be shown hereafter that 4, also remains constant during motion. Our choice
fixes the velocity of the shock surface as

V=-—

SRS

1; (19)
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We now introduce the condition that the total energy of disturbance
in the gaseous mass is constant. By (18), taking for the present 7, and 7,
as constants, the total of kinetic, gravitational and thermal energies carried
by the wave is constant if

A=2— —(K+5) = 2\ — (2K+5)2 (20)
From (20) we get
b 4
E,=_5‘ .. .. .. . (21)

Without any loss of generality we may choose one of the four constants
arbitrarily : let us put k = 0. Then from (20) by using (21) we get A = —2.
We have in fact

k=0,2=-2a=—5,b=4. .. . .. (22

Thus from (6), (7) and (8) we get the Rankine-Hugoniot conditions in

the form
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is a constant (C; = ')'p 229 0, being the velocity of sound in the undisturbed
medium just before the shock front).

3. SorvutioN oF EqQuaTIONs (1), (2), (3), (4) aND (5)
From equations (15) and (19) we get
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Also from equations (14) and (18) we get
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From equations (1), (3), (4) and (5) it can be shown that

at a(ruI)—O .. .. .. .o (29
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where

= jputg L TP
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and
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Now we may write

12
E=t 5¢(n), .. . . .. (32)

where ¢(7) is expressible in terms of 7, U(7), P(1), 2(1) and Z(7).
From equation (32) as in equations (27) and (28) we get
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Equations (29) and (33) give
0 ol4 E
=z =242 2 s
From this by integration one has
r2uI—§.€.r3=F(t) .. . .. .. (34)

where the function F(t) is calculated from conditions at the inner side of the

shock surface. Thus we have, by making use of the Rankine-Hugoniot
conditions at the boundary,

2782 —d) .
F(t)=3 717,2 G.((?:;'_l))_% )
T =0 152y M . .. (35b)

From (35a) it is evident that the arbitrary function F(t) introduced by
integration in (34) identically vanishes when ¥ = %. This produces enormous
simplification and in the succeeding sections it has been shown that our
equations then will admit of exact integration.

When 7 3 £ there are cases when the term F(f) in (34) is much smaller
than the other two terms of the equation. Such a situation arises when the
pressure p, of the gas (which, however, is not constant) just outside the shock
is sufficiently small, then F(t), which may be shown to be proportional to

3
N Sti4py, jtself will under suitable conditions be also small. One further
notes from (35b) that F(t) decreases with time. Such favourable cases are
indicated by comparatively high values of M2. In fact the numerical inte-
grations we have performed, when ¥ = §, show that the value of M may be
found such that for all higher values of M2 the condition F(t) being negligibly

small will be quite well satisfied. For all such shock strengths the solution in
68
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analytical form which we shall give under the assumption F(f) ~ 0 will be
satisfactorily valid even when y 7 £.

4. SoLUTION FOR CASES WHERE WE MAY CONSIDER
F{t) =0o0r ~0
We thus start with this approximate form of equation (34) and by using
(19) and (21) we get

w E r
=T R .. .. .. .. {36)

Let us introduce dimensionless quantities u’, ' by

% , T
T =u andR-—r. .. .. .. .. (37

Then solving for % from (36), we have

P _ =) (M2 —6m')
a=0C e s e o L.o(38)
where use has been made of (12) and (26) and we have put
m y—1 V2
fe=—and C=3%.—~
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which, however, is not constant.

Combining (3) and (4) and replacing o and % by means of (27) and (28),

ot
we get
—3y—-1)4+1 1 ou
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We integrate (39) with respect to r and get
pr_—l = Oy 2 —u) )T .. .. .. (40)
where C, is a function of time. In fact we have
Oy =24 (=), .. .. .. . @D
Pl
where
’ u
u = I—}
and

10gef(r’)=—g(y—1)f r—d_%; .. . .. (42)
1
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Now solving for p and p from (38) and (40) we get

1 2 1 1
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1
and
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1

where C; and (g are determined from the value of u; as given by equation
(23), as follows.

We have in fact
1

2 -1 1
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and y e .. (4D)
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From (3) and (27) after replacing p from (43), we get
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The solution of equation (46) can be written as

log (YM2u'?r'—6m') = x; log ' +X2 log (r’—- %ﬂ u’)

+x3 log (Yu'—r')+log (7M2u; —6)

2 — , ’
— Xz log (1 - ——(:—325——2%) ~X3 log (vu. —1), (47)
where
_22—7)
X1=553
o o = O72107—14
2T T B=NE=Y)
and
2(3y—1)

X3= 5
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]

In order to obtain an expression for m’ let us consider equation (16)
which by (22) reduces to

m = r3{~2Z(n). .. .. .. .. (48)
From equation (48) using equations (5), (19) and (21), we get
1 om/ 1
= T @9
By integrating (49) with respect to ' we have
T
log, m’ = } J = (50)

Equations (43), (44), (47) and (50) give the solution of our problem.
We note that as M2 occurs explicitly in our formulae, the cage of M2 = oo is
excluded.

5. NUMERICAL INTEGRATIONS
For the purpose of numerical evaluation we choose suitable values for

M and ¥ and then from (23) obtain u, (:: 1—;}), the value of m’ at 7’ = 1is given

by m; == 1.

Tables I, IT and IITI below represent the results of numerical integrations
of equations (43), (44), (47) and (50) for ¥ = § and M2 = 10, 20 and 100 res-
pectively, whereas Tables IV and V are the corresponding tables for ¥ = %
and M2 = 10 and 100 respectively.

TaBLE I

M2 =10,y=1

r’ 1 9 -8 -7 6 -5287

u’ 6750 6174 5684 5292 5232 5279

m’ 1 -8468 <7006 -5394 3542 -0319

;I 1 1-2078 1-5292 2:2044 4-1176 76-9030

j% 1 5583 -5248 -5329 -5624 5168
TasLr II

M2 =20,y =1

r 1 -9 -8 7 -6 -5610
w 7125 6567 -6071 -5731 5582 -5592
m’ 1 -8271 -6625 4773 -2514 -0534
'ﬁPI 1 1-2103 1-5291 22232 4-8942 33-2013
2 1 +5303 -4634 -4075 -3408 -2450

s
-
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For the case ¥ = 3, the tabulated values of #' = % 2L omdm ="

P P my

have been compared with those obtained by Kopal and co-workers. When

M2 = 10, our results agree with theirs, at least up to two places of decimals,
and with increasing shock strength the agreement becomes closer.

One could naturally expect that similar calculations will be equally valid
for values of ¥ lying between ¥ = % and § for suitable values of M2, starting
from a minimum value in every case.

In all the cases the numerical evaluation may be continued till %" = ¢/,
which marks a singular point. In fact it is found that «’ slowly approaches

r' as the centre is approached.

Tasre 111

M2 =100,y =}

r 1 9 -8 -7 -6 5772
u’ 7425 <6878 6374 -5993 5761 +5759
m’ 1 8067 6231 4185 1719 +0408
A% 1 1-2118 1:5258 2:1942 5:1398 28-1940
fi 1 0-5014 -3796 2920 11512 0-643
TasLE 1V
- 4
M2 =10,y = 3
7’ 1 9 8 7 -6 -5 4 -3 -2 -1
w7714 7000 -6275 <5540 4975 4151  -3322 2320 -1540 -0752
m’ 1 6267 -3660 2324 1030 -0417 -0046 -0011 -0002 5864 x 10-11
Pfi 1 5996 -3638 4069 4559  -1422  -0026 -0001 -000008 52x10-10
fi 1 4278 2768 -2078  -1079 0261 -0004 -00001 -000001 14x10-10
Tasry V

M2 =100,y =3

r’ 1 9 8 -7 - 6 5 4
w’ 8486 7625 -67568 -b872 +5100 4414 3924
m’ 1 -5003 +2304 -0989 0388 0094 +0001

Pl; 1 .3619 1141 -0306 -0115 -0008 -00004
z 1 -3054 -0799 -0018 -0002 -0000¢  -0000008
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6. A Cmecx ForMuULA

It is possible to provide a check formula to check the results of our
calculations for a ¥ % § (for ¥ = % our integration results are strictly accurate
for all shock strength). The formula expresses the simple fact that the total
mass enclosed within the spherical shock surface is equal to the original mass
enclosed within the same surface in the equilibrium state. It should be
noted that it is not an independent condition as the principle of conservation
of mass has already been taken account of by us in the differential form of the
equation of continuity.

We express the above condition in the form

R - R
41rf prédr = 411J por2dr
U 0
(dynamical eondition)  (static condition)

"Making use of the Rankine-Hugoniot equation (25), we have the check
formula as follows '

J“ p 2[(y—1)M2+2]

—r'2dy =
o1 (y+1)M2

(51)

We note that for given y and 22, the right-hand side can be immediately
calculated. The left-hand side has to be calculated numerically by taking

the values of = from our integration tables. Our integration results may be
P1

accepted as correct if the above check formula is satisfied.

7. SINGULARITY IN THE SOLUTION OF KoPAL aND CO-WORKERS DEDUCED
FROM EQUATION (49)

The point 7; where 50U(7,)—4 = 0 is a singularity of the ordinary
differential equations of Kopal and co-workers. These authors next calcu-
lated the mass of the gaseous configuration confined between the shock
surface and the surface corresponding to 7 = 7, by a step-by-step numerical
method. This mass they verified was equal to the total mass within the
shock surface as given by equation (12). Hence the authors concluded that
the region between the centre and the surface at 7 = 7, was completely
devoid of matter, the entire mass being blown away outward by the explosion.

We now enquire what conditions correspond to this singularity in our
analytical solution.

When

5U(n)—4=0

we have
w =, .. .. - .. (52)
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We first note that our equations (39); (40) and (49) clearly show that at
the radial distance where r’ = «', a critical surface of our equations lies.
The position and velocity of this critical surface may be calculated as follows.

From equation (52) it follows that the inner boundary of the configuration
expands radially with a velocity % . %, where r, is the radius of the inner
vacuum in time . Hence on integration we get 7 54 = constant. In
terms of n we have n; = constant; also by our assumption 7, = constant.
Thus we have the limits of integration of our energy integral (18) as constants,
and hence the justification of condition (20).

Let us next turn to our equation (49), namely,

! ’

dm’ ___m
ar o —u)

We note that a singularity of this equation occurs at +'—u' = 0. If
we take it that this does not occur outside the wave, then we may argue that

(53)

’

at this surface m’ = 0, since —gn? = oo is not physically permissible within the

wave. But »'—u’ = 0 may be supposed to occur at the centre where " = 0,
and on grounds of symmetry «’' = 0 and m’ also equal to zero; the other
alternative, »'—u’ = 0, occurs at an internal boundary surface, then on this
surface m’ should also be equal to zero, which means there is cavitation.
Which of these two alternatives is correct it is not possible to decide before
the actual integrations have been performed. We accept the results of
integration, viz. that the second alternative is correct and there is really a
cavitation.
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