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This paper deals with two theorems on the uniform Harmonic summability
of the Fourier series and its conjugate series corresponding to a function f(x)
periodic and integrable (L) with period 2,

1. Let the Fourier series corresponding to a function f(zx), periodic
and integrable (L) with period 27, be

oo
(1/2)as+ Z (@ cos nr+b, sin nr). .. .o (1.1)

The conjugate series of (1.1) is

Z (bn cos nr—a, sin nx). .. o (LY
n=1
We denote by S,(x) and S,(x) the partial sums of the series (1.1) and (1.2)
respectively.
Let
fr= )= (1/m) () cot (1/2)tdt,
1n
where
P(t) = d(t, x) = (1/2) {f (x+) —f(x—1)},
and
f@) = lim fpx) .. .. .. .. (L.3)

whenever the latter exists.

Also let
$(t) = fla+t)+flx—t)—28. O ¢ 1)

2. The object of this paper is to introduce a new concept of summability,
i.e. Uniform Harmonic Summability, which we define as follows:

Let
ug(®) +up(x) Fug(z)+ . . .. .. .. < (23)

be any infinite series, and
U (z) = wg(x)+uy(x)+ . . . . +u,().
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If there exists a function U = U(x) such that

(1/log n) Z (FFINU i) — U} = o(1)
k=0

uniformly in a set E in which U = U(z) is bounded, then we shall say that
the series (2.1) is summable by Harmonic means uniformly in E to the sum U.
3. Introduction. In 1948, Siddiqi established the following theorem
for the ordinary behaviour of Harmonic summability of Fourier series at a
particular point:
Theorem. The Fourier series of the function f(x) is summable by Harmonic
means at a point x at which

91(t) = J [g(w)| du = otlog (1/t)),
0

where

g(t) = f(z+1)+f(z—t)—2f(2).

We propose to establish a more general theorem with the help of this
theorem of Siddigi. Our Theorem 1 concerns the uniform behaviour of
Harmonic summability of Fourier series over a set £. If E contains only
one point and further if S(zx) = f(z), then our Theorem 1 reduces to the
theorem of Siddigqi. Qur Theorem 2 concerns the uniform behaviour of
Harmonic summability of conjugate series of a Fourier series over a set K.

4. We now establish the following theorems:

Theorem 1. If

(1) =J [ $(u) |du = o(t/log (1/8)) .. . .. 41
0

uniformly in a set E in which S = S(x) is bounded, ast— +0, then the series (1.1)
18 summable by Harmonic means uniformly in E to the sum S.

In order to prove Theorems 1 and 2 we shall require the following
Lemmas: -

Lemma I (Hardy and Rogosinski, 1947). If 0 <t <, then

”

z (1/6+1) cos (k+l)t‘ < A[1+log*(1/)].

k=0 R i

Lemma I1 (Titchmarsh, 1958). For all values of n and &

> (1k+1) sin (k+1)¢

k=0

< (m/2)+1.
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Proof of Theorem 1. 1t is well known that
Sp(z)—8 = (1/2) f (t) {sin (n41/2)t/sin (1/2)t} dt
0
E ”
= (1/2n) (fo+f5) () {sin (n+1/2)¢/sin (1/2)¢} di
8
= (1/27) f $(t){sin (n+1/2)t/sin (1/2)t} dt
0
+(1/21r)f S(z+1t) {sin (n+1/2)¢/sin (1/2)t} dt
8
+(1/27) f flx—1) {sin (n+1/2)¢/sin (1/2)¢} dt
8
—(S)m) f {sin (n+1/2)ifsin (1/2)0} dt
)
8
= (1/2m) f ) #(t) {sin (n+1/2)tfsin (1/2)t} dt
+J1+J5+J;, say.

Now,
J1 = o(1), uniformly in E (Hardy and Rogosinski, 1944)

Jo = (l/27r)f f(x—1) {sin (n+1/2)t/sin (1/2)t} dt
8
= (—1/27) f- F(@+1) {sin (n4+1/2)t/sin (1/2)t} dt
-8

. -3
= (1/217)f f(z+1) {sin (n+1/2)t/sin (1/2)t} dt

= ¢(1), uniformly in B (Hardy and Rogosinski, 1944). ..

Jg = (—~8/=) J.w{sin (n+1/2)t/sin (1/2)t} dt
8
or

(Ty] = [8](1fn)

f” {sin (n41/2)t/sin (1/2)¢} dt
8

< M(1/m)[o(1), uniformly in E] (Hardy and Rogosinski, 1944).
5] = o(1), uniformly in E,

since | §| = | S(x) | < M for every x ¢ B, where M is some constant.

305

(4.2)

(4.5)

(4.6)



306 ASHOK SAXENA

Hence
J3 = o(1), uniformly in E. .. .. - (47)

Now from (4.3), (4.4), (4.5) and (4.7), we have

3
Sp(x)—=8 = (1/27r)J H(t){sin (n+1/2)t/sin (1/2)t} dt4o(1), uniformly in E,
0

and
(1fiog n) > (UEFT){8p-4(x)—5)
k=0
# 9
= (1/log n) Z (1/m)(1/2ﬂ)J () {sin (n—k+1/2)t/sin (1/2)t} dt
- ’ +o(1), uniformly in £
S ”
=J H(){(1/2x)(1/log n) Z (1/k41)(sin (n—k+1/2)t/sin (1/2)t)} dt
’ = o(1), uniformly in ¥
3
= J H(E)N p(t)dt+o(1), uniformly in E, say,
¢
where
Na(t) = {(1/217)(1 Jlog n) Z (1/k+1)(sin (n—k+1/2)t/sin (1/2)t)}
k=0
3
= (f +J )¢>(t)Nn(t)dt+o(l), uniformly in E,
1/n
== L4 Ly-+0(1), uniformly in E, say. .. .. .. .. (4.8)
Now )

L= J SN o(t) dt
0

1/n

= O(@(1/n) . n)

= o(1/log n), uniformly in ¥ (by hypothesis),

= o(1), uniformly in E, .. .. .. (4.9)
where N,(¢) = O(n) for all ¢ such that 0 < ¢ < § (Siddiqi, 1948).

In order to show that L, = 0(1), uniformly in E, we require a suitable
estimation for the kernel N,(¢) in the interval (1/n, §). Since

Na(t) = 1 {si.n (4312 > cos b+ 1) _ i (nt3/2)¢

2m log = . sin (1/2)¢ k+1
< sin (k1)
PR i }

E=0
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by making use of Lemmas I and II, we get

Ny(t) = 0{“0 (1+log* l/t))}

=0{t10g log (1/1) }

since log* (1/t) = log (1/¢) for every te(1/n, 3).
Hence
8 8
- Le= f ()N a(t) dt = 0(f / [¢(t)HNn(t)Idt)
1/n 1fn

- ( 1/log n) f [() | (1/2) log ( l/t)dt)

1/n
8

= 0((1/log n) [!D(t)(l/t) log (l/t)] +(1/log n)J. D(t) —l—ﬂgg—}mdt)

1/n

= { 0(1/log m)+-o(1/log n)+o0 ((1/10g ”)J. t-lo_;%/?))
1/n

3
+o((1/10g n) [ (1/t) dt) }, uniformly in E,
v 1/n
log log (1/8)1° log (1/¢)7°
= < o(l)4o0 [-g—1—g————] 40 [—g——— ] , uniformly in E,
og n in log » '
= o(1), uniformly in E. .. . .. .. . .. (410)

The theorem follows from (4.8), (4.9) and (4.10).
Theorem 2. If

V(i) = J. | ()| du = oftflog (1/1)) .. .. .. (411)
0

uniformly in a set E, as t — 40, then the series (1.2) is summable by Harmonic
means uniformly in E to the sum f(), provided that limit (1.3) exists uniformly
in E.

Proof of Theorem 2. 1t is well known, that

" _ T cos (1/2)t—cos (n+1/2)t
Sﬂ(x) - (1/") J.O 'l‘(t) sin (1/2)t df

Therefore

cos (n+1/2)t

Bn(x)—f(x) = —(1/m) fo 40 (12t
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Now

"

(1fiog n) Y 57 (Bacla)~F(e))
v=20

_ " 1 — 1 cos (n—-v+§)
- fo "b(t)w log nvzo v41 sin ¢

fﬂ 'l’(t)Mn(t) dt, where
0

i

Mogt) = — 1 Z 1 cos (n—v+i)t ‘

« log nv=0v+1 sin §t

In order to prove Theorem 2, we have to show that
m
f Y(t) M ,(t) dt = o(1), uniformly in E.
0
We set

f 0 HOM (1) dt = ( f 1+ j z+ f 8) SOM (1) de

= H+H,+H;, say.

Since limit (1.3) exists uniformly in &,

l ; . .
= fo $(t) cot }tdt = o(1), uniformly in E.

Also
1 = 1 cos {})t—cos (n—v+1})t
"]Ogn,ZOH'l sin (§)¢ ™ ]og n Z v+41 Z sin k¢
=0 (]og Z Z | sin kt])
_ no~ 1
- logn £y v+1
E O(n),

foralltisuch that 0 < ¢t < =

. (41

)
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Hence

1/n
Hy = f WOMa(t) dt
1}

1/n n '
o 1 1 cos(n—v+i)
- fo ¥ log n VZU v+1  sin (1/2)¢ dt

1in ”
_ 1 1 cos (1/2)t—cos (n—v+ )t
- fo o log nZO v+1 sin (1/2)¢ dt

n 1/n .
1 1
—_—— —_ : 2
”k’g”vzb”‘*'lfo (1) cot (1/2)¢ dt
1fn

=0 (nf ];/;(t)ldt)+o(l), uniformly in E,
0

I

O(n¥(1/n))40(1), uniformly in %,
o(1/log n)--o(1), uniformly in &,
o(1), uniformly in E. .. .. .. .. .. (4.13)

I

I

Now

_ 1 o T cos (n—v+ii
Hy = 27 log n Z v+1 f fle+t) sin(1/2)t dt

cos (n—v+in
211 log n Z v+1f G sin (1/2)t§ d

1 1 cos (n—v+4)
—2wlognv;)v+1f_"f(x+) snqan o

-+0(1), uniformly in £ (Hardy and Rogosinski, 1944)
= o(1), uniformly in £ (Hardy and Rogosinski, 1944). .. (4.14)
In order to show that H, = o(1), uniformly in ¥, we require a suitable
estimation for the kernel M ,(¢) in the interval (1/z, 8). Since

1 2": 1 cos(n—v+$)t

My(t) = —ﬂlog nv_0v+1 sin (1/2)¢
2 ) s > cos v+ . =\ sin (v41)
~ o Tw {cos (n+g)tZO " +sin (n+g)tv20 S

By making use of Lemmas I and IT, we get
- M,t)=0 {t ]

since log* (1/t) = log (1/t) for every te (1/n, 8).

L (1410 1700
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Hence

Hy =0 (i fs 1401240 4)

log » n

= 0(1), uniformly in E, as in the proof of Theorem 1. (4.15)
Thus from (4.12), (4.13), (4.14) and (4.15), we have

(1/log n) ,ZO —v—-}-—f {8a_, (®)—f(2)} = o(1), wniformly in E.

This proves the theorem.

ACENOWLEDGEMENT

The author takes this opportunity of expressing his gratitude to Dr.
S. R. Sinha for his kind interest, advice and generous encouragement in the
preparation of this paper.

REFERENCES

Hardy, G. H., and Rogosinski, W, W. (1944). Fourier series. Camb. T'racts Maths. No. 38,
Th. 31, p. 24.
(1947). Notes on Fourier series. IV, Summability (Bg). Proc. Camb, phil. Soc. math.
phys. Sci., 43, 10-25.
Siddiqi, J. A. (1948). On the Harmonic summability of Fourier series. Proc. Indian Acad.
Sez., A 28, 527-31.
Titchmarsh, E, C. (1958). The Theory of Functions. Oxford, p. 440,



