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Gravitational situations arising out of the introduction of two functions
A and B in the flat metric have been investigated. Several cases have been
discussed. In one case, the empty space-time field is characterized by the
presence of gravitational radiation. In another case, the empty space-
time field equations with cosmological constant provide two differential
equations which are integrable in terms of elliptic functions. The Einstein-
Maxwell field equations lead to uniform electromagnetic field in one case,
and to uniform null electromagnetic field in the other.

1. INTRODUCTION

Special theory of relativity postulates a continuum of space-time repre-
sented by the flat metric )
ds? = —dr2—dy2—dz2+4di2. . .. .o (L
A number of attempts have been made to accommodate the phenomenon
of gravitation within the framework of the flat metric, such as those by
Birkoff, Milne, Rosen and others. According to Kinstein a modification of
the flat space-time to Riemannian space-time is necessary in order to account
for gravitation in which the gravitational effects appear through the curvature
of space-time. But this correspondence between Riemannian fourfolds and
gravitational fields is incomplete in the sense that whereas a physically signi-
ficant gravitational situation can be represented by an appropriate Riemannian
metric continued with others, if necessary, every Riemannian metric does not
represent a tangible gravitational situation. There is no purely geometrical
criterion to sort out from the aggregate of Riemannian fourfolds those which
are significant from the standpoint of gravitational theory. In order to
have a clearer understanding of the correlation between the curvature of the
Riemannian space-time and the gravitational field, it is important to make a
systematic study as to how the introduction of curvature in the flat metric
manifests itself into a gravitational situation. For example, a simple type
of departure from (1.1) can be effected by introducing a single function A

into the metric, such as
ds? = —Adzx2—dy2—d=2+d2. .. .. .. (1.9
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A number of such metrics containing one function of the type A(z, ¥, 2, i)
have been examined by Verma and Roy (1956) and the gravitational situations
arising out of them have been studied, all these metrics being essentially
of the orthogonal type. A similar attempt though in a different context
has been made by Singh (1955) wherein he has considered two metries, viz.,

ds? = —dx2—dy?—dz2+di2+2g,, dx dt, .. .. (L3)
where

J1a = G149, 2),
and

dst = —dx2—dy2—dz2+4dt2+2g,, dv dy, .. .. (1.4)
where

12 = G12(2, B).
It has been shown for (1.3) that the condition R,, = 0 leads to flat space-time.
Herein we investigate the gravitational consequence of the metric

ds? = —dr2—dy2—dz2+4-dt24-24 dx dt+2 Bdy dz, .. (LB
where

A=Az, y,z1), B= By, z1).
The four particular cases that have been considered are
Case (i), A=Az, y,2 1), B=0,

Case (ii). A= A(z, 1), B = By, »),
Case (iil). A = A(y, ), B = B(x, t),
Case (iv). 4 =0, B=DBz,1y,z1).

The field equations RY = 0 lead to flat space-time in cases (i) and (ii), while
each of the cases (iii) and (iv) is subdivided into two cases, one of which in
each is characterized by the presence of gravitational radiation and the other
in each case leads to flat space-time. The field equations R} =g, A being
the cosmological constant, lead to flat space-time in case (i), and provide
two differential equations in case (ii) which are integrable in terms of elliptic
functions under suitable assumptions. The Einstein-Maxwell field equations
in wvacuo lead to flat space-time in case (i), to uniform electromagnetic field in
case (ii), and to uniform null electromagnetic field in case (iv) in a particular
case. The metric does not admit a perfect fluid distribution in cases (i), (ii)

and (iv). In case (iii), the values of the density and pressure have been found
out in terms of the metric potentials.

2. TaE CoMPONENTS oF THE Ricci TENSOR
The determinant ¢ of the metric (1.5) is found to be

= —(1+A42)(1—B2). R ¢ B}
Since ¢ is negative, B2 < 1. The non-vanishing components of g** are

_911=g44=gl_‘f=___!_ _22=_3s=._g_23=——-1-— 2.2

4T 1gar Y g E-i—m - 22

iB
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In what follows

04 o024 B 2B
Ay =

5; 3 ij = al"al"’ 5 Bi = a_xt: g = ax‘axj s (23)

and z, ¥, 2, t correspond to x!, 4%, 3, x* respectively. For 4 = A(z, y, z, 1),
B = B(z, y, 2, t), the components of the Ricci tensor for the metric (1.5) are
given by

Ay AA1Ay  A(Age+ A3s)+24B(Agy+ Byy)—2BBy,y

1 -— — —
By =342~ (ix 49t 2(1+A4%)(1—B?)

A(AyB3+A3Bs)+ AB(A,By+ AsBg)+ AB\By(1+ B?)— B(1 4 Be)
2(1+4 A2)(1— B2)2

Al A24-2B(A3444+A B+ AA4,By)
- 2(14 A2)2(1 — B®) ’
Rl = Agy  Adn4, +3312—313+A(Ba4—3324)
2T A1+ A2) " 214 A42)2 2(1+42)(1—B?)
B2B,B,— BB, B;+ A(BB,B,— B?B,B,)
* 21+ 451~ B2
o AsBy—A4,BB, + A(4,B, +44,BBy)
2(1+A42)2(1 —B2) '
R! = Asy _ AA3A, | BBi3~Big+A(Byy—BBy,)
3721442 2(1+442)2° 2(14 A2)(1—B2)
B2B,B,— BB, By+ A(BB,B,— B2B;3B,)
+ 2(1+A4%)(1—Be)2
A,B,—AA,BB, +A(A;B,+AA,BB,)
+ 2(1+A2)2(1—B2) ’
gl — A2t Ass+2B(Ags+Byy) —24 BB,
£ 2(1+A42)(1—B2)
AgBy+A3By+ B(A3By+ A3By)+ By By(1+ B2)— AB(1+ B?)
+ 5(1+42%)(1— B2

A(A24+ A7) +24B(Ap 45+ A By —AA,B,)
- 21+ A2)%(1—B?2) ,
Ay — Ao+ B(dg—A4y13)  Byg BB, B,

R} = 2(1+A2)(1—B?) 2(1—B?) ~ 2(1—B2)2

A4, Ayg— AAy A +B(A2A, 45— A4, A,)
+ (1 + A1 —BY)

AyBy— AAsBBy+B(A,B,~AA,BB))
+ 31+ A% (1—B2)2 ;
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_ 24Ag9+ BBy —BBy1+24B(A;+B1y) By BByBg

E (1 +4%)(1—B?) T (1=B?)  (1—=BIE

[N

A1~ A%+ B(41By+ A,B))+ AB(A;1B1— A By)+ 4 45B(1 — 42?)
2(14+ A2)2(1—B2)

B—B42A4(A3By+B1By+ AyBBy)
2(14+A2)(1—B2)? ’

70— _ Bu—Bu+24(45;+B14)+2BAd;,
e 214 A42)(1 —B%)

A1By+ A B+ A(4;B1— A B,)+ 4,451 — A%)+ BA(1 — 42)
2(14A42)2(1—B?)

B(B:—B})+2AB(4,B;+B,B,+A43BBy)
- 2(1+42)(1—B?)2 ’

R — A12+AA24+B(A13+AA34)+AA1A2+A2A2A4+B(AA1A3+A2A3A4)

4 2(14-42)(1—B?2) 2(14+42)2(1—B?)
__Bsy  BByB,  A3B,+AA;BB,+B(A4,B,+A44,BB,)
2(1—-DB2) 2(1-—-B2)2 2(1+A42)(1—-B2)2 >
R = Az —AA 3+ B(Ayy—AAyy)  A24,43—AA34,+B(A24, 43— AA,4,)
e 2(14+A4%)(1—B2) 2(1+42)%(1 - B2)
_ By BB.B,  A,B,~AABB,+B(4,B,—A4,BB,)
21—B3) ~ (i—Be 21 A%)(1 - B2)z ’
Re _ Byy—By1+24(A453+Byy)+2BAA,,
2 2(1+42)(1-B2)

A1By+ A B+ A(4,B1—AB,)+ AsA5(1— A%)+ BAY(1— 4?)
2(1+A4%)%(1— Be)

B(B;—B)+2A4B(A3B,+ BB, +4;,BB,)

2(14+4%)(1—B2)? ’
B = 24453+ B(Byy—B11)+24B(Agg+Byy) BE‘B?‘F2A(A233+3134+A3BB5)
2 51+ 4%)(1—B%) | S(1+A%(1— B

__ Bz BByBg _A:Z;(l—Az)+B(A1B4+A4B1)+AB(A1BI_A4B4)+BA2A8(1—A2)
=B (=B 2(1 +A2)2(1 <5 -

g = _ AwtAAs +B(A1p+Ads,) AA A3+ A2454,+B(AA 14,4 A24,4,)
s 31+ A% (I—BF) . 21 +AD%(1—B?)

_AZBI+AA3BB4+B(ASB1+AA2BB4)_ By, BByB,
(I +AB)(1—B2)e N1—B% (1B’
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Bte — Ago+ Ag3+2B(A g3+ Byy)+24 BB,
1= 2(1+ A%)(1 — B?)
AzBa+A3Bz+B(Asz+AsBs)+BlB4(1+BZ)+4iBf(1+BZ)
1+ A2)(1—B2)2
A(A34 A +2AB(Ag A3+ A1 By+ A4, By)
2(1+A?)2(1—B?) ’

gt A Add, | By —BBy+A(Biy—BBy)
2= 31349 1A% 21+ A2)(1— B
| BByB—B*ByBy+ A(BB\By—BB:By) | AyBi+A4,BB,+ A(A4,BB,—A,B)
(1 +A%)(1 =Bz 2(1+42)%(1—B) ’
R Ayg AA4,44 +Bz4—-BB34+A(B12—-BB13)

87 3(1+A4%) 201+ A2t (14 A4%)(1—B?)
 BB:By—B2ByB,+ A(BB\By—B2B,\By) | A3B1-+A4:BBy+A(44;BB, — 4,3,)

2(1 + A%)(1— B2)2 (1 AD2(1—BY)
gt e AA,Ay  2BBy+ A(Age+Agg) +24 B(A s+ Byy)
S T4 T (1A 31+ 42)(1—B%)

Bi(14B2)+ A(A3By+ A3 Bs) + AB(A By + A3 By) + AB1By(14 B2)
I+ A7)(1—B2)?

A4 A4 2B(A0 A5+ A,B— A4, B,)

- (1 +A2)2(1—B?) . C .. .. (24
3. Fierp Equations By =0
In cases (i) and (ii), the field equations
REO .. .. .. . .3

lead to flat space-time.
In view of the field equations (3.1), the case (iii) gets subdivided into two

cases, Viz.,

Case (iii @), 4 = A(y, ), B = constant,

Case (iii ). A = constant, B = B(z, ).
In case (iii @), the field equations (3.1) imply flat space-time. I case (iil 0),
the metric (1.5) is transformed into the form

482 = —dX2~d¥Y2—dZ2+d124-20dY dZ, .. <o (3.2)
where O = ¢(X, T'), by means of the transformation
A
r == X+ ,7
V1442
y= Y,
z2=2,
1
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The field equations (3.1) provide the differential equation

A/l—_aa-z—d0=kda, (33

where « = X 47, and k is an arbitrary constant. When C is an arbitrary
function, of X +7', we find that '

Prmn =0, .. .. .. .. - (34
and

ijmn _ Rahij:(Sl:nS:—S:si, 3 .. o . (35)
where .
Pjomn = RujuR”

mn®

Hence, for ¢ given by (3.3), the metric (3.2) represents a self-conjugate empty
gravitational field of type 4 by virtue of (3.4) (Roy and Radhakrishna 1963),
This gravitational field possesses the property of being a field of gravitational
radiation (Roy and Radhakrishna 1963). When C does not satisfy (3.3),
but is any other function of X +7, the metric (3.2) repesents self-conjugate
non-empty gravitational field of type 4 with zero scalar curvature by virtue
of (3.5) (Roy and Radhakrishna 1963).

In view of the field equations (3.1), the case (iv) gets split up into two
cases, viz.

Case (iva). A =0, B= B(y, z),
Case (ivb). 4 =0, B= B(x, t).

In the former case, the empty space-time turns out to be flat, and the latter
case is the same as case (iii b).

4. FieLp EQuaTioNs RY = Mt
The conditions

R =gk, R O Y|

A being the cosmological constant, lead to flat space-time in case (i). In
case (ii), these conditions provide two equations :

A14 AA1A4 _

1+42 (14422 A, . e - (42)
By , BByB,
—pta—pE = oo 89

On taking A4 = A(x+t), B = B(y+z), and substituting sinh ¢ for 4 and
sin ¢ for B, the equations (4.2) and (4.3) reduce to
d '
——=d . .. N
A/ ¢42A sinh ¢ * (.4
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and
dy

——=df .. .. .. .. 4
AV EF2X sin & A #.5)

respectively, where ¢ and %k are constants of integration, and « = x4,
B = yzxz The equations (4.4) and (4.5) are integrable in terms of elliptic
functions.

5. THE ELECTROMAGNETIC DISTRIBUTION

The field equations for regions containing an electromagnetic field but
no matter are:

R = —8nEF, . .. .. . .. (1)

(A =gFw), =0, .. .. .. .. .. (6.2)

(F[J.V)0+(FIIU)’.L+(FU“)V =0, .. . .. (53)
where

BY = —FroF,q+3g"F*fF,p .. .. .. (54)

Here EY is the electromagnetic energy tensor and F,, the electromagnetic
field tensor.
Case (). A=A, y,21t), B=0.
From (2.4), we have R;+R}=0. Consequently from (5.1) and (5.4), it
follows that :
B +E = “IF 42{ Fr9)2+4(Fy3)24(F24)2+ (F3)% = 0.

Hence Fi3 = F13=F, = F;, = 0. From (5.4), the only non-vanishing
components of B! are found to be )

(F1g)? | (Fa3)®

1_ gt g2 g 1a) | es)”
El“E4— Ez Es 2(1+Az) 2

The field equations (5.1) reduce to

: (F14)?
Rl=R|= —Rl= —R)= —417; 1+22+(F23)2},]

(5.5)
Rf=0wheny,+-v.
Vanishing of R}, R}, R} and E; gives -
Ay = ¢y, 9V 1+ 42, . (38
Ay =1(y, )V 1+42, RN X

where ¢ and 5 are arbitrary functions of y and z. From (5.6) and (5.7), we get

Azz—'Ass—-(g—j 31')\/1+A5+A(§2—n2). .. .. (58
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Equation (5.8) together with B2 = R} gives

#-3)_ v
3y~ 3 /1442 .

Thus two possibilities arise:

Case (i @). If ¢ and » in the equations (5.6) and (5.7) are functions not
identically zero or at least one of them is not identically zero, then it follows
from (5.9) that A4 is a function of y and 2z only. The equations B = 0 and
R, = 0 give Ay = Ay = 0 so that 4 is a constant and the space-time turns
out to be flat.

Case (i b). If ¢ and % vanish identically, then from (5.6) and (5.7), it
follows that 4, = A3 = 0 so that 4 = A(x, t). Equating B to zero, we get
_‘;‘i{fg =0, L (510)
The only non-vanishing component of curvature tensor is Ry4;, which vanishes

in view of (5.10). Thus the Einstein-Maxwell field equations lead to flat
space-time in this case.

Case (i1). 4 = A(x, t), B = DB(y, 2).
From (2.4), we have Ri-—-—Ri = 0 and Rg—Rg == (),

Ay,

Consequently, from (5.1) and (5.4), it follows that
(F12)2 4 (F13)24- (Fgy)2 +(F34)2 - 2B(F 1o F 15+ FoyFgy) =0, .. (5.
(F12)24 (F3q)2~ (F13)2— (Fp4)2+24(F1pF gy —F13F3,) = 0.
We consider the following three particular cases:

<t
—
f—
~

=
1o
2

Case (ii @), We assume that F;, and Fj; are the only non-vanishing
components of ¥,,. The only non-vanishing components of B are
Vgt g2 s (F1g)? (F33)?
by=8=—b=-b= 2(1442) " 20—=B2)’
Thus, the field equations (5.1) reduce to

R =R'= —R'= ~B = —dn % ﬂfjiﬁ?ﬁ:} (5.13)

The equations (5.2) and (5.3) admit the solutions
Fuu=kVITAs, - .. .. .. (514
Fo3 =14/1—B¢, o (31B)

where k and [ are constants. In view of (5.14) and (5.15), the field equations
(5.13) become

Ri=R}= —R.= —R,=m, e .. (B.16)
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where m = —47(k?412), a constant. With the help of (2.4), the equations
(5.16) may be written as

A 4 . ‘4.14.1(’:'.4 _ N
1+]A2—(1+A2)2_"”’ .. .. .. {3.1T)

Bos BB,B; o

1“——55-{-(1—*—?2;5 =m. . v ‘. . (t).lb)

If we take 4 = A(x4t) and B = B(y+2), then the substitution 4 == sinh ¢,
B = sin ¢ reduces (5.17) and (5.18) to

R By
A/ a%2m sinh ¢

dis i
o = df, .. .. .. (8,20
4/ bE2m sin ¢ B (5.20)

where o = xt, B==y+z, a and b are constants of integration. The
equations (5.19) and (5.20) are integrable in terms, of elliptic functions.

‘ase (1 b). We assume Fy, Fp; and Fy, to be the only non-vanishing com-
ponents of the electromagnetic field tensor. In view of (5.11) and (5.12), Fy,
and F3, vanish, and hence the field equations (5.1), (5.2) and (5.3) reduce to

F14 = k'\/l+A2.

Ay _ A4,
14427 (14422~ 0

Byy | BByBy
—pta—pE =%
where k and ¢ are constants, and ¢ = —4xk2 These differential equations

are similar to (5.17) and (5.18).

Case (ii ¢). We assume Fjp, F,3 and Fg to be the only non-vanishing
components of the electromagnetic field tensor. In view of (5.11) and (5.12),
Fy5 and Fig vanish, The field equations (5.1), (5.2) and (5.3) lead to

Fyy =1n/1-B,

"114 . ¢4.A1A‘1_1 "'"d
I+d2 (144227 7
Bys | BB,Bs

gt a—mE="

where | and d are constants, and d = —4#i2. These differential equations
are similar to (5.17) and (5.18).

It has been verified that in all the three cases (ii ), (ii b), (ii ¢), the electro-
magnetic field is uniform (Bertotti 1959).
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Case (iv). Let 4 = 0, B = B(z, t). In view of (5.1) and (5.4), the scalar
curvature R must vanish. It is easy to see that R = 0, provided B = B(x+t).
Hence we take

A =0, B=B@+tl). R - 1)
The non-vanishing components of the Ricci tensor may be written as

_ BB"  B*1+BY
1-Be T 201 —B)2’

Rl = —R,= +R.= TR} (6.22)
where an overhead dash denotes ordinary differentiation with respect to the
argument x4+t Here and in what follows the upper sign corresponds to
B(z4-t) and the lower sign corresponds to B(x—t). From (5.1), (5.4) and
(5.22), it follows that F;y = Fa3 = 0, and the only non-vanishing components
of F,, satisfy the relation

Fip= FFoy, Fig=FFy. .. .. .. (523

In view of (5.21) and (5.23), the field equations (5.2) and (5.3) are identically
satisfied. All the four eigenvalues associated with the electromagnetic energy
tensor turn out to be zero, and R]’:Rfc =0. Hence the metric (1.5), with
the metric potentials (5.21), is compatible with a null electromagnetic field.
Since

R, RY =R, RI(5:8°—8.8),

hijk™ " mn akjk™" b
therefore this is a case of a null electromagnetic field whose gravitational
field is self-conjugate of type 4 (Roy and Radhakrishna 1963).
In order to get a uniform null electromagnetic field, we impose the
conditions (Bertotti 1959)

Fij;k=07 . .o . .. (524:)
where semicolon denotes covariant derivative. A solution of (5.24) is obtained
as .

Fip=Fi3=FFg = FF3 =118, .. .. (5.25)
where [ is an arbitrary constant. The field equations (5.1) reduce to only
one differential equation, viz.

BB’ +B'2(1+B2)

1-B¢ " 2(1—B?)2

where k = 16712, For B given by (5.26), the metric (1.5) represents a uniform
null electromagnetic field.

=k, ce .. .. (5.26)

6. THE PERFECT FLUID DISTRIBUTION
The field equations for perfect fluid distribution are
By = —8n{(p+p)vuvy—gwlp —p)} . .. (6.1)

where ,
gPY = 1, .. - - .. (6.2)
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R,, is the Ricei tensor, v, is the flow vector, p and p are the proper density
and proper pressure respectively.
In cases (i) and (ii), the metric does not admit a perfect fluid distribution.
Case (iii). A = A(y, 2), B= B(z, t).
The components of R, satisfy the relation
AB{(R13)2—(Rsy)%— (Ry12)2+(R34)2} +(1 —A2BY)(R 3 Ryy —~ R12R3y) = 0. (6.3)
From (6.1) and (6.3), we get
2+ (@i=v) =0. .. .. .. (64)

Since v, % 0, therefore either p-+p = 0 or v, = +v;. The relation p+p =0
contradicts the perfect fluid hypothesis. If v, = ev;, where e = %1, then
from (6.1) it follows that

Rz = eRy3, Ryy=eRyy, Rgp = Ry

which lead to the relation A, = ed; Thus we may take A = A(y+z).
The values of p and p are given by

1+ B2)B®
—8n(p4p) = B L+ *}

= BZ)(1+A2){B‘4+2B(1—32)

B (1+B?B;

T OB+ 49 {B“+23(1~Bz)}
24B { Brag L +Bz)BlB4}

T (1I=By)(1+4?) W 9B(1—B?2)

_2a4” 24 { (1—-42)4
(1—eB)(1+4%)  (1—eB)(1+42) +24‘1(1+A2)}

_ 2—cB { B B
(1—B2)(1+ A42) “T 1B
B B,B
-— (eBll 1— BZ) +2A (6B14 IB;) }
B;—B!424B,B, 2472
"~ (1=eB)(1—B?)(14+4%)  (1+A422(1—¢B)’

1 { B}
AFeB 1549 | (QB“' 1—32)

B? B,B
—(BBH 1 B2)+2A(EBI4 i 11;2) }3

where an overhead dash indicates an ordinary differentiation with respect to
the argument y+z.

Case (iv). 4 =0, B= Bz, 9,2, f).



322 : SHARAN: DEVIATIONS FROM MINKOWSKIAN METRIC

From (6.1) and the relation Ry, = Rgy, we get
(p+p)(i—vi) =0

which leads to the conclusion that

Vg = ey, .. .. .. .. (6.5)
From (6.5) and (6.1), it follows that
Ry = eRys, . . . .. (6.6)
Rgy = eRyy.
Equations (6.6) admit the solution
B =sin {wd(y+e2)+i(y, 2, 1)}, .. .. .. (6.8)

where ¢ and ¢ are arbitrary functions of their arguments. In view of (6.8),
the equation (6.7) yields 14+eB = 0 which cannot hold. Hence the metric

does not admit a perfect fluid distribution.
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