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The pressure-induced flow of an elastico-viscous electrically conducting
incompressible fluid between two relatively moving plane porous walls in
the presence of a transverse magnetic field has been discussed. The
magnetic field helps in delaying separation, The elastic elements in a
viscous liquid quicken the tendency to separation. The tendency to sepa-
ration is delayed with the increase of suction velocity at the plate whereas it
is quickened with the increase of injection velocity.

1. INTRODUOTION

Cramer (1959) considered a ‘Couette-type’ flow of an incompressible
viscous fluid between a stationary flat surface and a flat plate moving at a
uniform velocity relative to the fixed surface with uniformly distributed
suction or injection at the fixed surface. Lilley (1959) solved the same
problem in a rigorous way. Rammoorthy (1962), Agarwal (1961) and
Rathy (1963) have considered Cramer’s problem under the influence of a
uniform magnetic field transverse to the plate. Kaloni (1962) has recently
solved Cramer’s problem, replacing a viscous fluid by an -elastico-viscous
fluid. In this paper we consider Kaloni’s problem under the influence of a
transverse magnetic field. -

2. FoRMULATION OF THE PROBLEM
The constitutive equations of an incompressible elastico-viscous fluid are

rj.+)ﬁj.=2pd}, .. ‘e .. oD

where q-; is the extra stress tensor given by
SJ’. =7, — psj .

A is the elastic parameter having the dimensions of time, p is the coefficient
of viscosity and d;: is the rate of strain tensor defined as

2dy = v, 3+vy, ¢
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The term ?-; appearing in (1) represents the rate of stress tensor, which,
according to Truesdell (1955), is given by
~

. . . ;
R ) 13 sk — ik I
= +'r’.'k'v*+1'jv'k ¥y, k=10,

Maxwell’s equations

ColH=J, .. .. .. . (@
Cul =0, .. .. .. .. (3
GvB=0, .. .. .. .. @
Ohm’s law
J = o[E +V x B), PN )
where ‘
- B—puH O ()

and ¢ is the electrical conductivity and p. is the magnetic permeability.
The continuity equation for the velocity field is

divV=0 .. .. . ..

Measuﬁng x-axis along the fixed plate and y-a:xis normal to it, from (4) and
(7) we have
B, = congtant = B, . . .. (8

v == constant == ;. . .. .. (9
The momentum equations become

du dp Or, 01

p00@=—a+ax+-a~y——Bon, . . . (10)
0 = —a—y+—a;+—a-!7+B=Jz. .o .o .o (11)

Using (9), equation (1) gives
x dT: du .
'rz+A['vo 2— 1"] =0, .. .- .. (12)

dy Ty
dr du ] du
x i AN g = g ——
-r,+)«[vo i S (13)
ar’ -
1';+A1Jo'd—y¥=0. .o . .e .o (14:)

Equation (14) shows that 7} = 0 is a particular solution of this equation.
Therefore, putting ) = 0 in (13) we get

du

dr
-r;+/\‘v0 -l-i—z-:-‘ = F«@ . (16)

2B
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Further, we assume that a constant pressure gradient exists in the z-direction,
say,

— 9—2 = constant = P.
ox

Since 7, 77 are functions of y alone, (10) and (11) can be written as

du dr,
ond_y =P+—d7y -.FQHOJZ, .. .o . (16)
0
0=— —aly,+p,Hon. N ¢ k)|

Since the fluid flows in the z-direction and the magnetic field is along the
y-direction, the electric current flows only along the z-direction. Hence we
have

3=EJZT
dH :
Jz = - -d—yz = U[Ez'l'uBo—’l)oBz]. ‘e .o . (18)
E; = constant = H,. .. . .. .. (19)

By virtue of (18), equations (16) and (17) reduce to

du

}'
PvO@_P-l' +F'G‘HO d .. . . (20)
O=—a'_p_F.H,.___£ . . (21)
py ~HeHs " ..
From (21) we have
p=ax-—éme,

where « is a constant.

d+
Substitution of the value of i from (20) into (15) gives
z du
T, = (I‘—,\Pvg) @+Av.,p,ﬂo —(E’+,\DOP. .. .. (22)
Differentiating (22) with resPect to y we get

= (p— '\P”o)d 2+/\ oﬂ,HodH’. . (28)

- - —
T 8ince H has two components Hu{y) and Hy(y) and Curl H = J, we have

: dH
J.‘l=0,J’ O&Dng——""E'y:

—_ - -
and J = §Jp+5Ty+BJx gives J = kJs.
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Elimination of Ty between (20) and (23) gives

d2H, dH,

(F‘ Apvo)d 2 P’Uod +AUO}L¢HO d ) + eHo +P-—~ 0. .. (24)

Eliminating » between (18) and (24) we have

5 R def
(1— K-2) d-s — 5 [R+Rn (1 —Kv§)+KSRm]_a§§

2 dH
—(S—vO)RR,,,,‘—ﬁ —RR,P =0 e . (29)
and we have from (18)
= 1dH
i = P — 55— —FK, .. .. .. (26
u Yo -R"l dy ( )
where
Upa wHy B, U2
B=—p Ba= Ubeoa, 8= T B = w,UHY K =Tn

P—P 5P, Hy=HoH, y=aj, u=Uda, vg= Uby,

U
U being the uniform velocity of the moving plate which is at a distance a
from the fixed one.

For a viscous liquid K = 0 and from (25) we get

d3H d H 5 dH

which is the equatlon (26) of Aga.rwa.l S paper.
Further, we make the following substitutions in (25) :

Ef:=K', Riy=FR, Rutp=R,, 8= §2
v
[
when it takes the form
(1-—K') d 5 -[R'+R (1"K)+K'S'Rm]d—g§
—(S'—=1)R'E,, ‘fi—{l —R'R, 1—5_ ce e 21

0
Boundary conditions to be satisfied by @ are
d=0aty= 0}
i=laty=1
The boundary conditions to be satisfied by H will depend upon the orien-

tation of the electric and magnetic fields. In the problem under consideration
we use the condition

(28)

H=0 when §=0 and =1 . .. (29)
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which is also equivalent to the vanishing of H on either boundary together
with the total eloctric current
f J . dy.
y=0

3. INTEGRATION OF EQUATIONS
If 8" # 1 and K’ 5% 1 and m,, m, are the roots of the equation
(1=K')m2—[R'+R,(1—K)+K'S'R, Jm—(& = )RR, =0, .. (30)

then the solution of (27) consistent with the boundary conditions (29) on
magnetic field are

H = Blemi—1) Fo(enim1)— L7

(8" ~1)
Substitution of the value of H from (31) into (26) gives

(31)

, - , _ PR i
[B(Rm—m])(emv/-—l)-l-O(Rm—mz)(emzy_l)_ !%%yl)]
0

P
=&
_P
72(8'—1)
From the boundary conditions on H and % we have
P

B Omg—~ ————— +ERy =0,
m1+ my 155(S'—-1)+ m

—Rl—[Bm1+0m2— +ER,,.]. .. (32)
m

and

_P
(8’ —1)

(my—mg)(e™—1)

m mg

B=-—

P
"'+'2(S'-1) !

(my—my)(e"2—1)

Separation at the fixed wall occurs when
PR

Bmy+0my)R, —(Bm}+0m2) = —"—.
(Bmy+COmg)R, ~(Bm; +Cmy) AE—1)
When K’ = 0, we recover the corresponding equations of Agarwal’s paper.
If K’ = 0 and 8’ = 0, we get equations obtained by Lilley in the absence of
the magnetic field. -
When 8’ = 1 and K' 5% 1, equatlon (27) becomes

d3H
) =% e

(R'+Rm) d‘2 —-R'R, 1; N € 2)

0

(1-K'
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and H and 4 are given by

- PRR o
H = Bj—C[1—exp (B))]—; (R+£ ;4 e (3
and
1o (KR 4R ., PRRy, _(2—B.§
=5 [BR,,,!I+0('—1:—K—,—) {1—exp (By)}+ R’+B’y( 3 )], (35)
where
— PRR’" 1 — 1 +1ﬁ
T R'+E (2 .3) B’
PRR,,: —R,,
R'+R,
B(exp f—1)

The condition for separation at the stationary wall is
2B[(R'+E,)(E'R,+R)+R, (1 —K'exp (B)—1}]

, : , ... (36
o O L [E(B+E ) 12K +2R -2 (KR +&) &Y

where
R'+E,
ﬂ - 1= KI .
When 8’ # 1 and K' =1, equatlon (27) gives

. dH
”m d—
whose solution will contain two arbitrary independent constants and they
can be determined from the boundary conditions on H. When this value
of H is substituted in (26) from one boundary condition on velocity field we can
got E, but there is no freedom to satisfy the other boundary condition. So
we cannot get a solution when K’ =1 and 8% 1. If 8 =1and K'=1,
with the same arguments we can conclude that a solution is not possible in
this case. ,

When the pressure gradient is zero, i.e. P = 0, we have from (34) and (35)

1. [ER '+

R’+R'S’ +(S’-1)R'R ——+RR,P =0,
dz

and
H = Bj—C[1-¢f9],
where '
B="Fn
and A
R
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4, INTERPRETATION AND DIscussioN or REsSuLTS

In this section we shall study the tendency of separation of the fluid
due to an adverse pressure gradient and give the results in tabular forms.
For this we give the values of the expression on the right-hand side of (36
.when ’

R=5, 8=1, K=100; 03; 0.6; 09

and for positive and negative values of #,. Values of PR when Rn = 0
correspond to the case when S’ = 0.

From Table I it is found that in a viscous liquid an increase in the suction
velocity decreases the tendency of separation and an increase in the injection
velocity increases the tendency separation. Also if R, increases then the
tendency of separation decreases. This was also the conclusion that was drawn
by Agarwal.

Tapre I
Values of PR when R = 5,8 = 1 and K = 0-0

Bn
0-0 01 03 06

o
—0-5 —3-9504 —3-90660 —3-9955 —4-0253
—0-3 —31115 —3-1175 —3:1302 —3-1429
—0-1 —2-3465 —2:3475 —2-3492 —2:3504

01 —1-6810 —1:6818 —1-6832 —1-6852

0-3 —1-1353 —1-1437 —1:1602 —1-1785

0-5 —~0-7199 —0-7434 —0-7892 -0-8336

In an elastico-viscous fluid, from Table II, ITI and V it is observed
that the presence of the elastic elements in a viscous fluid quickens the
tendency to separation. The tendency to separation is delayed with the
increase of suction velocity at the plate whereas it increases with the velocity
of injection. If R, increases then the tendency of separation decreases.

TasLe IT
Values of PR when R = 5,8 = 1 and K = 0-3

Ba
0:0 0-1 0-3 05

]
—0:5 -3-7927 —3-8323 —3-8631 —3-9963
—03 —3-0431 —3-1033 ~3-3780 —3-4287
—-01 —2:3140 —2-3211 —2-3391 —2-3460

01 —1-6049 —1-8139 —1-6432 —1-6792

03 —1-1234 —1-3385 ~—1-1590 —1-1642

0-5 ~0-8042 —0-6283 —0-6436

—0-6832




334 MISHRA : COUETTE-TYPE FLOW OF AN ELASTICO-VISCOUS FLUID

Tasryg IIT
Values of PRwhen R =58 =1and K = 06

Bm
0-0 01 03 05

o
—0:5 —3-6952 —3-8120 —3-8472 ~3:9132
-03 —3:0201 —3:0633 —3-2783 ~—3:3981
—-0:1 —2:3062 ~2:3070 —2:3161 —2:3372

01 —1.2743 —1-6084 —1-6371 —1-6525

03 —1-0052 —1-0246 —1-0587 ~1-1532

05 —0-5156 —0-6211 —0-6668 —0-7497

TasLe IV
Values of PR when R = 5,8 = 1 and K = 0-9
Ru :
0-0 01 03 05

;’O
—05 —3-5572 —3:6745 —3-7581 —3-8563
—0-3 —2-9375 —2:9873 —3-2340 —3:3342
-01 —2-2737 —2:2939 —2-3062 —2-3237

01 —1-2512 —1-5962 —1-6282 —1-6430

03 —1-0041 —1-0125 ~1-0253 —1:1455

05 —0-3973 —0-4362 —0-5327 —0-6451
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