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The author has proved a theorem on the absolute Riesz summability of the
conjugate geries of a Fourier series which extends a theorem of Sinha (1958)
and generalizes a theorem of Bosanquet and Hyslop (1937).

1.1. Let A = A(w) be a continuous, differentiable and monotonic in-
creasing function of w in (K, o), K being a positive constant, and let A(w)
-> o0 with w. Let Za, be a given infinite series. We write

Co(w) = Z {Aw)=A(n)}*a,, o >0.
n<<w

The series Za, is said to be summable | R, A, & |, & > 0, if the integral

f | AL Coe0) A,

where A is a finite positive number, is convergent,
Now, fora > 0, m <w <m-1],
d . aX (w) a-1
Eﬁmwmmmq_mmﬁTgiww—mm A1)

Hence summability | R, A, |, &« > 0, is equivalent to the convergence of the
integral
a0
J.

This definition, though apparently more restrictive, is in fact equivalent
to the standard definition (Obrechkoff 1928, 1929) from which it has been
obtained by defining A suitably at non-integral points and by a change of
variable.

1.2. Let f() be a periodic function with period 2 = and integrable (L):
over (—m, =), and let the Fourier series of f(t) be given by

) (w)

)+ Z {A(w) =)} A(n)ay | dw .

fty ~ tag+ > (ay cos nt+by sin «f)
2
= Aa(t)
0
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then the series conjugate to the Fourier series of f(¢) is given by

0

Z (b cO8 nt—ay, sin nt)

1
1 .
Throughout, we shall use the following notations:

P(t) = H {f@+t)—flz—1)};
¢
Yu(t) = ﬁ fﬂ (t—u)*Y(u)du, oe>0;

pat) = e+ 1)t *¥u(l) ;
Polt) = 4(t) ;
e(w) = exp {(log w)' *A*};
E(w,t) = Z {e(w)—e(n)} ~le(n) sin nt;

n<w -

g{w, u) =f (t—u)=%E(w, t)dt;

(F), = (-aa—t)P ).

2.1. In 1951, Mohanty obtained the following theorem concerning the
absolute Riesz summability of the conjugate series of a Fourier series:

TeroREM A. If
(i) $1(+0) =0

and
™

() [ 1og Fld0] < e
0

then the conjugate series ZBy(t), at ¢ = z, is summable | R, ¢ (8 w? g,

Generalizing this result of Mohanty to the case of absolute Riesz sum-
mability of the type exp {(log w)'*1/*} for positive integral values of a, Pati
(1954) proved the following theorem:

TarorEM B. If a is an integer > 1 and if

(i) $(+0)=0
and

T

@ [ 1og¥ a0 <,
0
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then the conjugate series ZBy,(t), at the point ¢{ = x, is summable
| R, exp {(log w)'*1*}, a1].

Later on, in 1957, Pati further improved upon this result by replacing
the order of summability by the more precise number « -8, § > 0.

Sinha in 1958 obtained the following more general theorem which yields,
as a special case, the above theorem of Pati.

TreOREM C. If « is an integer > 1 and if

i) o +0) =0
and

" B
) | (1og) 1apte <

then the conjugate series ZBy(t), at the point ¢ = =z, is summable
| R, exp {(log w)ltB/x} a-8],
where 8 > 0 and 0 < B << 1.

It is clear that this theorem of Sinha does not give us any information
regarding the absolute Riesz summability of the conjugate series when
0 <a < 1. Moreover it restricts the value of 8 to lie between 0 and 1, i.e.
0 <B<1. The object of this note is to obtain a theorem for the case:
0 < & < 1, which may also be free from such restriction on .

2.2. In what follows we shall prove the following theorem:

THEOREM. Let0 <a <land B> 0. If
(i) Wo(40) =0

4 B
i [ (i) |22 <
0

then the conjugate series ZBy(t), at the point t = x, 15 summable

and

3

| R, exp {(log w)i+Ble}, v| for every v > a.

It may be remarked that on account of the equivalence relation: |C, «|
~ | R, m, a|, our theorem includes, as a special case for 8 = 0, the following
theorem of Bosanquet and Hyslop (1937):

TueorEM D. If0<a <1,

(i) ¥u(+0) =0
and
1@ _

(i) -

0
then the conjugate series ZB,(f), at the point ¢t = x, is summable| C, v| for
every ¥ > «.
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3.1. The following lemmas are required for the proof of this theorem:
LeMma 1.*  Let

Fw,t,p,s8) = Z {e(w)—e(n)} ~le(n)n® (cos nt)p,

"< w

then for [v] = 0 and B > 0 we have

P
F(w, t, p, s)= z 0 {f’_’*'l—"j e(Wwyws-r+1+1 (log w)(}’—l)ﬁ/ot}

I=0

p
+ Z 0 {t’”‘P 1 ¢ e¥(wyw -7+ (log w)‘)’p/a}

i=0

1 1\s+PH

+0 [t—y e (wyw=Y (w— ;) (log w78 {Jog (w-—-l/z)}—ﬁ/a]

s+p
+0 tv+1 e¥(w)yw-? (w-— %) (log w)¥Bl%{log (w— l/t)}‘ﬂ/“] .

LemMa 2 (Matsumoto, 1957). If v > 0 and s+p—+1 > 0, then we have
Pw, 1, p, s) = Ofe?(w)ws+P*1 (log w)- B},
Lemma 3 (cf. Bosanquet 1935). If —1 <a <0, 8> a and
(i) Pas1(1)eBV(0, 7)
(i) Popa(+0) =0,
then Wg+1(t) is a Lebesgue integral, Wg+1(-+0) = 0 and for almost all ¢ in (0, 7)

‘.PB():) = f(—ﬁl:;) fo (t—u)ﬁ-“—ld‘l’a“(u).

3.2. Proor oF THE THEOREM. Without loss of any generality we can
assume that 0 < &« <y < 1. We have

By(x) = ;2r f Y(t) sin nt dt
. ;

and we have to prove that

* (log w)B/*

J E(w, )y(t)dt
4]

* This lemma is essentially due to Matsumoto (1957). The only change here is the presence
of an additional estimation, namely, the last one, which is missing in his lemma.
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Since ¥,(+0) = 0, we have by virtue of Lemma 3
” m i
1 —-a
fo E(w, t)yt)dt = fo E(w, t) Fi=% fo (t—u)~*dWPqu(u)dt

1 w 7 » l X
= Fi—a) jo AW () J.,, (t—u)~*E(w, t)dt = ri=s jo d¥e(u)g(w, u)

1l i), BB ur
= i3 J e (log?;) ———-—1 g 000 ).
(o¢2)

0

Therefore, we have to show that

r* (log w)Bla J*‘” | dW¥e(u) | (log k

” ﬂ—?—‘?—i (w, w)jdw < o0
w e¥(w) u* u) l_cBg ’
v o4 0 (Ogu)

or

B[g(w, u)|dw < 0.

(1 u(w)] (| K\ (log w)Blx  u”
ux (Og&)f werw) [,k
T ()

[(122090 1 5]’ <

o
0 w

Jo
Since

by hypothesis, it is sufficient to prove that
® (log w)fle  po

J wew) [ k)
4 ( og

uniformly in 0 < u < =
Now we shall estimate g(w, ).

ﬁ[g(w, u) | dw = 0(1),

ko

m u+n'1
g(w, u) = j (t—u)"%E(w, t) dt = f +f = I, +1,, say.

u+n‘1
Using the first mean value theorem, we have

'u+n'1
Iy = f (t—u)""B(w, 1) dt

utn—1
= Z {e(w)—-—e(n)}y'le(n)f ! (t—u)~* sin nt dt

n< w

u+n‘1
= Z {e(w) —e(n)} ~e(n) sin nﬁf t—u)""dt,u <0< utn"
n<w %

= Z {e(w)—em)} ~'e(nm* ! sin n8

"< w
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= - Z {e(w) —e(n)}* " te(n)n* "% (cos nf),

nlw
=0{F(w, 4,1, a~-2)}, 0 <u<m

Applying second mean value theorem, we find

I, = f (t—u)""E(w, t) dt
u+n=1

= Z {e(w)—e(n)} ~e(n) fﬂ (t—u)"* sin nt d¢
# <l w u+n‘1

y-1 o ¢ .
= Z {e(w)—e(n)} " e(n)n f sinntdt, udn 1 < ELm,
<l w - u+n‘1

=0 {F(w, u, 0, a—1)}4O0{F(w, u, 1, a—2)}, 0 < u < =.
Therefore

(3.2.1) g(w, u) = O{P(w, u, 1, «—2)}+ O{F(w, u, 0, a~1)}.
Let
w A ) k)f’/“
u*  (log w)fl® ( €%
J B eV (w) [g(w, u)|dw = J‘ +J , where r = —
(o2 e
= L1+L27 say.

Since a > 0, by virtue of Lemma 2 and the result (3.2.1), we have

g(w, u) = O{e¥(w)w*(log w) Fl*}

and hence
~

L1=0.2 (]0: ) de“‘ldwj = 0(1).

Also, with the help of (3.2.1) and Lemma 1, we find that

1

1 bl S —
g(w, u) = Z O{aﬁ—l:—,ey(w)w“ 1 7+l(10g w)(y 1)5/a}

l=01
Z { prrrevay (w)wa-2—7+z(log w)yﬁ,’d}

€ (w)w'y(w-—l/u)“(log w)"ﬁ/“{]og (w_]/u)}‘ﬂla]

Bla
bt eI

= 91+92+93+94: say.

366
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Now, when | = 0,

1 -1- -
g1 = 0{ 1 yey(w)w“ ! y(log w)(y 1)5/01},
so that

@K ( ) ‘}

w*  (log w)Ple | 1 1 1 |

J ( k)ﬁ we? (w) lgrldw =0 1 wit7=o ( k)ﬂ by (log w)yﬂ/“dw§
' . T

loga log’t—t
E\Blx\ ) 7Bl
u
=0 AT = 0(1),
(o)

since

E\Bl
e
log (-{j——)/(logS) = 0(1),

uniformly in 0 < % <.
In a similar manner we can easily show that

J ( u’ (logw)ﬂ"’“lgrldw=0(l),

kB we¥(w)
lOg E)

for r=1, with I =1, and r= 2, 3, 4. Hence L, = O(1), uniformly in
0<u<<m.

This proves the theorem for 8 > 0.

When B = 0, we find that Lemma 1 is not applicable for the evaluation
of L,. 1In this case, since wu > 1, it is easy to see from (3.2.1) that

[eZel]
n << w

g(w, u) =0 { Z (w—n)” - 1n% sin nu}

and

. . 8in
(w=n)"0* " nu = O{utu~-7}.
n<w-1 cos

Hence with [w] = N

«© ut @® @®
f sy 9w, w)|dw =0 { w“"l““"u“"ydw}+0{f uFw-1-Y
1/u

1/u 1/u

X N*(w — N)Y=1dw }

= 0()+0 { ﬂ?‘J. [0}~ 1~ Y{w]%(w —{w])Y ~1dw }
! 4
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® N+1
= 0(1)+0{ N“'l"‘f (w—N)""ldw}
NZI N
= 0(1)+0{ Z N""l'”} = 0(1). since ¥ > «.
N=1

This completes the proof of the theorem.
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