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'The space I" of all integral functions is considered as a topological algebra
under Hadamard multiplication. The algebra is a semisimple algebra
with continuous quasi-inverse. Closed ideals obtained enable us to show
that it is a dual topological algebra. The fact that it is a commutative
semisimple algebra with continuous quasi-inverse is used to obtain all
minimal ideals. The algebra turns out to be the countable direct sum of
all its minimal ideals. The algebra is completely continuous., The primi-
tive ideals (which coincide with maximal regular ideals) are obtained.
The set of primitive ideals under hull kernel topology is shown to be a discrete
space. The set of primitive ideals is again given a topology similar to that
of Gelfand topology for a commutative Banach algebra. This topology is
also proved to be discrete. Each closed ideal is shown to be the inter-
section of maximal regular ideals containing it. The family of closed ideals
is viewed as a lattice. The lattice is proved to be a complete Boolean
algebre with atomic basis,

1. INTRODUCTION

The space of integral functions denoted by I’ has been studied by
Ganapathy Iyer (1948, 1960) as a locally convex Fréchet space. In this
paper, following Iyer’s definition of I" as a topological algebra under Hadamard
product, we investigate the ideal structure of I For the concepts of quasi-
inverse, dual algebra, algebra with continuous quasi-inverse, maximal regular
ideals, primitive ideals, minimal ideals, etc., we refer to Naimark (1959). Most
of the unproved statements are obtained by appealing to a few results on
topological algebras given in Naimark (1959).

2. THEOREMS

Throughout the paper I' denotes the space of all integral functions
endowed with Ganapathy Iyer’s metric,

d(“: B) = 11—3}7
where a, B are integral functions and where
(2.1) Ja]=1.u.bfag!, |@s]|¥" n > 1]

aa being the coefficients of «(z) = z anz®.

=10
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The Hadamard product of two integral functions « = Z ap®, B = Z b,z
#w=1_ n=10
is denoted by wof and is given by

(2.2) aofl = Arbpe®.
» nZO

The circle product of « and B is defined by the relation,

(2.3) o B = a+B+aof.
Let A denote the set,
‘- A=1{%, 8, ...8, ...,
where
dp=20,n=0,1,2,3,....
Evidently [«o8] < |«]|8].

We shall denote by I'(c) this topological algebra. It has no identity.
The relation |«of| < [«]{B]| shows that I'(c) is a complete metric ring in the
sense of Kaplansky (1947). A complete metric ring being a ring with conti-
nuous quasi-inverse (Kaplansky 1947), I'(c) is an algebra with continuous
quasj-inverse.

It is easy to see that the necessary and sufficient condition for an element

o= Z apz®el(c) to have a quasi-inverse is that a,# —1 for all n. If

n=0

o= Z azztel'(c) is a non-zero element of I'(c) there is an integer n, with
n=10

-1
an,# 0. Given any arbitrary scalar A, by taking B(z) = (a- —)«)z"" we see that
0

A+ Boa cannot have a quasi-inverse and hence no non-zero « can be properly
nilpotent (Naimark 1959, p. 164). Hence I'(c) is semisimple.

Every closed ideal M of I'(c) is the closed linear manifold generated by
the subset of A determined by M. Conversely the closed linear manifold
generated by a subset of A is a closed ideal. The maximal closed ideals are
of the form L(Ax) where Ay is the subset of A obtained by omitting only &
from A and L(Ag) is the closed linear manifold generated by Az (Ganapathy
Iyer 1960).

Let M be a closed ideal with M = L(E), E being the subset of A deter-
mined by M. It is easy to see using the fact that I'(c) is a topological algebra
that the annihilator of M = L(E) is precisely the closed ideal L(A—E). M
being arbitrary we see that I'(c) is an annihilator algebra. The above relation
clearly shows that I'(c) is also a dual algebra.

The next few statements are consequences of the established fact that
I'(c) is a semisimple annjhilator (dual) algebra with continuous quasi-inverse.
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They follow from general theorems given in Naimark (1959, p. 320) regarding
semisimple annihilator algebras with continuous quasi-inverse. Minimal ideals
in, I'(c) are closed.

It is clear that in I'(c), A is the complete system of mutually-orthogonal
irreducible idempotents. This shows that if aol'(¢) is a minimal ideal in
I'(c), then « is one of the elements of A and that all the minimal ideals of I'(c)
are of the form 8;0I'(c), k=0, 1, 2,.... We now have the following

Theorem 2.1. The algebra I'(c) is the (countable) orthogonal direct sum
of its mintmal ideals Sxol'(c), k = 0,1, 2,3, ... .
Proof: Let « = z anz®. Then
=0
208 = agdpedrol’(c) and o = s‘ (x08g)
k=0

If k £ n, Sgol' (c)N8p0l'(c) = ().

This proves the result.
We need the following

Lemma 2.1. Let M be a regular ideal (Naimark 1959) of I'(c) and u the
identity modulo M. Then the neighbourhood | u—o | < 1 of u does not meet M.

Proof : I'(c) being an algebra with continuous quasi-inverse the neigh-
bourhood U(f) = [a/ael(c), |a| < 1] has the property that every element y
in it is quasi-invertible. Hence if ju—a| < I, then u—a, a—u are quasi-
invertible in I'(c). Let (a—wu)!=1v be the quasi-inverse of «—wu. Then
u== —vo(l—u)-toao(l-+v). Herev(l—u)eM and if aeM, (14-v)oxeM, and hence
ueM which is impossible if M is proper. This completes the proof.

Theorem 2.2. The closure of every proper regular ideal M is proper. All
maximal regular ideals in I'(c) are closed and are of the form L(Ag), k=0, 1,
2,3..., where Ar = O—38; and L(Ax) is the closed linear manifold generated
by Ay

Proof : The first two statements follow from Lemma 2.1. That all maximal
regular ideals are of the form L(A ) follows from the fact that they are closed
and hence should be of the form L(Aj) if they are to be maximal. The
identity modulo L(Az) is 8x. (The result also follows from the fact that I'(c)
is a semisimple dual algebra with continuous quasi-inverse and hence the anni-
hilator of a minimal ideal 8;oI'(c) is the maximal regular ideal L(aAy)
(Naimark 1959, pp. 320-321)).

The semisimplicity of I'(c) follows also from Theorem 2.2. by observing that
the radical is the intersection of maximal regular ideals and hence in I'(c)

the radical = sz L{&g) = ().
=0
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Theorem 2.3. Ewvery closed ideal in I'(c) is the intersection of mazimal
regular ideals containing it.

Proof: Let M be a closed ideal in I'(c). Let E be the subset of A
determined by M. Then M = L(E) where K = U §,, J being an indexing set

. ieJ
(Subset of positive integers). The maximal regular ideals containing M are of
the form L(Ay), k¢J. Clearly M = N L(Ax) = L(E). This completes the proof.
reEy

I'(c) being a commutative algebra an ideal is primitive if and only if it is

maximal regular. Thus the primitive ideals of I'(c), since they coincide with
maximal regular ideals, are of the form L(Ak), k= 0,1,2,.... We need the
following

Definition 2.1. A topological algebra R is said to be completely continuous
if the transformations

Ly:2—>ax,Ry: 2~ za are completely continuous operators for all aeR.

In I' every continuous linear transform into itself is completely continuous
(Krishnamurthy 1960, p. 652). The inequality |aoB| <|a||B| shows that
I’(c) is a completely continuous algebra.

For any topological algebra the structure space m is the set of primitive
two-sided ideals endowed with the hull kernel topology (Naimark 1959).
For I'(c) the structure space m coincides with the set {L(Ax)/k=0,1,2,...}
of maximal regular ideals.

Theorem 2.4. The structure space Wt = {L(Ax)/k=0, 1, 2,...} of
primative ideals (maximal regular ideals) of I'(c) ts a discrete space under the
hull kernel topology.

Proof : We shall show that for any non-empty set S, § = S.

For proper 8, let the elements not in § be denoted by L(Ax,), e/, J
being an indexing set. The elements which are not in § are those maximal
regular ideals L(Ag,) where Az, omits only 8., reJ. If M and N are closed
ideals with M = L(E), N = L(F), Eca, F cA then MNN = L(ENF). Hence
k(S) = kernel of S = intersection of primitive (maximal regular) ideals in
8§ = L(U8,).

TEJ

Thus S = hk(S) = set of primitive two-sided ideals containing
k(S) = {L( A ky)[l4T} = 8.

The above statement follows since every maximal regular ideal can omit
only one 3; at a time and no element outside § is an element of A%k(S). Thus
for arbitrary 8, § = 8. Hence M is discrete.

We now endow m with a topology similar to that of Gelfand’s weak topo-
logy for the carrier space of a commutative Banach algebra. We prove
Pprecisely,
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Theorem 2.5. Let W = {L(Ax)/k=0,1,2,...}. Forany

|l|

Z agz®el(c), define

(2.4) a(l{Ag) =ap, k=0,1,2,....

Let My = L(A)) be an arbitrary element of 0. For this element the neighbour-
hood basis at M is given by

L(Ax) flesI{Ap)—us(L{AD) ] < €
25 '
(2:5) N(Mo) = [ / §=12,...,ne>0 ]’
where the finite number of elements o, . . ., an vary in I'(c) and e > 0 also varies.

The topology defined on W is discrele.
Proof: (2.5) clearly defines a neighbourhood system and hence a topology.
To show that the topology is discrete it is sufficient to show that every single
point set is its own neighbourhood. Let the arbitrary point be M, = L(A)).
Consider the neighbourhood

(2.6) [BU(L{Ag) =3 UL(AY)| < € .

for an ¢ << 1. The only L({ A) satisfying (2.6) is L(A;) since if k£ 1, 8;[L(A )]
= 0 and (2.6) becomes 1 < ¢ which is a contradiction. So every M, = L(A1)
is its own neighbourhood.

Remarks on-Theorems 2.3, 2.4 and 2.5. Tt is of interest to know in any
topological algebra R, whether every closed ideal can be expressed as the
intersection of maximal regular ideals containing it (Rickart 1960). Theorem
2.3 shows that for I'(c) the result is true. For a completely continuous
Banach algebra (not necessarily commutative). Kaplansky (1949) has proved
that the structure space is discrete under the hull kernel topology. If the
Banach algebra is in addition commutative, the structure space (carrier space)
consisting of (primitive) maximal regular ideals under the Gelfand topology
is also discrete as the Gelfand topology is always stronger than the hull kernel
topology. The result, however, is not yet known to be true or not for B,
algebras (locally-convex, complete, metrisable topological algebras). I'(c)
is a non-normable B, algebra. The significance of Theorems 2.4 and 2.5 lies
in the fact that the above results are true for I'(c) though I'(c) is non-normable.

In a topological algebra the closed left (right) ideals form a lattice under
the inclusion relation. In general, it is not possible to say more about the
lattice. For the concepts of atoms, atomic basis lattice isomorphism, Boolean
algebra we refer to Birkhoff (1948). We prove the following theorem for the
commutative topological algebra I'(c).

Theorem 2.6. The closed ideals of I'(c) form a complete Boolean algebra
B with atomic basis. The atoms of this Boolean algebra B are precisely the
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mintmal ideals of I'(c). The maximal elements of the Boolean algebra B are
simply the maximal regular ideals of I'(c). This Boolean algebra B is lattice
isomorphic to the Boolean algebra of subsets of the set 8 where S consists of all
manimal ideals of I'(c).

Proof: The closed ideals of I'(c) under the inclusion relation obviously
form a partially ordered set B. For two closed ideals M and N of I'(c) we
define, i
(2.6) MV N = lattice sum = the smallest closed ideal containing M and N.
(2.7) M A N = lattice product = the intersection of the ideals M and N.

Clearly B is a lattice. If M = L(E), N = L(F),

we have MV N = L(EUF), MAN = L(ENF).

The above arguments show that B is also a complete lattice. Further
B is distributive, for, let

" K=LE),M=LF),N=LG),E F, Gca
be any three elements of B. Then
MAMVN) = LE)ALF)VLG))

= L(E) A(L(FUG))

= L(EN(FUQ))

= (L(E) NL(F)V(L(E) A AG))

, = (K AM)V(E A D).
The zero element of the lattice B is the ideal (0) and the element 1 of B is the
whole I'(c) = L(A). We shall adopt the convention that (6) = L(¢) where
¢ is the empty set. The lattice B is complemented. For any element
M = L(F), Fc A, M! the complement of M is defined to be M* = L(a —F);
that this definition gives complement is seen from
MAM! = LF)N(I(A—F)) = LEFO(A —F)) = L(¢) = (6).

Thus Bis a Boolean algebra. That atoms of B are minimal ideals is seen easily.
Also maximal elements of B are maximal regular ideals of I'(c). The atoms
are thus 8yol'(c), k=0, 1,2, 3,... Every element of B is the lattice sum of
atoms L(8;) = 8yoI'(c). Hence B has an atomic basis. (This also follows from
a general theorem that every complete atomic Boolean algebra has an atomic
basis). Finally the general theorem (see Birkhoff 1948), ‘A complete atomic
Boolean algebra is lattice isomorphic to the Boolean algebra of the subsets
of the set of atoms’, gives us the corresponding result for I'(c).
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