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The ground states of the bounded hydrogen atom, the bounded hydrogen
molecular ion and the bounded linear harmonic oscillator are investigated by
the variational method, using & trial function which is particularly suitable
for large values of the boundary parameter. The results are found to be in
close agreement with those derived earlier by the method of boundary
perturbation.

InTrRODUOTION

Although in the usual treatment of elementary stationary state problems
in quantum mechanics no restriction is imposed on the size of a system, for
some purposes it is useful to consider a caged or bounded system by requiring
the wave function to vanish on the surface of a finite region of space. One
may, for instance, approximate to the effect of high pressure on atomic and
molecular structure in this manner (Michels et al. 1987; Sommerfeld and
Welker 1938).

With the new boundary condition, however, an exact calculation of the
properties of a system is, in general, a very difficult task, and recourse must
be had to approximate methods. Two such methods are the theory of
boundary perturbation and the variational method. In a series of recent
papers (Singh 1959, 1961, 1964), we have shown how difficulties arising in the
theory of boundary perturbation (Frohlich 1938; Dingle 1953) may be over-
come in order to make it applicable to the treatment of large bounded systems
which are important for the calculation of effects of moderately high pressures.
In this paper we investigate the ground states of some of the bounded systems
by the variational method. The calculations are all based on the physical
expectation, borne out by our study of the theory of boundary perturbation,

that for large values of the boundary parameter ¢, the wave function ¢
should be of the form

¢=¢O'f(§): .o .o . . (I)
where ¢, is the ‘unperturbed’ wave function (corresponding to & - o) and
Sf(¢) vanishes at ¢, and fast approaches unity for £ < . In order that the
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variational integrals may be exactly evaluated, we have chosen f(¢) of the
form

fO =Q—e~Sk-8y . an
with S as the variational parameter.

In § 1, the ground level of the encaged hydrogen atom is computed using
the trial function (I). For the radius of the enclosure greater than four times
the Bohr radius, the values of the emergy obtained are in good agreement
with those obtained by the perturbation theory and by other methods. In§2,
calculations are performed for the ground level of the hydrogen molecular
ion enclosed in a spheroidal box. The results found are considerably better
than those derived earlier by Cottrell (1951) and show good agreement with
the results derived by the theory of boundary perturbation. In § 3, similar
conclusions are reached for the bounded linear harmonic oscillator.

§ 1. TuE Enxcrosep HYDROGEN ATom

The Hamiltonian for the relative motion of the electron in a hydrogen

atom is
H=—(V2+2/r), .. .. .o .. @)

where we use atomic units (Bohr radius a, as the unit of length and (e?/2a,)
as the unit of energy). According to the variational principle the ground
state energy K of the system is approximately given by
_ [ty
fyridr
where  is suitable trial function. For the enclosed hydrogen atom, iy = 0
for r > r,. The ground state wave function is a function of r only, so that
writing

, U

u(r) = ry
we get from (2) and (1)
L
dr2
3)
f u*udr
0
For u we make the choice
u = yy(l—e=Stry=n) .. . .. o)
where
Ug = re” 7 . . . . .. (5)

is the unperturbed ground state wave function and § is a variation parameter.
Substituting (4) in (2), we obtain

S2P—25Q

AE=E—E, = B ’

(6)
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where ¥, is the unperturbed ground state energy,
P=A4—-B

Q =P+D—~C O £ )
and

2,
R= %{ ?—2-0 —-(r§+ro)—%}—(P+A).
A, B, C, D are given by

ry—2C
=852
r§—2D
T 28—2
0= (8_1‘2)‘2 {(S—2)ro+e-5-Ar0—1}
D= ‘('é‘gl_*sz{(2S~2)To+e~(2s—2)'°—l}.

The minimization of the energy shift A K with respect to § was carried out
numerically by calculating a few values of AE in the neighbourhood of the
expected minimum and then passing an interpolating polynomial through
these values. The final results are given in Table I along with those obtained
by the method of boundary perturbation (Singh 1961). For r, > 4, agreement
between the two results is seen to be remarkably good.

Tasre 1

Variational and perturbation-theory results for the ground
state of the bounded hydrogen atom

N AE AE

0 (Vartational) (Pert. Theory)
3-0 0-1521 —
4-0 0-03346 0-0302
50 0-00717 0:00702
55 0-00325 0-00321
8-0 0-001446 0-001438

7-0 0:0002747 0-0002746

§ 2. TEHE HYDROGEN MOLEOULAR IoN IN A SPHEROIDAL Box

Ignoring the finiteness of the masses of nuclei, the Hamiltonian for the
hydrogen molecular ion is (in atomic units)

H = __Vz__z(l.]__l_) +%’ .. .. .. (8

&1 T
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where ry, 7, are the distances of the electron from the two nuclei and p is the
inter-nuclear separation. Introducing the confocal elliptic coordinates
(f’ 7” ¢)’ Where -

_Tit1ry _n—r
¢ = o 1= raniEe . .. R )]
and ¢ is the azimuthal angle, we can write (8) in the form
4 0 g 0 d
—_ TNl @
B=-rmE—p [af E-Dgtsm -5

£2—n? jz_]__ 8¢ 2
Te-na-mepl " ee—mte o o (0

The variational expression for the ground state energy is
* 4 bd * 4 bd

E=N ddr _ 4 ”‘l’7+g, . an

[¥*dr [o*pdz P

2 .
where H, = (3:L - ;), dr is the volume element, given in confocal elliptic co-

ordinates by
dr=%3(§2—n2)d§dqd¢, L

and the integrals are over an appropriate region of the configuration space.
For the normal ion (¢ = 0 at o), Bates et al. (1953) have derived wave
functions and energies for the ground state and a few excited states by exactly
solving the Schridinger equation while Cohen ef al. (1959) have performed
variational calculations over a wide range of p using for the ground state the
trial function
P = e~/ cosh (q9/2), .. .. .. .. (13)
where o and g are the variation parameters. On comparing their energies
with the exact values obtained by Bates et al., Cohen, Judd and Riddell
found that the error on the whole is about 3 parts in 10,000.
For the bounded ion we use the trial function
P = (1 ~e—S€e-§), .. .. .. .. (14)
where i, is the unperturbed wave function for the ground state and S is the
variation parameter. As the exact y; is too complicated for the calculations
to be carried through, we use instead of it the approximate wave function
(13) obtained by Cohen ef al. Our trial function thus is
¥ = e-2€/2 cosh (qq/2) . 1 —e-Sle-£)) .. .. .. (15)
with « and ¢ as tabulated by Cohen ef al.
Substituting (15) in (11) we get

4 8
_ 2 (A1A2+A3A4)——.F AgAs 2

= ce .. (18
E Aade—AA, +P’ (16)
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where
dF\2
A= L =D (dg) o
1
A2 = fsz],
-1
[
Ag = F2dé¢,
1
1 2
- e gif)
A -f"WM“’ )
o
Ag= Erede,
1
£o
Ag = | &2F%¢
1
and
1
Ar= | 2%%n;
) ~1
the functions F(¢) and f(7) are given by
F(§) = e-afl2— -8, .. .. .. (18)
f(n) = cosh (gn/2), R ¢ 1)
where
B = 8—(/2). T 6:21)

The integrals A,, 4, and 4, are independent of & and simple to evaluate.
We find

A2=(1+sinqh£1) M 1)
i 2
gy=pfeom e &y
q 6
and
inhg 2 inh
4, =2 7 q—-? (cosh q—s—q—-g)+§~ .- - (23)

Evaluation of the remaining integrals is tedious but straightforward. Results
obtained for them are as follows:

Ay= Ayt Ady, .. oo . .. (24)
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where
e
Aluo=§ (14+1/q),
Ady = e™0{—by+2(0,+b)} 5
o« B af
o=(-0;-5-%)
— 1 - -
bl _ _§0(2 ‘y2)+(a13 750 1)+ 2B fo 1))
B) aB —y(Eo-1)_ ¢ ~2léo-1)
ba= ( +Sﬂ+>’3 AT T8 ’
A3=A3°°+AA3, ..
where
A300 = e—a/a:
_ —ag 1 2 2 -ylg-1_ 1 -2B§o-1
ady=e [( ~xtop 7)+(ye 2,3 .
Ay = Ago+ 045,
where
e—a
A = (141/a),
Adg = —(by+dye™*0;
1 1 2 2 1
RSN Pl e — 2 mrlbo-1) L~ o-2B(6p-1)
bs'-‘go(a 2}3+7)+( ,ye riso +2‘Be 0 )’
1 1 2 2 _ _ 1 _ -
by = (;ﬁ+@_)ﬁ)+()ﬁe o 1)-—4—326 2B(¢o 1)).
A6=A600+AA6’ .-
where

Ao =2 (1424 3)

Adg = e~ %o[bs—2(bg+b7)],
by = 50 ( _'_2§ —_ ‘;') ( e~ Y€o-1) - _5-213 (§0-1) ),
=t i),

1 1,2 EURTI - -
by = (&_3__8_354.;5).*_( 3¢ viéo 1)+ ﬁ e~ 2Bl 1))_

7 in the above expressions is given by

Y= (8=~a);
6
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(26)

(27)

(28)
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Ai,, is evidently the value of 4; in the limit £, — co. Substituting for the
A’s in (16) we can write

E=FE,+ AR, .. .. .. .. (29
where E,, is the (variational) unperturbed value of E for ;> o0 and AF is
the increase due to the finite boundary. The expressions for E,, and A K are

Ay 2
‘Ew = E"‘F»
(A—I’——A—f) G )
Goo boo (1%
or (- 23
(‘+73';)
where
8 4
o = S Asdsn— 5 (dindytAzedy), .. .. .. (D
b = AgAdge —Agadr, .. .. .. .. .. (32
Aa:%Az AA5—§§(A2 AAFA LAY, .. .. (33
and

A b = Az A Aﬁ—-A'; A Aa. (34)
For a given p and &,, £ is a function of the variation parameter S and we
need its minimum value. The minimization was done as explained in § 1.
The numerical work becomes extremely tedious on a desk computer, and we
have therefore calculated E ., for four sets of values of p and £, only. The

TasLe 11

Variational and perturbation-theory results for the ground state of the bounded
hydrogen molecular ion

E Difference

Plo P (Variational) (Pert. Theory) (B Var.—E Pert.)

© 2:0 —1-20488 —1-20525 0-00037

© 195 —1:20464 —1.20503 0-00039
10-8 2:0 —1:20444 —1-20470 0-00026
100 2:0 —1-20356 —1-20381 0-00025

9-2 1-95 ~1:20139 ~1-20166 0-00027

8-4 195 —~1-19621 —1-19659 0-00037

results are given in Table IT together with the values of E obtained by the
method of boundary perturbation*. It will be seen that agreement between
the variational and perturbation-theory values for the bounded ion is as

* Singh 1964.
6B
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good as that between the variational and exact values for the free ion. A
-comparison with the results derived earlier by Cottrell (1951) shows that
the energies calculated here are far more accurate than those obtained by him.

§ 3. Tar Bouxpep LinEar HarMONIC OSCILLATOR

For the linear harmonic oscillator, the Hamiltonian is

B2 42

ﬁ‘ = — 2m dx2+lmu32x2 .. . .. (35)

Introducing a dimensionless parameter
£ = (2mw/h)t. x .. .. . .. (36)

and measuring energy in units of %w, (35) can be written in the form
a2 9
H=—ggti® .. . . .. ()

The unperturbed ground state wave function has the form
o = e~ 14, . Y 1))
For the bounded oscillator the energy of the ground state is given by
£o
[7 wr(- riee)uae
E=""h s e e (39)
[* omgae
-0

where ¢ is a suitable trial function vanishing at the boundaries ¢ = +¢,.
As before we assume ¢ of the form

‘/’=‘/’0(1—3-s(§§_£2)) R 211

with S as the variational parameter. Substitution in (39) yields

2 §0 2
287 [ 5 pggp (1))
E—E, = ~£o , .. (41)

£o
f e"£2/2(1 (£2 g)) d§
-£o
where E, is the unperturbed energy. An exact evaluation of the integrals
in (41) can be done only numerically. We, however, note that the choice

8 = } gives .
zgoe""fi l_lf oe*(fz‘f:)dg
o
E_Eoo = . 3

J‘fo e ifs(l _ei(fg-fﬁ))zdg

_fo
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which, for large values of ¢,, may be written as

E-—Ew_":(2/7r)4foe‘*§§(l—§§+0(-;4)). L (42)

This expression for the level shift is the same as that derived by the theory
of boundary perturbation in an earlier paper (Singh 1959) and, as shown
there, gives fairly accurate results.

We may finally conclude that the trial funetion (I) is quite suitable for
performing variational calculations on bounded quantum mechanical systems.
A problem which we have not considered here but which is of actual physical
interest is that of the enclosed helium atom (de Groot and ten Seldam 1952).
It is hoped that a trial function of the form (I) would yield accurate results for
this system also.
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