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The principle of Laplace transforms has been applied to obtain the mecha-
nical response of a piezoelectric annular disk owing to an impulsive voltage.

1. INTrRODUCTION

The problem of ascertaining responses—mechanical and electrical —owing
to assigned inputs in transducers is of considerable importance in ultrasonics
and acoustics. Such problems have been worked out from the point of view
of circuit theory (Mason 1948). But these problems, being the outcome of an
interaction of electrical and mechanical fields, should be solved by the appli-
cation of well-known principles of continuous media. The recent papers
of Redwood (1961a, b) may be cited as efforts in this direction. Redwood
has confined his discussion to transducers in the form of a plate and a bar.
A mathematical analogue of this problem may be one where mechanical
response is to be determined in a transducer in the form of an annular disk
and this has been attempted in the present note. The solution has been
facilitated by the use of Laplace transforms and under suitable assumptions
similar to those of Redwood. Finally, the mechanical displacement of the
inner boundary of the disk has been determined for large values of time for

an impulsive type of voltage (electrical) input. .

2. DgRrIvATION OF THE FUNDAMENTAL EQUATIONS AND
Bouxpary CONDITIONS

To investigate the mechanical response owing to a prescribed time-
dependent electrical input, i.e. of an impulsive type, we develop, first, a relation
connecting the variables representing mechanical and electrical fields. We
choose the mechanical (radial) displacement u as the mechanical variable
and the electrical voltage V as the electrical variable. To simplify the algebra,
we assume the disk to be open-circuited. Referred to the usual co-ordinates,
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the equations of piezoelectricity (see Mason 1950) describing the interaction
of the above two fields are

du %

T,- = Cllﬁ; +612‘; ""hDT . . . (1)
du u

To=c1e ar +011; —~hDr . .. .. (2)
du w) K Dr

Er:h(a—;—;)'F? .- .. “a .. (3)‘

where (7'r, T'y) are the components of stress, D, is the radial component of the

electric displacement D, (1, C1; are the elastic compliances, » the piezoelectric
constant and e is the permittivity.
The equation of motion in the radial direction is given by

0Ty Ty—Ty 0%

This equation becomes, on using (1) and (2),

0%2u lou u h éDr p 024

7 T e TR T o o oy 0 e )
(Gauss’s equation - .
div D =0
in polar co-ordinates (r, 6) becomes
oDr 10D6
or Trag =0

Assuming the disturbances to propagate in the radial direction, we have, from
the last equation,

Therefore (5) gives
iy aTger o o o O
k3
p .
As we have to obtain, finally, % for an input of ¥, we must solve for  from

the above equation. If 4 be the Laplace transform (of parameter p) of w,
then

where

wr, p) = f Vg, t)e'é‘di (»>0).
0
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Hence, taking the transform of (6), we have
dta 1da pz 1Y _
@ Nﬂ“(ﬁ ﬁ)“-“
Solving,
@= Al (%T—)+Blc1 (%’) R ¢ )

where I, and K, are Bessel functions of imaginary argument and of order
one, A and B are constants to be determined from boundary conditions.
From (3)

= da a\  Drf
m=—d$—ﬂ e
Therefore the potential ¥ across the disk is given by
_ 72 _ 12 ’zz
V= f Edr = "'h[(ﬁ')r=rz"'(ﬁ')r=r]]+hf T dr, .. (8)
" "

where we take into account the fact that the disk is open-circuited (so that
Q, the surface charge, is zero and hence Dy, related to §, is zero), r,r, being the

radii of the disk. This is the relation between % and V hitherto sought for.
The equations (7) and (8) constitute the fundamental equations of the problem.

In view of (7), (8) can also be put in the following form, which is convenient
for the solution of our problem :

R PCA LAY
+B{K1(%Q)-K1(p_’?)}]

72
+hU {A Il(f;’/”)+BK‘(f’f”)}er. @
41
In accordance with our assumption, we have
V= Vod(t), 6 1))
where 5(t) is the Dirac’s delta-function. We have, therefore,
V =V, N £ 1))

the Laplace transform of delta-function being unity.
In addition to the condition (10), we assume the boundary of the disk
to be rigidly fixed, so that
(@) =yy = 0. S ¢ 1

Hence (11) and (12) form the boundary conditions, subject to which 4 and B
are to be evaluated.
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3. DETERMINATION OF THE CONSTANTS 4 AND B AND THE DISPLACEMENT OF
THE INNER BOUNDARY 7 = r;

Because of (11) and (12), it follows from (7) and (9) that

Aa/11+Ba12 =0 .. . .o . (13)
AII(I’—;?)+BK1(%) =0, N ¢ 0,
where .
72 ;
a1 =h[11(?ﬁ)+f ﬂ?;r—/—@dr] )
v no !
72
s = h[KI(El)+f Iﬁ(rﬁ'@dr]. ... (16)
v "

Solving for 4 and B, we get, from (13) and (14),

-V K(pry/v)
0" [ay 1 K (profv)— a1l (pra/v)]

1,(profv)

o) ]

If we substitute these values of 4 and B in (7) and then take the inverse
transform of the resulting expression, we get the mechanical displacement «
corresponding to V given by (10). From this, the displacement of the inner
boundary 7 = r; can also be calculated. This displacement, from (7), is
given by

A

(17)

B= _VO'

(18)

@)y =y, = Azl(’—“’f) +BK1(%)

or, by virtue of (17) and (18),
S
_ v v v v
(B)rary = V. .
7
[allKl (p_;)@) —ay2ly (%—2)]

Inverting the Laplace transform, as in Carslaw and Jaeger (1959), we have

() )]
_lj l”1”)1”)1”dp...(zm
Y~io [anKl (%} —ayly (%)]

(19)
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The integral on the right is 2#4 times the sum of the residues of the function
S 7 1 2 i 3 )
pr pr pr. pr Pro "1 (priv)
() =B ()| R
v v v v v n r
2
_11(22) f Ka(prfv) dr]
v " r

lying to the left of the line R(p) = 7. In the last expression we have made
use of the results (15) and (16). The poles of this are at the zeroes of

o= () 1) =0 ) )
o ) e ) [ 2]

Ty a1

\

The zeroes are at p = 1u,, as in Carslaw and Jaegar, where + an(n = 1,2, ...)
are the roots of

[h(“n"]){i Yi(anrs) —J 1(anrs)}

"J](“nrz){i Y, (an'r])—Jl(“nrl)}

HiYalaare) —s(earel) [T ar

T y(anrs) f {i ¥aors) =T a(ary)} d,} o,

r

where J; and ¥, are Bessel functions of first order. The residue at p = tanv is

i o ) (2 on () (2

+hK1 (w) J<1'2 Il(pr/v) dr_hll (])—7‘2) J‘r2 Kl(pr/v) dr}]
v r r v ry r p= iduv

= hi g (41 +iBy),

where

1= [{J 1(@nre) —&ared o(%ar1)} f Jl(“nr) J1&a") 4.

+ {anero(a,ﬂ‘?)—Jl a”rlz)} j Yl(an‘r) ]
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By = {anri{Jo(ears) Y i(anre) ~J 1(anrg) Yo(onre)}

—a HJo{oaars) Vi(@ary)—J 1(@nr1) Yo(2nrs)}
+3{J 1 (@nr1) Ya(xnrz) —J s (anr2) Y (xnr1)}
Jy(anr)

a,r
l(n dr
r

72
+{apre Y o(otnrs) — Yl(oc,,rg)}f
71

+{°‘1ﬂ'2J0(“n72)"Jl(“n"z)}f Jl—(:("—”dr}.

Hence, from (20),
@ . f80 .
te " (A —iBy)[J1(xar) Y (anre) —J 1 (@nre) Y 1(anr
(#)r—r; = Real part ofz (A1 =Bl 1(%ar1) Yi(tnre) =3 (@nre) Va(@ns] 9
ne=1

1
r(4]+B}) (21)

Exactly in a similar way, the radial pressure or circumferential tension can be
determined. But these evaluations as well as the previous one involve the
evaluation of the definite integrals

79 72

f T34 g, and f Yalowr) g,
r r

1 71

This may be done very easily by using the series expansions for J;(x,r) and

Y (xnr) (see Erdeyli 1953). We finally express the result in terms of hyper-
geometric function (Erdeyli 1953).

4. APPROXIMATE EVALUATION OF THE DISPLACEMENT OF THE INNER
BouxNpary 7 = r; FOR LARGE VALUES oF TIME

From (19), which obviously follows from (4),
r .
wh() o))
[auK] (%:2) —a1ely (%—2)]

or, inserting the values of a,; and a,, from (15) and (16), we have

ot Sl

N Y P o

+K, (p—rz‘) f L) g,
v T

1

-11(%?” Ififﬁ/—-”)dr]. @

(ﬁ')r:rl = V0~ X
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To investigate its value for large values of time, we expand it in powers p
(see Carslaw and Jaeger 1959). Since for large values of time, p is small,
in the expansion of the relevant quantities in powers of p, we neglect squares

and higher powers of p. The expansions for 1 1(%) and kl(%) are given by
(Carslaw and Jaeger, p. 488),

r 2m+1
(%)

Iy(prjv) = |
0m! I'(m+2)

”m=

27(7@'12+1 [MZH _1+Z —1]

v=1

Restricting to the kind of approximation referred to above, we can write

a(z) - (%)

pr pr b
a(5) ~ %)+

where @, and b; stand for numerical quantities.

rof

Therefore,
121,
f 1(1;7‘/'0) %p(’z"h)
and - "
72
[ gy (1 2)
" 5] 2
So,
"K 11
I (%2) x f Salerfe) 2 gr ~ oy (71 - ;—2)
61
I b
s () x [0 42
4}
and
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(2-7)

_ 14 re 71

(u)7=71 ~ "ﬁg 5 T2 1 )
(’_1 _’_2)+{’i:11 —rfl_ _1_)}
re Ty Te 2 1 Tey

Le. ~ éﬁ (1+7'2 .

Therefore, taking the inverse transform, the mechanical displacement of the
inner boundary of the disk r = r,, for large values of time, is given by

Hence, from (22),

(u)7=11 -~ ghg (1+%) S(t)

so that we may conclude that an impulsive voltage input emits a mechanical
response which is impulsive, too, for large values of time. This could also
have been obtained from equation (21).
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