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Three variational principles for the hydromagnetic flow equations have been
given, Two of them are restricted principles and one of a general character.
The restricted principles cannot be derived as special cases of the general
principle.

1. INTRODUCTION

This paper deals with the formulation of variational principles for the
viscous, incompressible hydromagnetic equations of flow. The flow is governed
by seven equations: the equation of continuity, three equations expressing the
interaction of the magnetic field with the velocity field (modified Maxwell’s
equations) and three equations of motion (modified Navier-Stokes’ equations).
The magnetic field has to satisfy a supplementary condition that it is diver-
gence free. This is not an independent condition but is a consequence of the
equations of electromagnetism.

Three variational principles have been formulated: two restricted prin-
ciples and one general principle. In the first restricted variational principle
the equation of continuity and the equations of motion are taken as admissi-
bility conditions and the Euler-Lagrange equations of the principle turn out
to be the three equations showing the interaction of the magnetic field and
the velocity field (modified Maxwell’s equations).

‘In the second variational principle (restricted) the equation of continuity
and the three equations showing the interaction of the magnetic field and the
velocity field are taken as admissibility conditions and the Euler-Lagrange
equations of the principle come out to be the three equations of motion of
magnetohydrodynamic flow. In a way both of these principles can be re-
garded as supplementary to each other. For, apart from the equation of
continuity the Euler-Lagrange equations of one principle are the admissi-
bility conditions for the other and vice versa. It is assumed that the quan-
tities involved satisfy all the conditions with regard to differentiability and
continuity (unless otherwise stated) so as to enable the formulation to be
possible. The spatial region within which the fluid motion is considered is of
such a character that the application of Gauss’ Theorem is justified.
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The third variational principle is a general one and does not assume any
of the above seven equations as admissibility conditions. This has been
possible by introducing seven extra variables (apart from the field variables)
to which we have been unable to assign any physical significance. The
Euler-Lagrange equations of the principle are fourteen in number. Seven of
them are the equations of magnetohydrodynamic flow and the remaining
seven govern the extra variables introduced.

2. RESTRICTED VARIATIONAL PrINcrPLE 1

A variational principle for magnetohydrodynamic incompressible, viscous
flow is formulated using a Cartesian frame of coordinates. The equations for
such a flow are *
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The condition (2.2) is not an independent one.
oh; ohy du;
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Here wu;, h; are the components of velocity and the magnetic field, p is the
density, 2; the coordinates of any point of the spatial region occupied by the
fluid, A is the magnetic diffusivity depending on the properties of the fluid, u
is its viscosity. & plays the role of pressure and X; are the components of
extraneous forces acting on elements of the fluid.

In the formulation of the variational principle the equations (2.1), (2.2)
and (2.4) are taken as admissibility conditions and the equations (2.3) are the
Euler-Lagrange equations of the principle.

A connected mass of fluid is supposed to occupy a finite region of space
whose boundary is formed partly of free surfaces and partly of surfaces with
prescribed motions. Forces of known magnitude are supposed to act on the
mass elements of the liquid and on the elements on the free surface. The
time interval of the motion is considered to be from t =t; to t =¢;. The
regions of space which the fluid occupies at times f, ¢, {; are denoted by
Ry, R, R, and the corresponding boundaries by S, S, 8;. The surfaces
8o, 8, 81 are supposed to consist of a finite number of analytic and regular

* Tensor summation convention has been used throughout the paper.
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portions of surfaces. Of these surfaces 8, 8', 8, denote the surfaces of
fixed walls (or walls with prescribed motion), S(:, S, SI denote parts which
are considered free. mio(219, ¥29, ¥30) are the coordinates of a fluid particle
at ¢ = g, Zi1(X11, ®a1, ¥3;) the coordinates of same particle at ¢ = ¢, and
x4(%q, Lo, ¥3) the coordinates at time ¢. D will denote differentiation with
respect to ¢ and in an Eulerian system of coordinates it would mean material
differentiation. We next assume that x;, Dx; are continuous in R -8 for all ¢
in (ty, £;). For brevity we can say they are ‘fully continuous’. D2x; may
possibly have discontinuous character on a hypersurface. Thus we deal with a
motion in which discontinuities of the second order may possibly arise. p,
w and A are supposed constants. The external forces X; are also continuous.
The surface tractions are supposed continuous on S for all £ in (¢, t;). A
quantity will be called continuous (D, 1) when the quantity itself together
with its time derivative is continuous throughout the region considered.

Let the variations in ai(x;, %p, %3) be denoted by U; = duy(U; = 824,
U, = 8xy, Uz = 8x;) and let them be functions of «; and ¢t such that they are
either fully or piece-wise continuous (D, 1) and which vanish for all particles
for t = t, and ¢ = ¢, and which on S satisfy the condition I;U; = 0 where [
are the direction cosines of the inward normal to any element of S. This
implies that the vector whose components are U; is tangential to S and at a
conical point the vector is taken to be zero.

We define the following symbols:

oU, , 0U;
Ay = ’5( oz T om axt) (2.6)
1 (%, Ouy
aﬁ = —%(a—xj-‘-'a—x—i), .. . . .. (2.7)
and
ohy ahj)
by = (ax,+ax¢ ce el (28)
The velocity components are
=D£E{ .. .« . .o . (2.9)
so that
DU; = D8x; = 8Dxy = du;. .. - .. (2.10)

In order to formulate the variational principle we further define the
following quantities: a quantity K (which is the virtual work done by magnetic
forces in the virtual displacement) whose variation 8K is given by

3K=f Bdugdr, .. .. .. .. @211
R
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where dr is an element of volume occupied by fluid and the integral on the
right extends throughout the region R; a quantity L (which is the dissipation
function) whose variation 8 is given by

SL_—Zf ,\Aﬁbﬂd-r-—f udhily 24 S @1

and lastly a quantity 4 (negative virtual work done by surface forces) whose
variation 84 is given by
34 = -—f Xodz; ds = — f XoiUsds, .. . (2.13)
s s

where X,; are the components of surface traction. The variational principle
can now be stated as

i1
j SA+K+L)dt=0. @19
‘o

In order to show the validity of this statement we should be able to
verify that for all arbitrary variations U; = 8x; equation (2.14) yields the equa-
tions (2.3) and in doing so we shall also obtain the natural boundary condi-

tions of the problem.

From (2.11) L t t
1 1
f SK dt = f dt f hiSug dr = f f 7 D(8;) dr db.
tg to R to ‘R

Noting that D and 8 commute and integrating with respect to time by parts

2 151
f SK dt = f [hini]i;dr— f f Dhdx; dr di
t R oY R

(1]

11

since dx; = 0 at t = t, and ¢t = ¢;.
From equation (2.12)

_ [ AfoU;  oUy\ (o ah,) f U,
8L = f (Bx, + axi) (arj+a$1 dr— Ruihj ox. Xy dr

= — f /\[(ng), j+(3$j), t]b;j dr— f uihj(Sxf), 4 dr. .. (216)
R R

Here a comma denotes partial differentiation with respect to the space variable
whose suffix follows the comma.
An application of Gauss’ Theorem gives

f (8ex;), jb{j dr = f [(Sxibq), ,—(Sx,)bg, i dr
R R

= — f Saibysly ds— f Baxibyy, jdr. .. (217)
N R

Th7
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Similarly

f (8y), tby dr = f [(8x5by), «—Basbyy, 4] dr
R o R

- f Swibusly ds— J Seby, jdr, .. (2.18)
S R

for the matrix [by] is symmetric. Also

f uz-h,(Sx‘), i dr = — J ngufhjlj ds— J. S:vi(uihj), jd-r. .o (2.19)
R S R
Thus from eqguation (2.16).

8L = 2A J- b(j, ,Sx.i d‘r+2/\J- l,biiji ds
R S
+ J- (u;hj), ,Szz dr+ J- u;l,h,b‘zi ds
R S

ou.
= J. [,\ v zh‘-{-hj 3:1:5] axg dr 4 J. 81‘[2Aljb¢j+u(hjtj] ds, .o (2.20)
B R . - " S

where use has been made of (2.2).

This gives
(

n Co o ‘ P o
f 8L dt = f dtf [/\Vzhi+hjﬂ]8xid‘r
io R a:l:j

to
i1
+ J dtj-'[2/\ljb¢j+u¢hjl,]8z¢ds. .. (2.21)
to S

Lastly equation (2.13) gives

f Toahy )
f A dt = — j- dtj- Xoidxyds. .. .. .. (2.22)
to s . .

fo
Using relations (2.15), (2.21) and (2.22) in association with the variational
principle (2.14) we get ‘ ' ' -

i1 ) ]
: f dt f Sy 2Abigly+ wihgly— X o) dis
to S

1
'

t1 r . .
+f dtf LYo (Av2h‘+hja—"-‘ -Dlu) dr=0. .. (223)
‘ g YR - 0zy .
'Qince the variations dx; are arbitrary on S (subject to the conditions that the
vector whose components are 8z is tangential to S) and also at each point
interior to R, (2.23) will be satisfied if

A a f ‘Dh,-—h'au‘

S AV =0, .. (2.24)
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at each point interior to R, (D = a+u, a , in Eulerian system) and

Xoi = (Qby+uddly, .. .. .. .. (226)
at each point of §.

Equations (2.24) are the magnetohydrodynamic equations for the inter-
action of the magnetic and velocity fields (modified Maxwell’s equations)
and equations (2.25) form the natural boundary conditions. Thus it has been
shown that the variational principle leads to the required equatlons and
some natural boundary conditions.

3. RESTRICTED VariaTiONAL Prvcrere I1

The second principle is supplementary to the first. The equations (2.1)
and (2.3) are taken as admissibility conditions for the various physical quan-
tities involved and the equations obtained from the variational principle are
the equations {2.4). In order to formulate the principle, the following quan-
tities are defined:

Specific kinetic energy of the fluid = N = § f wui dr. .. (3.1)
R
Taking the variation of N

8N = f wiSug dr = f w(Day) dr = f weD(Sxy) dr
R R R

since D and 8 commute. Integration by parts with respect to time yields

3]
f SN dt = f dr ['u‘a:q]t —f f Du;Sz; dr

to

= —j dt f Dudzydr. - .. .. (3.2)

3M is defined (M is the dissipation function)

SM_--—f Aqaud-r+f hihy == aU‘ dr

— e %f [(8;1;‘), j+(8xj)’ ,-]a” dT+J. h,hj(Szg), de . (33)
R R

proceeding in this way as in section 2 and using (2.1) and (2.2)

2u K duy
SM_—_f 5 (_ h,h)lds f 5 (_v, h )d. . (34
S i . ay+hhy)l; ds+ . xy p g+ hy 2z T (3.4)

Further we define (3B is the virtual work done by external and pressure forces
in the virtual displacement)

8B = J. [Xt—l @]Sx‘ d‘r+f Xoidxq ds. .. (35)
R p 0z s

7B
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Equations (3.4) and (3.5) give respectively

5}

31
f sM dt=f dtf ng(g—“ a,,+h,h,)z,d.s
t, fo § £

9

151
+f dt f Srg(g V2u¢+hj a*-u‘ dr, .. (3.8)
z \p 9z

f
f SBdt_f dtf (X,——»)Bx,dr+f dtf Xodzgds. .. (3.7)
to S

The variational principle equivalent to equations (2.4) is stated as

and

i1
f S(B+N+M)dt = 0. ce e (38)
e
In the case of zero magnetic field, the principle reduces to the D’Alembert-
Lagrange variational principle for an incompressible viscous flow (Flugge
and Truesdell 1955). Substituting the values of the various quantities from
equations (3.2), (3.4) and (3.7) in (3.8) we get

fdtf df[x,—~~-pu,+ vzu,+h,8 J8x

+f dtf [th+ (}lgkj+2—p. au)l,] Sxyds = 0. .. (3.9)
o S p /

Again since the variations are arbitrary on S (subject to the conditions
that the displacement vector whose components are dx; is tangential to S)
and in R the equation (3.9) will be satisfied if

8h¢__ 185 p 0
» Du; ’Ijsz——X;‘;-s—x;-f-;v Uy . .. (3.10)
at each point of B and
2
X,¢+k¢k,l,+-;"aul, =0 A A 0 )

at each point of 8. The equations (3.10) form the equations of motion and
(8.11) the natural boundary conditions. This proves the validity of the state-
ment.

4. GENERAL VARBIATIONAL PRINCIPLE

Millikan (1929) has shown that it is not possible to derive the general
equations of motion of an incompressible, viscous fluid from a variational
principle in which the function L (the integrand in the integral to be extre-
mized called the Lagrangian density function) depends merely on the velocity
components u;, the pressure p and the derivatives of u; with respect to the
spatial coordinates.
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Bateman (Dryden ef al. 1956) has formulated a variational principle for
the equations of incompressible viscous flow by taking L as a function of u;,
p, and four new variables Uy and P. The variation of P gives the equation of
continuity and the variations of Uy give the equations of motion. The equa-
tions for U; and P are obtained by varying s and p.

The method of Bateman is used to derive a variational principle for the
equations of magnetohydrodynamics, (2.1) to (2.4). These equations in-
volve seven unknowns w4, Ay and &, We introduce seven new variables
Us, Hi, and = and define the following quantities:

oU; Uy ou, O
Ay = ( i+___j), ay = %( o ﬂj)

ox; = Oxy Ox;  Ox; 1)
3H, oH. he Ok '
P | e I W | = 1 0
Bﬂ 2 ( Bx,- + axi ), bij : (ax, +axz)

The following restrictions are laid down on the variations of all these
fourteen quantities:
(1) 38U = duy = 8hy = 8H; = 87 = 36 = 0 on 8’ for all ¢. ]
(2) They are zero for all particles at times ¢y and ¢,.
(3) They are arbitrary at ¢ for all interior points of the region R.
(4) 38U, are arbitrary at ¢ for all points on the free boundaries S”, (4.2)
subject to the condition that the vector whose com-
: . ponents are 8U; is tangential to S”.
(8) 8H; = du; = dhy = 8& = 0 on § for all i.

Two second order tensors IT and IT' are defined as follows:

Il = 38y~ 2pay
IT, = —2by (4.3)
i i
‘Now consider the functional ' ‘
= f dt f Ldr+ J. dt J. (plyuety—heh) Ui+ XoiUgl ds, .. (4.4)
where L is given by
o0, 9
L= Aa’1H17+P(Aijui"l'j+“i —at—') +‘n(au‘) —pAyhihy
oH oh; ou) .
—ht 3 +B¢1U +pU1X¢+H¢(’uj—a——z--—hj a—zj) . (45)
We now proceed to show that the variational prineiple \
8J =0, N 1)

where J is a function of the variables wi, Us, b, Hi, @ and = which in turn
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are functions of the parameters ¢ and x;, leads to all the equations of incom-
pressible, viscous magnetohydrodynamic flow and for the auxiliary variables
Uh H‘: m™

(@) Contributions to 8/ on account of the variations in U,

133 ‘1 ,
= — f dt f SU,(Z,Hu) d8—-f dt ds plj(uiu;—h,h;)s U,
to 5”7 to S

3] i1
oll, Bu. ah.
+f dtf dr X~8U—f dtf 50U, 94 puj =2 — ph. ’}dfr

R P R A P

__f dtf a”’SU,-dT. Y,
(b) Contributions to 8J on account of the variations 8H;
oh, Ol ou

—f drf[ L ’+ fax hja;]SHidfr. .. (4.8)

(¢) Contributions to 3J on account of the variation 8

_f dtf a“is dr. e 49)

(d) Contributions to 8J on account of the variations du;, 8% and 8&

=[] ol - Vo) o ) )

oL oL 0 (oL
-+ oh; [ah {'a—t (m) +al‘_1 (ahg j) }] +8w(A“) % .. (4.10)

Taking account of all the variations

=— f dt f ds SU(Ully— X o5) + f dtf aw—df
+f of o ,,,;«;; R
el [ B
o[ G- G ]

+f dtJ‘ 30 As;dr = 0. - .o .. .e .. (411)
t R ,
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Since all the variations are arbitrary, the variational principle (4.6) leads to the
equations (2.1), (2.3) and (2.4) of magnetohydrodynamics and the following
equations for the determination of the auxiliary variables U, H; and =« ;

oL 9] oL a [ oL
a—u‘=a[m] +52-:; [m], .. .. .. (4.12)
oL ol oL o | oL
= [“ak‘, J +5;; [—_aui, ;]’ .. .. .. (4.13)
and
A =0. R 7% V1)
The natural boundary conditions are
Koy = Il L @as)

at each point of the boundary surface.

In the particular case of zero magnetic field the principle (4.6) reduces to
the variational principle of Bateman for ordinary viscous incompressible
hydrodynamics.

The equations (4.12) and (4.13) each can be written as

oU, , 9, aU,] hy o7y 8 gy Om
P['—a—t'+uj'b;j—+"15;‘— +H,a—x‘+pv U:+E(H1HJ)—3‘£: .. (4.16)
and
oH, U, aU,] Uy, o
¥ P[h’a_z,"'h’%,‘ +H,—a-z—t+,\v Ht'l'é—xj(ﬂa?‘j)—o- .o (417)
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