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The disturbance due to an extended two-dimensional explosive source in a
liguid layer of constant thickness lying on a semi-infinite elastic solid has been
obtained in exact terms. The pressure at a point in the liquid and the
displacement at the common surface have been calculated in terms of definite
integrals. An approximate calculation has been carried out to determine
the initial contributions of the different reflected pulses.

INTRODUCTION

The propagation of an explosive sound in water of finite depth was first
considered by Pekeris (1948) who gave the normal mode solution for a point
source in a liquid layer overlying a liquid half-space of different density
and compressibility; the case of a solid bottom was considered by Ewing
and Press (1950). Both of these are approximate solutions, being accurate
at large distances. The exact solution of the problem for a liquid bottom was
given by Pekeris and Longman (1958). However, the exact solution of the
source problem for a liquid layer overlying a solid half-space does not appear
to have been discussed either for a point source or a finite source.

In this paper the above problem for an extended two-dimensional explo-
sive source has been solved exactly by Cagniard’s (1939) method, the pressure
in the liquid and the displacement at the interface being obtained in terms
of definite integrals. In connection with the relevance of these results to the
real three-dimensional problem, it may be pointed out that the theoretical
results of Roever, Vining and Strick (1959) for a line source in a liquid
half-space in contact with a solid half-space are in good agreement with their
experimental results for a point source. The results of the present paper
may therefore be of interest in connection with the disturbances created by
large under-water explosions. )

ProBLEM

. The origin is taken on the surface of the liquid, the 2-axis being taken
along the surface and the y-axis normally into the media (Fig. 1). The
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source, bounded by the lines |z| =a and [y—h| =1, is situated in liquid of
uniform depth H( > % -b) which overlies the elastic half-space lying in the
region y > H.
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It has been shown (Mitra 1959) that the wave-function ¢, representing
the disturbance due to a two-dimensional compressional source in an infinite
homogeneous isotropic medium is the solution of the differential equation

Vio— 2 o = 1@ »HE)

. 0
with initial conditions ¢y = —;i—o =0att=0, and

gz, y) =0, if [x] >aor|y—h|>d
=1,if|z] <aand|y—h|<b;

o is the compressional wave velocity in the medium and H(t) denotes Heaviside’s
unit function. If the Laplace transform is defined by

©

fle, 9, p) = f e Pif(x, y, 1) dt, p real, then -
0
Mitra has shown that

do= — 1 j*‘” f*”ei{c’zmy—h)} sin (£a) sin (nb) at dy 1)
= - ) .
Pleatoo apanps )

This expression for ¢, will be used to represent a finite source. The boundary
conditions are (with usual notations)
(i) gy =0aty =0,
(ii) 7y, gz and v are continuous at the common surface y = H, and
(iii) the displacements are bounded at infinity.
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SoLvTION

To obtain a solution which satisfies the boundary conditions, it is necessary
to consider the wave-functions ¢,, ¢s, ¢ satisfying the differential equations

1 024
V= ae

1 o2

1 o2
Ve =ﬁ722,

where «, «' are the compressional wave velocities in the liquid and the solid
respectively, and B’ is the shear wave velocity in the solid. We assume that
o' > B’ > a; this is true for a layer of water lying on solid rock.

The displacement (uw, v) is related to the wave-functions ¢, ¢ by the
relations

_ 9, 0%
v a_x+53—/’
0 _ %
T T oy or’

and to the stress-components by

—_ cu ov

= 2__9R7y 27 27
~ ,32(@ av) @)
yxr = P, ay-l-a ;

where & = [(A+2&)/p]}, 8 = (#/p)}, A, u being Lame’s constants and p the density
for the medium. Intheliquid, ¢ = ¢y+-¢1.b=0,p=p, @ =a, =0, u = u,,
v = v;, while in the elastic solid ¢ = ¢q, ¥y = g, p = p», a =0a', B = B, u =uy,
V= 0.

Evaluating the integral in (1) with respect to 7 it is seen that

$o o= f " GED) pg, g, p) cos (g2 d,
&p

Jo

where
1 sin ({a)
G, p) = — P et

F(E, 1, p) = (]_-—c).'..[ce*tap(l}"h‘?‘b}.—_e‘ap(l}""'H‘b}];

¢=1, 0 or —1 according as |y—h|>,=or< b, and ap = [£2+ (p?/e?)]* has a
positive real part. Particular solutions of (2), which are finite at infinity and
which with their time derivatives vanish at ¢ = 0, have the Laplace transforms
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$r= f [C, cosh (xpy)+ Oy sinh (xpy)] cos (£x) dé,
0
$o = f Cgexp (—a;y) cos (£x) d¢,
0

Jo= | Cuoxp(~f)sin ),
0
where
a, = [E2+(p2a'D)]h, B, = [£2+(p2/B2)]H

and C,, Cg, Cg, C, are functions of ¢, p which are to be determined from the
boundary conditions. Then the Laplace transforms of the displacement
components are

i _f [ (& v, p) G(£, p)+C cosh (apy)+ Cy sinh (apy)] sin (éx) d,

b= j [3F G(f;P)+u,,01 sinh (apy) +2pCs cosh (ocpy)] cos (£x) d€,

g = f [503 exp (—a;y) —3;04 exp (—ﬁ;y)] sin (éx) d¢,
0

By = f [1;03 exp (—a,y) —£€Cy exp (—B,y)] cos (éz) dé
0

Using equations (3) it can be verified that the boundary conditions are
satisfied if

{eri,o, p)( ) Hoe L0 =0,

s {erre, B, p)—(55) _ ote, 21— 222 (0 cosh (upt)+ 0 sinh (s} |

= poag —(p%+28'2¢2)Csexp ( "“,,H) +Qﬁ"fﬁ;04 exp (—ﬁ,,H )]
0= —254;03 exp (—a;H)+ (¢ +ﬁ;2)04 exp (—B;H),
[(%)y—__HG(f, p)+a:{01 sinh (apH)+Cq cosh (osz)}]
= —apoz;Cs exp (—a H)+£upCy exp (—8,H).

Solving these equations for C;, Oy, Cy, O, and substituting in the expressions
for the displacement and for ¢;, 5, ¥, it can be verified that these quantities
possess the requisite properties of differentiability previously assumed. We
shall now obtain the Laplace inversions of some of the above expressions.
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Pressure at o point in the liguid
The pressure P in the liquid is given by

P= —Plazo,
where
_ aul avl
= $+5§,

§o (L0l f“’ £ sin (£a)
- P . a2 4 p2

cos (éx) dé

p [ sin (£a) cos (¢x)

£ —ollp{iy=hl=b} O {ly-ki+b} __ —oy(yth-b) ot (y+h+d
w2 gaj [oe™% er —e ? —e 1] ag

+

0
2pt J“” {p12, pt—paop A (£2) } (¢, ) sinh (pb) sinh (agh) {20 —e %00} cog () ag
« J ap paip A (£2) cosh (apH )+Px°l;,2’4 sinh (apH))

= I;+1,+14, say,

where -
A(62) = (p2+ 282602 —4p 2 B,
Substituting
BI o éal
p=;',v1=;7,andz=—5— .o .o .. (4)
we obtain
o, =P VITR, £ =T
o o
a;=&p7'\/l+22, Bp =§,— V14222
and
{PgapA(fﬁ) cosh (a,,H)+P1a; pt sinh (OLpH)} -
_ 2 mH < {4 -
P%f5(2) nZO 2ol
where

f1(2) =PV 1422—p, «/@;A(% 22)
fo(2) = PV T2 +pg [T+ 2 A (v, 2) .. (5)
A, 22) = (1420222)2—4p3224/ T4224/ 14 o522,
the expansion being valid for sufficiently large values of p. Using the notation
f@ y.p)=flz,y, 1)
Sy, 0) & @ v, p)
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it is seen that

“ ¢ sin (£a) cos (éx
«2g2 4 p?

) ag = f £ sin (¢a) cos (£z) S22 g,
2
0 0
= I"& [8(; + aut) — 8(wg — af) + 823 —ait)
w —&(zy+af)],
where 8(x) is Dirac’s delta function and z; = 2, = 2—a, 23 = 2, = z}a.
It is assumed that z > a > 0, since we are primarily interested in the distur-
bance at points not directly above the source. We then obtain by convolution

O =

i 1 o H(at—x3)— H(at—z3)]. . .. (8)

Il(zr Y, t) =
We shall now evaluate I,, I;.

L=:i1 f 1 [ > el S OB Y

2ap ™ 2.2
P 0 2(1-+v2?) j=1,84 i=6,7,8

’

4 20 ? -——2— .
+c% ¢ a(cy2J1+vlz +izgy z _e-a(cy5~/l+vl"2+”5"1.f) }]dz
when y—% > 0,
1 " 1 ? — ’ —
1 J *——'—‘{G % —e E("ys,,/l“xﬂ””o"ﬂ)_{_e- a(—cy12~/1+v1z24 i#,91%) }

——Z’—Z—’ " o z(l+vfz2)

PO 16 2, [Triimsin
+ Z (_1)16—a(—yjjl+v§z2+ixjvlz) _ Z (—1)]e a(yJJ1+l12 xyy2 ]dz
i=10,11 i=1s :

when y—#k < 0,
where

Y1 =Y = Y13 = Y1a = y+h+b,
Ye=Ys=Y=yun=y—h-b -

Ys=Ys=Y15= Y16 = y+h—0, .. )

Ye=Y7=1Yp = Y12=y—h+b,

Ty =Tp=27 =Ty =Tg = Ty = T1y =15 = T4,

Tyg=2Ty=x5 = Ty =x11=x12=x13=x15=x+a,
R, and I, denoting the real and imaginary part respectively of the integral

following it. Applying Garvin’s procedure and the convolution theorem,
wo obtain

t
w0 m L=y [ [ S B+e(Fan~Fon) I
B r

0]i=1,3,4

> Fm)} an, }

j=6,7,8



DISTURBANCE DUE TO OCEANIC EXPLOSION OF FINITE EXTENT 429

when y—h > 0,

i
=5 f [""{F o(m) = Fas(m)}+ Fro(n)— Fra(n)
TJ o

16
-2, (-1)’1"’1(1))] dn,

j=13

when y —h < 0,

where
ao0) )
) = I L:'(t)[l +v {z(1)}?] ]H(t—tj)’
ty = yf:xf .

() = Z:? []?/fl ./tz-‘?—"“’it]’
7

j=1,2,3,...,16.

Expanding the reciprocal of the denominator of I; in a power series and
proceeding as before we have

© 4 8 16
1
Ig(w, y,t) = I3 = — o Z J‘ [ GM("))"‘ Z an(’))]d"h
n=0" 0 1 §j=9

j=

where

Gay(t) == Iy, [Gn{": v1, 2as(l)} ﬂz—%@-}] H(t—tgqg),

| S S G0
Gﬂ(V, vy, 2) = z(l-l-vfzz) {fz(z)} ’
ag (6) = v,at,.,{y"f Je=i, —ix,t}, )

bng = Jm/a,
Ynj = (2n+2)H+(—1)7y;,
j=1,23,....,16. )
Therefore the pressure P at a point (z, ¥) at time ¢ is given by
P = —pa?[Ii(z, y, )+ 1a(@, ¥, )+ Is(x, y, 1)), if | 2 [ > a,

where I,, I,, I3 are given by (6), (8) and (9) and ¢ has been defined earlier.

Though there are an infinite number of terms in the expression for I3, only

a finite number of these contribute to the pressure P at a definite instant.

Further, I, and I are continuous functions of ¢ though I, is not. The presence
2
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2
of I, leads to a discontinuous contribution to P of magnitude p—'zoi when

x+ta

|y—h| < b during the period a%-a <t < ; it is thus observable only at the

same depths as the source. A similar result was obtained by Mitra (1962)
for SH-waves.

Displacement at the Common Surface

Substituting the values of 3 and C, in the expressions for #4,(x, ¥, p)
and 9,5(x, y, p) and putting y = H, we get

e shp Jm (p2+2ﬁ'2§2—2ﬁ'2d;1);) sinh (atpb) sin (cjcph) .sin (¢éz) sin (§a) i,
T d, oyl Paep A (£2) cosh (apH)+ Py, p* sinh (xpH)]

o, H, o= — 4p,p8 J“’ o, sinh (xpb) sinh (aph) cos ,(fx) sin (éa) i,
m o oyl Postp A (£2) cosh (otpH)+P1app4 sinh (apH)]

Making use of the substitutions (4) and expanding the reciprocal of the
denominator it is easily seen that

o)

s

_ —-p

dy(z, U, p) =—; ;‘:2 Z RGJ An (v, 1, 2) [Z ( hn;u/l+v1z2+zx,v1z})
0 j =

=0
8 P ——
- Z exXp (—5 {h,;le +viz2+ixjv12})] dz,
j=25

a

® 4
_ —pPya2 z z s
02(x’ H3 P) = alﬂ;ﬂ Imj B‘u (V: Vi, 2) [ ("' = nj l+vlz2+zxjvlz})
n=10 j=1

0

8

—> exp (-—ff {h,,,Jlefzsz,vlz})] dz,

=5
where
hy = hg = hg = hg = h+0,
hg = hy = hy = hg = h—b,
hpj = Cn+D)HH(—1Phy, j=1,2,...,8

Ay, vy, ) = HZE=2VITR VIR i)

———— (10)
'\/l +y2z2f2(z fz(Z)
' VIt (fi(2)
B,(v, vq,
( ! z'\/l +v zlf (z) {fz(Z)}

2B
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and ay's are given by (7), f1(2), f2(2) by (5). Putting

d{z;j(t)} , .. .. (11)
7 H(t—tnj)

Anlt) = Re{An{v, v z;].(t)}

d{z,,(0)}
dt

e

and following the usual procedure we obtain the displacement components
at the interface between solid and liquid; they are given by

225 ] o 2 = 3t

j=1

vo(x, H, 1) —-—&E- Zf {t~—2) [Zan"?)—'iBnl :l

j=1 j=5

By(t) = I,,,{B,,{u, v, 2,0}

us(w, H, 1) = —

(12)

The remarks made earlier regarding the pressure P apply to the displace-
ment components also; the difference is that, in this case, there is no disconti-
nuous term in the expressions for s, vs.

Some of the quantities appearing in equations (10)-(12) are capable
of a simple interpretation. Thus, the #'nj’s are the times of arrival at the
point (x, H) of the pulses from the four corners of the rectangular source after
n reflections at the interface and (n-1) or » reflections at the free surface,
according as the pulse undergoes its first reflection at the free surface or the
interface. [f1{zns(t)}/f2{?ns(t)}] is the reflection coefficient at the interface

for the appropriate pulse.

Initial Motions for Reflected Pulses
We shall now calculate the initial motions due to the reflected pulses,
following Gilbert and Knopoff (1961). Let

0<t—t, < <t,

dzm(t) ® by t

S @A) Vi

which is real.
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Since the branch points of (1 +22)! are connected by a cut along the
imaginary axis and (1422)} is real for real values of z,

‘\/1+z2 R — J ”J:]-f >wn17

_z—A/ ,2,1f - < Wy,

w =
K h +m

Similar results hold for (1 +v222)* and (14v; z)*. Hence we obtain
ReA,.[v, vy, z;j(t)] = R,(wny), where

Rl(w”j) = —————'P”I_an . {Lnj-Mnj—Nnj E"', lf wi % s
ST g+ Mgt Ng) T+ Mast N i<
”
(=2 — Ny it )
= —1—2 ) 2 - [{PMMW"‘QM(Lm'!'Nm)} cos n®
Jl —wﬂj{(L”j+Nﬂ7)2+M”j}n+1
+{QuyM ps+ Ppj(Lns+ N )} sin 6],
. 02 9 o2
g—— < wnj < BTZ s
P2m+an [(Mpj—Ngg) co8 nO+ Ly sin 78],
,,/ —w, i\ Lt (Mg — N ng)?
. 0!.2 2
lfﬁ < w"j 5
w4(—1)n g ol
= @ (@ =3F) = e
where
2
8= ta“'l{ﬁ%} if f <l < p'z’
. " " nj
= tan'l{%dﬂ).} if _a_z < ,w2' ,
L:—~(Mu—Np?) B2~
az
Lpj =P P —wfj s

a4

My =r; [(1~ “’m)ﬁ (,2 Zw,,j) _pzjl-w Phs

2 R
Nng = 2P %{Jl—wf}.@nf )

2 { a2
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982 [ToZ pe;
and Q”"‘FJ 7i— Y ;ﬁ-w:fj
£
. —& by By (wny) .t ,
S fﬁ (t=n)Any(m)dn ~ ——-"é&—z-——"——-cosh 1 (t:)H(t—-tnj).

This gives the initial contribution of the nth reflected pulse to the horizontal
displacement us(x, H, t). As z— o0, wp;— 1 and us— 0.

Similarly, the approximate initial contribution to vs(z, H, t) may be
evaluated. As - o0, v3— 0 g,lso.

, )
. o o o .
We note that since '\/1+22N""A/“72‘ --wi,--»O 8S gy —> —, bhere is
@ o o

practically no initial contribution to vs(z, H, t) from the nth reflected pulse at
ahnj

the points XT3 = m .
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