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The present paper deals with an application of the tentative method in
complex potential theory to the investigation of stress distribution in a
number of problems in plane strain and generalized plane stress. A solution
is first obtained for the stress distribution in an elastic plate of uniform
thickness containing a circular hole with a general system of edge stresses
acting on the circular boundary and vanishing stresses at infinity. Various
particular cases of this general solution for simple boundary tractions are
discussed. The analysis is also applied to the investigation of stresses
round a long circular tunnel in an otherwise infinite medium due to fluid
pressure. Two cases have been examined: (1) when the tunnel is completely
filled and (2) when it is half-filled with the fluid.

1. INTRODUCTION

The introduction of the complex potential methods in the theory of
elasticity by Kolosoff (1908, 1909, 1914, 1925, 1927, 1931), Kolosoff and
Muskhelishvili (1915) and Stevenson (1943) has proved to be of great value in
the treatment of two-dimensional problems. The method, apart from its
elegance, is alegebraically simpler and results in a very marked economy of
effort in the investigation of such problems as compared with the usual method
by means of Airy’s stress function and the allied displacement function, Also,
since the same functions give the stresses and displacements there is no need
for formulating the displacement function to avoid the occurrence of non-
physical displacements. Another important advantage of these methods is
the simple transformation rules for the complex potentials in passing from
one orthogonal coordinate system to another. It is not necessary, as is
usually done, to deal with problems in Cartesian, polar or elliptic coordinates
separately.

In the complex potential method the solution of an elastic problem
reduces to the determination of the complex potentials £2(z) and w(z) which
are functions of the single complex variable z = z-dy. Muskhelishvili
(1953) has developed a method involving complex integration in which the
complex potentials can be found directly in series form starting from the
boundary conditions. For a large number of problems of practical interest,
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however, it is possible to use an alternative method due to Stevenson (1943)
and usually referred to as the tentative method. In this method suitable
complex potentials with undetermined coefficients are assumed a priori and
the general equations of elasticity are employed subsequently to test the
validity of the assumed solution. The given boundary conditions determine
the unknown coefficients in the tentative solution. The solution obtained in
this manner is, by the uniqueness theorem, the only solution of the problem.

In the present paper the tentative method is applied to obtain the stress
distribution in a thin elastic infinite plate with a circular hole under various
conditions of edge loading. These are deduced as special cases of a more
general state of stress round the hole given by

(;;+i’:é)f= a = f(0)>

where 77 and 7§ denote the mean normal and shear stresses respectively
through the thickness of the plate, f(6) is a known function of 8 and a is the
radius of the hole. These cases have also been dealt with in a different manner
by Bickley (1928). Some errors in numerical factors occurring in his results
have been corrected.

This general solution is also applied to investigate the stress distribution
round a circular tunnel made in an otherwise infinite medium. If the tunnel
is long enough, the stress distribution at the middle section corresponds to
one in plane strain and the results obtained earlier for generalized plane
stress are then applicable. This is possible because of an important result
by Coker and Filon (1957) that the stresses and displacements in plane strain
can be found from equations for generalized plane stress if the modified
Poisson’s ratio ¢ is replaced by .

2. Tue ComprLEX PorENTIAL FUNCTIONS

Wae state here briefly * the important results in complex potential theory
for generalized plane stress. In this theory the stresses and displacements
are given in terms of two complex potential functions £2(z) and w(z) of the
variable z = z 44y by the following relationst :

0 =az+yy = }{2(2)+2'(2)}
O = Fz—gy+2idy = —3{:2@)+a"(2)} . . oo ()
8uD = 8u(u+iv) = (3—40)2(z)—22'(2)—'(2) )
where the primes denote differentiation with respect to the relevant variable.
2(z) and &(z) are respectively the complex conjugates of £2(z) and w(z) ob-
tained by changing ¢ to —¢ and z to z wherever these occur in the definitions

* For details see Stevenson (1943).
1 The body forces are assumed to be absent.
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of Q(z) and w(z). o is a constant called the modified Poisson ratio and related
to the Poisson ratio 5 by the relation

=_1_
a—1+n. .. .. .. .o (2)

21 is the modulus of rigidity of the material of the plate. zz, y7, ¥y and %,
v denote the mean stresses and displacements through the thickness of the
plate in generalized plane stress. The combinations @, ¢ and D have been
used instead of the stresses and displacements because of the simple trans-
formation rules that they satisfy when the reference axes are rotated. Thus
when the Cartesian axes z, y, Z* are rotated about the Z axis through an angle
# to obtain the axes r, ¢ in two-dimensional polar coordinates, the stress and
displacement combinations in the new reference frame are given by

@ =rr4+00=86
@' = 77— 00+2irf = Pe240
and

D' = uptiug = De 40,

In particular we have, since =20 =

ISRl

Fr+00 = 1 {Q'(2) + 2'z)} = Real part in Q'(z)
>3;Ild (3)
7r—00+2irf = —%{2@”(2)+Zm”(2)}

Adding these two equations we have

4rr+ird) = Q@)+ @A—-R'@—~6"7). .. .. 4

™

As pointed out earlier the functions 2(z) and w(z) are to be chosen a prior:
so as to satisfy the given boundary conditions. Also the values must be
such that the stresses and displacements deduced from them must be single
valued. For example, for the displacement to be single valued we must have

Oy D = Cy{(3—40)Q2(z)—22'()—a'(3)} =0, .. .. (B)

where Cy denotes the increment in the cyclic function D in going once round
a closed contour.

For problems in plane strain the condition corresponding to (5) would be

Oy{(3—49)Q@)—22'z)—a'(®)} =0. .. .. .. (6)

* The capital letter has been used for the third axis to avoid confusion with the complex
variable z,
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3. STrRESSES ROUND A CiRCULAR HOLE IN AN INFINITE PrLATE

We consider a general state of stress round the hole given by

@

(Fr+ir)r _ o = f(6) = Z we™, .. .. (T

"= —

where the Fourier coefficients &, are in general complex and given by

1 27
tn = 5 f f(6)etn0 d. R )
0

We take the complex potentials

@ -nt+1
£(z) = Aa log z4-a z An(g)

n=2

0 -
= 2 2 f)
w(z) = Baz log 2+Ca? log z+a "ZIB,,(“ ,
where C is real and 4, 4,, A5 ...and B, By, B,, ...are complex constants.
These potentials have been chosen to give the correct state of stress at
infinity. Also, these values when substituted in (4) give

+
4(Fr4irB)y =4 Z *peind

= —w

= o42(4-B) ()+-B) (2)

— > {(a=1)(n+1) Astn(n+1)Ba} (2)

n=2

- ’22 (n—1)4, (2)_"-

Noting that efnf = (g)n we have, by equating the coefficients of like powers
of 2,
0 = 410 .
A-Bi=2a b . o O
A—B=4da_,
and ~
(n—1)(n+1)dn+n(n+1)Bp = —4on } for n > 2. . 10
(n—l)A,, = —41_”

Equations (10) give

de= =35
for n > 2. .. . (11)
4o, 4a_,
By

= T nnt " =
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To determine the constants 4, B, B; from eqns. (9) we require, in addi-
tion to the last two equations, one more equation which we determine by
applying the condition (5). This gives

(3—40)A+B =0.
We then have
o_q 3—'4

4= B=—"""8, By=_—Y_9%. .. .. (12)

T 1—0’ l—0o 1—0o

The complex potentials are then completely determined and the stresses
and displacements can be calculated by using eqns. (3) and (4).

4. SprcialL CasEs

The foregoing results will now be applied to a number of interesting
problems. In most cases only the results will be mentioned since these follow
directly from the equations deduced in § 3.

(i) Hole under uniform pressure.

The boundary condition is
fre=—p rff=0onr=a
or

(ﬁ+i;é)1:a = "—p.
Comparison with (7) gives

g = — D,
all other a’s vanishing.
We then have

C=—4p, A=B=B,=0, 4, =B, =0 (forn >2).
The complex potentials for the problem then are
R(z)=0

w(z) = —4pa? log z
which give from (3) and (4)

Fr+1§§=0

T 2
4(rr4ir8) = --4p;_l2
or

2

2 o
ﬁ-:—p,%, 00=p.(:—2—,r0=0. .. .. .. (138)

(ii) Hole under normal pressure varying as cos 6.

The boundary condition is

T=—pcos b, f§=0
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or
(Fr4irb), _, = ~p cos 6 = — L (et 4¢-19),

We then have as before

0 =0 a0 =a_;= —-g,
all other a’s vanishing,
And
C =0, A=—mp
2
3= _1=7
B=—gp Bi=—5»

4, =B,=0 (for n >2).

The complex potentials then are

Q(z) = — #pa log 2
_3— l—y a3
w(z) = —5— paz log z+T P
which give
~ .5 147 pacosd
?‘f+00_.————2 e
and
_ 1—q a?\| pacosf .l—nq a?) pa sin 6
”+”9—“§1—T(l—'ﬁ)}- I r)
or .
= 1—y a? } pa cos 6
! _—%I—T(l—ﬂ) oo
o l—q(  a?\ pacos 8 5 L e
9 'T(H'ﬁ)(_T_
- 1—1]( a2) pa sin 8
re = — 51

(iii) Tangential boundary fraction varying as sin 6.

We have
fr=0, E:psmﬂ onr=a
or
(F7+i78)r = p sin 6 =2 (¢10—c710)
which gives
oy =0, a1=g, Ay = —g

all other «’s vanishing.
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And
= = __1 I_"l
C=0, A 5
_ 3= _ 341
B.__T , By = -

The complex potentials are

Q=) = — 1;"’]?“ log 2
=3=7 3t @
w(z) = paz log z 3 .

The stresses are then given by

- 1

406 = — LTnpacosd
2 r

and

— 3 2 2 i
Fbi= - 2 (1 %) 2ol S (y )} pesne

or

4 r2 r
o § 3+ a? } pa cos 8
§ _{1 =t (1+-ﬁ) BeCROL L)
v_{ _3+-q(1_¢_zf}pa,sm0
= 4 2 7

(iv) Uniform radial pressure along an arc.
The boundary conditions are
rr=—p for|f|<a

rr=0 for[f|>a
and

~—

=0 for all values of §
or
(Fr+ir8)r =g = —p for 8] <«

=0 for|f]>a.
We then have

and
P sin na
T n

(for » > 1)
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4 sin o
0—"';17, A= ~(1+47) — P
sin & sin a
= — B, = — [E—
B=@=n)—p Bi=(1-n)—>p
4 sin ne 4 sin nx
"= =P BT T omenp? frr>2

The complex potentials for the problem, then, are

a0
sin 4 sin ne “ntl
Qz) = —(1+17).—175'.pa10g z+——1—;_P~LZ Z (Z-)
n=2

n{n—1) \a

@

sin « 4o 4pa? sin na
= —_) —— — 2 ——
w(z) = (3—7) —— paz log 2 — - pa log z E

m

We then have from (3)
7#+00 = Real part in {Q'(2)}

= Real part in {

Using the well-known result

L sin (0+a) Zsin (0—a)

@O
3 -1

zw(a) —jdtan i gap
n a

=1

we have

a a
1— ; cos (f+a) 1— . ©08 (0—a)

20 a?
l1— —cos (0—«)+;§

+1i log .
a a
1= —;—COS (6+1)+ﬁ

ﬁ+éﬁ=@.§:ﬂ.sina.gcos9
7 2 r

2 tan"! — ——— —tan-1

% sin (6+a) 2 sin (8—x)

ki 1—% cos (f+a) l—g cos (0—a)

In a similar manner using the result

D sn(Z) =4

a . a
~ sin {0+4) ~ sin (f—a)

n{n+1)

a? 2a T a® 2a
1+;§ ~ - cos {04=) 1+;§ — - ¢o8 (§—a)

441

(16)

, a? 1
+il(1_-r_2)3 1+ 2 2q

a
78

T a® 2a
— -5 ©08 (0+x) 1+;§ — - cos (8 —a) }
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it is easy to show from (4) that

a . a .
2 - sin (8+a) ~sin (0—a)
A=-B L Pl tan T
7 7 1—;005 (6+a) l—;cos (0—a)
2 —
+1_1(1_a__2) .3 T sina.Zcosf
T r 2 r
g a . a .
_p (1 az) - sin (0+a) S sin (0—a)
22 \" 12 2a «? 2a a?
1— - cos (0+oc)+;;§ 1— - cos (0_“)+ﬁ
and
- 2\2
rf = 4:£ (l— %) 2a 1 az 2a 1 a?
i 1——cos(f+a)+-5 1— —cos (0—a)+—
r r T r
a7
2\ 3—
+£( _a_z) .35 T sina.>.sin6
T r 2 r
Equation (16) then gives
a . a .
~ sin (04a) - sin (f—a)
. 2
LD P A A s
m " lu;eos (0+a) 1—;003 (0—a)
D az) 3—1
+={14—=).——".sina.-cosd
T r2 2
a . a
N » (1 az) . sin (04a) ~ = sin (0—a)
CTop T 2 20 a? 2a a2
1 — cos (0+a)+;§ 11— - GOS (6—a)+ﬁ

(v) Normal pressure « cos 0, acting over half the boundary.

The boundary condition is

(77 41r8)y _q = —p cos 8 for | 6] <72—T

w
=0 for 6] >

which gives
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4
2p 1 1 1
Az,,-.-—-..(-—l)”'—. (2n—1_2n+1)’ Azn+1=O

2p 1 1 1
Ben = (_1)"'7'2n+1 (Qn—l - 2n+1)’ Bangr = 0.

_ 141 205 g L (L L) ()
0@ = —-Tlpaloge— L2 1)"'2n~1(2n—1_2n+1)()

a
#n=1
—_ 2 1— 3
—31—4—77paz log 2~ 4pa log z+ U

K

4 2

2pa? 1 1 1 z\ 7
+2= > (=D 5o (Qn—-l = 2n+1) (5)

giving the stresses

w(z) =

a a2
1— —sin 84—
r +r2

5% =2 (34%) 4p. 127 @ o
90-—?(3+ )+p'T'rCOS0(1+r2
2“0050

_rr o) an-1 T 18
4ﬂ.ac050(3+r4)tan ) o (18)

T
2
1+2—asin0+a—

Y PO ool § PO S ol
8_l_r.a.sm 2 o gl —gsinﬂ 2
r +r2

ggcos0

- 2 4
r =p,——é~.(—:.sin6(1———) —!L.g.sina(l—%)tan‘l r

az

r2

2a . a%
1 +—;_—~ sin 0+;§

a . at?
1~ —sin §+—;
p +r2
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(vi) Normal pressure «/ m acting over part of the boundary.
The boundary condition is
Fr4irf = —py/1—02/a? for|f| < o
=0 for[0} > o
which gives

%p = —gﬁ, X =&y = —12—),]1(0:)

_ _ P Ji(na)

an=°‘—n-—‘—"2‘ n

J1(na) being the Bessel function of the first kind and of the first order.
Also

0= —pa, A==214ni @)
B =%(3—17)J1(¢), B, = 22’.(1_-,7),]1(01)

Jl(nl)
n(n+1)

Ji(na), By = —2p. (for n > 2).

‘)
.
A= n(n—1)

The complex potentials are

0@) = — +n

J -nt1
J1(2)pa log z+2pa Z n(;(nacl) (Z)

5 Ji(n
w(z) =~ Jy(w)paz log 2 —paa® log 2—2pa® Z (;»(:l))( )
giving the stresses

r=—tup3 +3 nPJ1(¢)( ) gcosﬂ
—ip ”21 J1(na) {%-’- (1— :_:) } . g . cos n@

— 2 9 a?
0 = lap. ‘:—2+—4 U .le(a)(l +ﬁ) .
(19)
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5. STRESSES ROUND A CIRCULAR TUNNEL IN AN INFINTTE MEDIUM

In this section we consider the stresses round a circular tunnel made in
an otherwise infinite medium. This is obviously a problem in plane strain
and the modified Poisson ratio ¢ in (12) must be replaced by 5. We shall
investigate the stress distribution under two conditions of loading: (i) when
the tunnel is completely filled and (ii) when it is half-filled with the fluid.

Considering the first case we note from Fig. 1 that if p denotes the pressure

y

O w—y

Fie. 1

at the centre O of the tunnel and w the density of the fluid, the pressure at a
point such as 4 on the periphery is given by

P, =p—wy = p+}iwa(ed —e ).

The boundary condition can then be written as

(r?'+i;5),=a = —-p-_%iwa(eio__e"‘o)_
We then have
g = —p, o3 = —twa, «_; = liwa
all other a’s vanishing.
And
wa
0 -— —-4 N A = —————
v 3(T—m)
3—4n . 1-29 ,
= e e, By = — ;———twa
2=y " T T 20—y

n=DBy,=0 (forn> 2).
The complex potentials for the problem then are

wa?
2(2) = —or—log 2z
@) =5 8
-1
w(z) = 2?1_ f?,) iwa? z log 2—4pa® log z— 21(1_ —27;) fuou? (Z)



446 B. K. AGARWALA & S. K, BAHL

which give
— a2 w
m=—Pemtyas - ) . 8in 0{(3 —27)+(1—2n) - }
~— a? 1—=2q a . a?
=p. = —— 1 - ol . .o (20
B=p.; 4(1__17).w¢z.rm0(1+rz) (20)
- 12y a a?
rf = yrjpaemg wa, . — €08 0(1— ﬁ)
In particular the peripheral hoop stress is given by
08~ .. .. oo (2

We next consider the case in which the tunnel is half-filled with the fluid.
The boundary condition is then

(F+ird)r—a= —p for0<fo<m
= —(p—wa sin ) for 7 < § < 2.

The coefficients «, are then given by

wa wa wa
“0_—_-_.1)_.7’ “1=_._4—’ a_1=_4_
wa 1 1
ton = 5 (2n———1——2n+1)’ tong1 =0 (for [n|>1)

from which we obtain
0= _4(p+@ia), A= nwa

4(1—1)
B.—=3TE;.%“, B, = —IT“_—znﬂ.’—"‘;—“
Agn = — 7(22:11) (21:-1 - 2n:—1)’ Aznyr =0
Ben = "(22:-11) (271,1—1 - 2n1+1)’ Banir=0.

The complex potentials for thie problem then are

swa? owa? — 1 1 1 z) —2n+1
Qz) = 22 Jog z— L - 2
@) = 10— 8"~ Zl In—1 (2n—l Int 1)(a,

3—47n iwa?
(z) = T:%] g ? log z—4(p+ )a2 log z

Qwa? «— 1 1 1 \/[z\"%
t ”Zl2n+1(2n—l—2n+l)(a) '

3B
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Therefore, by using (3)
7486 = Real part in Q'(z)

=Rea,lpa.rt ln{m:—_’]—);—-

wa? 1

We now know that

or

z4-a z
4 log —a= ( )

Replacing # by -1 in (24) we have

%1gﬂ'f_(f

)™
S

B 1 2
a) +"Zl2n+l(¢;

Substitution of (23) and (25) in (22) then gives

77400 = Real part 1’11{

wa? 1

.. Ya 5_2)1
T 7 \aT 2 ng-—

4(l—n) =

from which we obtain, after a little algebra,

Po)

2wa wa

= tia=y
_ﬂ{é(f——) cos B . log

_ (zg.),smg (mn _rsinf
a r

F=—

waf (r _a
—51;{1}(—_;) cos @ . log By as

+

sm 0

a

a? wa a?
ata, (1‘ ;;)+

(£+%) .gin 6 (tan’l
B (-shie)

e T -1
+ (r a) sin 0 (tan

2n41

( )"(2n+1)

!

)—(2n+1)

72+ a242ar cos 6

r eos O+a

wa

8(1—7

-1

r24-a2—2ar cos 0

r gin 6

r24-a242ar cos 0

7 €08 O—a) } '

Substituting the values of the complex potentials in (4), we similarly have

2
; .g.sin 0{(3—2,,)+(1—21,)%}

- 2ar cos 0
7 sin 6 _,_rsiné )}
r cos O+a r cos 0—a
01 r2+4-a242ar cos 0
08 7708 L2 ¥ at—2ar cos 0
rsng ., T sin 6 }
r cos 0+4a rcos 0—aly’

447

(22)

23)

(24)

(25)

(26)
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~ _wa(l—29) a ( az)
rd = Ri=q) -5+ 008 a{1 pe;

wa a? r a 7 gin 0 rgin 0
kel I PR P BTt 150 Y 4ap-1 207
27 (1 rﬂ){ (a+r)' cos 0 (tan r cos 0+a tan r cOS B—a)
r a\ . r24a242ar cos
. +3 (E - ;). gin 0. log Pt —2ar cos 0}.

Equation (26) then gives

~ a?  wa a2 wa a . 2wa
00=p.'ﬁ—'2—”(1—;§)+;‘(1—_‘5—).;81n0+7

a . a2
—g(—;”i—;).;.sm 9{(3—2n)+(1—2n);—2}

21 g2
wa{%(z_%) cos 0.logr +a242ar cos §

2n a 724-q2—2q7 cos

-—(£+‘;) .sin 8 (tan'l _rsinb tan~1 07 b ) %

r cos f+4a r cos f—a

/

wa a? a.,r r24-a242ar cos
T 4n (1_ 72){%(;-'-5) cos §.log 2402 —2ar cos 0
a_r\ . _, rsing _ rsind )}
+(r a)' sin 8 (tan r cos B+4a tan rcos@—aly’
The hoop stress on the boundary is expressed conveniently in two parts.
For the upper half of the boundary we have

asin0_punr )
41 —n)

[éb]r=u=P+ 3

and for the lower half

—~ 2uwa  wa sin 8
[09]r=u = Z’+T '4(—1_—_';’7 .
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