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An expression is found for the transverse displacement due to an isolated
load in an elastic plate bounded by concentric circles and clamped along
the outer boundary. The displacement is found as an infinite series. The
limiting case, when the free inner circle tends to a point, is considered.

1. INTRODUCTION :
The plate is bounded by concentric circles of radii @ and b, a < b (Fig. 1).
A transverse force F acts at the point @(c, O) of the annulus which is clamped
along the outer boundary r == b.

Fia. 1

The transverse displacement at any point P(r, 6) of the annulus is given by
where D denotes the flexural rigidity of the plate and Green’s

function ¢ is (Love 1934) a biharmonic function of the variables (r, 6) and,
near @, is the sum of R? log R and a biharmonic function with no singularity

at Q. If Q’(g, O) is the inverse of Q(c, O) in the circle r = b and R’ is the
¢

distance PQ’, then
2R'8—bBR2 = (B2 —c?)(b2—12) ;

thus on the boundary » = b,
c2R'2—-beR? = 0.
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It follows that the expression RZ log (bR/cR’) vanishes on the boundary
r =20 ‘and also gives the required singularity at Q. Thus Green’s function
g is the sum of

g'=Rzlog(§§) 1 )

and a biharmonic function ¢". Again if N be the shearing force parallel to
z-axis per unit length of the annulus and @ and N the twisting couples about
z and y axes respectively, we have (Love 1934)

: 2
N=—D5;V21I), .. .. .. .. )]
_ { 02w 02w 1 ow }
G— "'-.Z)l_'—av2 +0' —asz+;"a—u > .o “ . (3)
d (ow
H=D(1—o)$($), .. .. .. @)

where v is the outward drawn normal, r = %—f, ¢ being the angle which v

makes with the z-axis, D denotes the flexural rigidity of the plate and ¢ is
Poisson’s ratio.

2. Bouxpary CONDITIONS
The boundary conditions require that

Ww=— =0 onr=b
ov
oH (8)
G=N——~-=0 onr=a
0s
Clearly
R2 = y24-¢2—2r¢ cos 0
4 2
R2= 9-53+b—2 —-2ré— cos 0
c c
and at r =0,
- . oy’ _ b%—c?

If N', @, H' denote the values of N, @, H respectively when w is replaced
by SwLDgI in (2), (3), (4), then on the free boundary r = a, we have

G = > Ay, cos nb
Z
and

, H' <
N—‘aT—ZBnOOSM{
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=¥ and P=—F~,
87

0‘!9
0“10

It can be shown that if we put

Ag = —2P(1+o)(log y+1~y9),
4y = P(3+o)(1—y2) ey,

Ay = P[(n+l)(n+2+2c—-no)U,,+n(n—-l)(l-—-u) ;—’ U,,_l] for n > 2,

BD == 0,
B, =13’ (3+u>(y1—y=)2
and
By = 5 [ (n+1)(no—n+4)Up+n2(n—1)(1 —a) Un. 1] for n > 2
where

Green’s function
g=g9-9" .. .. . . .. (6

is such that the displacement w = %g satisfies the boundary conditions (5).

Thus we have

R ” a” b2_2
(1)0nr=b,g=0,—a~g,_—=—Tc-— o ()

o0 o0
6H "
and (i) on r=a, @' = » A, cosnd, N'— By, cos nf, (8)
2 2

where N”, @", H" denote the values of N, G, H respectively, in equations
1 i F "
(2), (3), (4), if w is replaced by z—¢"-

3. DETERMINATION OF THE FuNncTioN g7

The function ¢” is a plane biharmonic function, regular in the annulus
considered, and may be assumed to be of the form

T O Y
e
+2{J”(§)"+2+k,(?)" 2+L,.(') +M,.(b)"} cos no]. )

n=2
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We have to determine the unknown coefficients Jp, Kn, Ly, My, so that g”
satisfies the equations (7) and (8).
From equation (9) we have

%’_ = 1; U2Jo( ) +Ko( )2(1+2 log )+M0}
s oo e
+3 ! (n+2)J,,(g)"+2— (n+2)K,,(l;)"“2+nLn(g)"—nM,.(‘;’)"} cos nﬂ]

and, after some calculations, if (X), = o denotes the value of X on r = a,

(10)

(G)y_e = [{—2(1+0)J0—(3+a+2m log «) Ko+ (1 —0)e2Mo}
—{2(84+0)at;+(1+0)a 1K +2(1 —a)x~3M,} cos 6
- Z {(n+1)(n+2—n—20)an I+ (n—1)(n—2—n+20)x #Kp
n=2
+n(n——1)(1—0)«”‘2L,,+n(n+\1)(1—a)a"”‘zM,,} cos no] , (11)

and

(N" afs' ) =L [ — 41Ky — {2(340)Jy — (3—o)a~2K +2(1 —0)ut M1} cos 0

+ Z {n(n+1)(n—no—4)er~1J, —n(n—1)(n—no+4)a 21K,

n=0
+n2(n—1)(1—o0)a? 3L, —n¥(n+1)(L—o)a"?"3M,} cos nB] .
(12)

Now imposing the conditions of equations (7) and (8) we have the following
sets of equations:

J0+Lo = 0
2J0+.K0+M0 = (1__.},2)1)2 (13)
—2(140)Jg— {3+ +2(1+0) log «}Ky+(1 —c)a~2My = Ay/P o
—~4a~ 1Ky = bBy/P )
J1+L1+.M1 =0
3J+Ky+1Li—~M, =0
1+K1+14 1 (14)

2(3+0)at 14+ (1+o)a 1K +2(1 =o)u 3 My = — AP [ *
2(3+0)/;—(3—0) 2K +2(1 —o)a "4t My = —bBy/P
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and, for n > 2,
IntKp+ L+ M, =0
(n4-2)p—(n—2)Kg+nLp—nMy =0
(n+1){n42—(n=2)o}arJ s+ (n—1){n—~2—(n+2)o}a""Ky,
+n{n—1)1—o)a* 2Ly+n(n+1)(1—0o)a 7 2M, = —A4,/P
n(n+1){n—noc—4)a?"1J,—n(n—1)(n—no+4)a % 1K,
+n2(n—1)(1—o)a? 3L, —n2(n+1)(1—0c)a"n"3M, = bB,/P

(15)

Equations (13) are equivalent to
KO = O:
J0+L0 = 07
2Jo+ Mo = (1—y2)b2,
—2(140)a2J g+ (1—0) M, = —2(1+0)(log y+1—2)a2,
giving
KO = 0, .
Jo= L= 2(140)(log y +1—y2)a2+ (1 —y¥)(1 —0)b?
o= =7~ 2{(1—0)+(140)a2}

and .
Mo G182 —2)—2 log y}o* ¥
o (T=0)+(1+0)x2

equations (14) are equivalent to

Kl = 0,
2J,=~2M; =0,
L1+2M1 = 0,
23+ o)t +2(1—0) My = —(3+0)(1—y2)2at/y,
giving
Kl = 0
and
= (3+0)(1—yE)%at
R e (E RN ey s &

Finally the equations (15) are equivalent to
n+1dn+ Kot nly =0,
IJp—(n—1)Kg—nMy, =0,
(n4+1)(1 —0)ut] y—(3+0)a~ 8K p+n(l —a)an~2Ly = —(n+1)(1—0)Up,
(n+1)B+o)ary+ (n2—1)(l—o)a K p+n(n+1)(1 —0)a #"2M, = —(n+1)(3+0) Uy
—n(n=1)1=0)> Un_y,

giving
Jo= [Jn]/An
Ky =[Kn)/ On
Ly = [Ln]/An

Mn = [Mn]/An
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where
[Vr] = n2a{(n+1){(1 —0)(3+0)a2*+((3+0)24(n2—1)(1 —0)2)a2—(n2—1)(1—0)2}U,
+n(n—1)(1—0){(1—0)ax2t"14(340)a}YUy_4];
[Ky]= —nt(n+1)o(n+1)(1—0){(8+0)a2r+(1—0)}Uy
—n(n—1)(1—0)2{a2rtl—g2n-11y7, ],
[La] = a(n+Dar[(n41){n2(l —0)2—((8+0)2+(n2—1)(1 —0)2)a2}U,
—n(n—1)(1=0){(1—0)o2#*14+ (34 0)a}yUy_q],

[M,] = —nanti[(n+1){n2(1—0)(3+0)a2P~ 14 ((n2 —1)(1—0)24 (34 0)2)a} U,
1 +a(n—1)(1—e)}{n¥(l —c)u2#"2—(n2—1)(1—0)a2*+ (34 0)}yUn_1],
an

Aq = n2(n+1)[(1—0)(B+o)att 4 {(n2—1)(1 —0)24(3+0)2}a2n+2
—2(n2—1)(1 —0)22" 4+ n2(1 —0)2a2"~2 4 (1 —0)(3+0)].

The unknown coefficients in (9) are thus determined and Green’s function
given by (6) is known.

4, A Lmvrring Case
When a — 0, « — 0 and it follows that

p2—c2
2

while each of the other coefficients Jy, Ky, Ln, My tend to zero. Hence

’ ” bR b2-2 2
g =g =y —>.Rzlogc—1?—————~—~2c (;——2—-1)

— _RelogE l(c_’ a_ ,)
Rtlog sm+5| 5 R2—R

which is Green’s function for the whole circular plate clamped along the bound-

ary and subjected to an isolated transverse load (Love 1934). Thus, for a

transverse load, a circular plate is not weakened by making a very small hole

at the centre.

J0= ""Lo"—>'
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