CYLINDRICALLY SYMMETRIC ELECTROMAGNETIC
FIELDS OF CLASS ONE

by R. Suanan and R. N. Tiwart*, Department of Mathematics,
Banaras Hindu University, Varanasi 5

" (Communicated by V. V. Narlikar, F.N.I.)

(Received January 19, 1965)

A search is made for solutions of the electromagnetic field equations which
are of class one. 1In §2 a non-static cylindrically symmetriec metric of class
one obtained by introducing a function ¢ of p and ¢ in the flat metric in
cylindrically polar coordinates is considered. The metric is found to be in-
compatible with electromagnetic distribution. By assuming two of the
eigenvalues equal, two solutions have been obtained. A similar procedure is
adopted in §3 by taking ¢ as a function of p and z. In §4 two types of electro-
magnetic flelds resulting from the consideration of the Rainich algebraic
relations for the most general cylindrically symmetric metric of Marder are
subjected to the necessary and sufficient conditions for a Riemannian fourfold
to be of class one. The solutions obtained correspond to electromagnetic
wrenches, in the terminology of flat space-time, along one of the spatial
coordinate lines. The electromagnetic fields are uniformm and the corre-
sponding Riemannian fourfolds are the products of two surfaces of constant
curvatures.

1. INTRODUCTION

It is well known (Eisenhart 1960) that there are no spaces of class one for
which all the components of the Ricci tensor are zero. Hence the only gravi-
tational effects in a ¥V, of class one are those due to distribution of matter or
radiation. In a recent paper Singh and Pandey (1960) have discussed the
various metrics of class one and have investigated in detail the gravitational
significance of a spherically symmetric metric of class one. Here we consider
in §2 a cylindrically symmetric metric of class one obtained by introducing
a function ¢ of p and £. Assuming two eigenvalues equal, two solutions have
been found. For one of the solutions which assumes the possibility for
material distribution under certain restrictions, a transformation of coordi-
nates is given which reduces the metric into an orthogonal form. In §3, a
static cylindrically symmetric metric of class one obtained by taking ¢ as a
function of p and z is considered. Two solutions have been obtained by
taking two eigenvalues equal. On the physical grounds the perfect fluid
distribution is not possible for a cylindrically symmetric metric. From the
relations between the components of energy-momentum tensor, we conclude
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that the above metrics cannot represent non-null electromagnetic fields. The
impossibility of cylindrically symmetric null electromagnetic fields in vacus
has already been established by Misra (1962). Thus the above metrics are
incompatible with electromagnetic distribution.

In §4, the most general cylindrically symmetric metric of Marder is consi-
dered. Three independent relations between the components of the curvature
tensor for the Marder metric subjected to class one conditions are obtained.
Two types of electromagnetic fields arising from the consideration of Rainich
equations are subjected to the necessary and sufficient conditions for a
Riemannian fourfold to be of class one. In each of the two cases a uniform
electromagnetic field is obtained which represents the space-time corresponding
to the product of two surfaces of constant curvatures (Bertotti 1959).

2. NON-STATIC CYLINDRICALLY SYMMETRIC METRIC
The flat metric in cylindrical polar co-ordinates is
ds? = —dp2— p2d02 —dz2+di2.

By introducing a function ¢ of the eoordinate variables, we obtain a cylindri-
cally symmetric metric of class one as

ds? = —dp2—p2d02—dz24-di2—dy2. .. . oo ()
When i is a function p and #, the metric (1) assumes the form
ds? = — (1 4+¢})dp2—p2d02—dz2+ (1 —y)di2—2pyhudpdt. .. (2)

Here and in what follows the lower suffixes 1, 3 and 4 after a function indicate
partial differentiation with respect to p, 2z and ¢ respectively. The only
surviving components of the energy-momentum tensor Tf for the metric (2)
are given by the following:

a7} = 35 (b= (1+4as}

8aT2 = ~2(¢/:i1= —d11841)

n T3_—[ﬁ{(1 Bbut Db~ (e} ~Gbe=i)]. @
2 { =it bbb}

o} = 20 {1+ bbb}

o7y = 44 { b= (1= )ae]

where
Q= 1+¢?—¢i :
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The eigenvalues of the energy-momentum tensor TZ: are defined by the
determinantal equation S
|Ti-yil=0 .. .. .. @
which reduces to

(T2 N(T=2) { (T=-N@ =N =TI} =0. .. .. @)

Hence two of the eigenvalues are Ay = 75 and A, =72 and the other two
being given by '
(T} =2(T3=N)—TiT" = 0. N (i)

Assuming two of the eigenvalues A; and A, to be equal, we get
(N=T)T=Ty)~T)Ty =0
which with the help of (3) reduces to

2
(Gurbes—3) [— % (U442 + 2 { (g + 2t

-1 +¢’?)4’44} +(¢'11¢'44-¢'1i)] =0. . (M
The differential equation (7) admits the solutions

p=albtV/E—p2)+1—ai+h .. .. .. (8
and $ =1/ pZ—p2 R ()

respectively. Here and in what follows small Latin alphabets stand for arbi-
trary constants. In (9), p is an arbitrary function of time. The components
of the energy-momentum tensor for the solution (8) are

1 2 1 3 4 1
I'=T,=T,=0, T3=T4=m,
1—alp
ey VIZ 10
1= 8nac2y/ c—p2 (19)
For the solution (9) they are
2
= T2 Hag T8 = Vg 20,
17 T2 e’ T3 o(1 —u2\2 '’
8ap(l—ny) 8apa(1—p)
Pl —pE—pp
P S Y (1=, ““),Tj=0. .y
8mr(1—k,) 8upd(1—p)

From (10), it is clear that the solution (8) is incompatible for material distri-
bution. From (11) it follows that the solution (9) assumes the possibility for
material distribution under certain restrictions, viz.

Py

B <1, - <0, 1—p24-2upy, < 0.
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For the solution (9) the transformation
P = pusin X
carries the metric (2) into the orthogonal form
ds? = —p2(dx24 sin2Xd6?)—dz24(1—p2)dé2.
In view of (3) the relation
To=T\+T34+T; .. .. .. .. (12

holds for every 4 (p, {) whatsoever. From (12), it follows that for an electro-
magnetic field

T3 =0

which implies that the field cannot be non-null.

The impossibility of cylindrically symmetric null electromagnetic fields in
vacuo has already been established by Misra (1962). Thus we conclude that
the metric (2) is incompatible with electromagnetic distribution.

3. STATIC CYLINDRICALLY SYMMETRIC METRIC

For ¢ as a function of p and 2, the metric (1) may be written as
ds? = —(14+47)dp? —p2d02 — (1 492)dz2— 2y udp dz4-di? .. (13)

for which the only non-vanishing components of Ti: are

87 = 4 { g susct (Lt d)aa )
812 = 5 (hubss— ),

8023 = 24 § (144 =g
8 = 28 € hudbn— (L #)e}

S”Ti = F’s_li {¢1¢3¢11—(1+¢§)¢13 } R
where
8 = 14y +45.
The eigenvalues of Tf are given by
do= T2 A =T,

and
(T, =(T5=N)—TT; = 0. R ¢ 1)
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Taking two eigenvalues A; and A, to be equal (15) becomes
(1= T)(T5=T5) =137 = 0
which, on making use of (14), admits of the solutions
b= hk+VB—p2) 4/ h2=T2+m .. .. .. (16)

Y = 1/ E—pe, R ¢

where v is an arbitrary function of z.
The components of the energy-momentum tensor for the solution (16) are

1
1 2 1 3
T1=T2=T3=O’ T3=T4=

and

. E—1
7y PVEEL e £
while for the solution (17) they are
R . . - E
! 2 8m(1++3)°
- 1 . —~ gz + 149

L= , T, = ,

Po8m2(l4)” Tt 8me(l+4)?
prg(1+7

g 2 Pllb) e T )
81rv3(1+v3)

From (18) and (19), it follows that the solutions (16) and (17) are incompatible
with material distribution.
From (14) we observe that

4 1 2 3
T4 = T1+T2+T3

for every ¢ (p, z) whatsoever. Hence, by an argument similar to one given in
the preceding section, it follows that the metric (13) cannot represent electro-
magnetic distribution.

4. MARDER METRIC SUBJECTED TO CLASS ONE CONDITIONS
The most general cylindrically symmetric metric given by Marder is
ds? = e2%-2(dt2— dp?) — p2e-2Bd2 — e2B+2Y 2, . .. (20

where a«, 8, ¥ are functions of p and ¢ only. The surviving components of the
Ricei tensor B! for the metric (20) are

Ri = 3_2“25(—“11 Fagy+B11— BVt a1+ 4 —38:7

% B
“3474-2512—”f+*p—1+f) ,
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Y
RZ = e_m"'zﬁ(ﬁu"l-‘344'|'f'31')'1"1347’44'%l - 71) )

Y
R; = e_zaﬂﬁ(—ﬁu+B44-711+7’44'"13171+B47’4"yf+yi“ % - ‘;l)’

R, = @'2“+2B(—¢11+¢44+ﬂ11—344+7’44—“17’1—“474+ 3847,
+B11+ 2BV — %+%) , (21

Ri=—R;= ‘5_2“23(714+7’17’4+2131134—°‘174—“47’1+21317’4+2ﬂ4'y1— E:‘f) .
The only non-vanishing components of the curvature-tensor for the metric
(20) are
Rig1g = pe~2P(—B1—pPr1—oy +P“131+P“4B4—Pﬁi)7
Rigiz = e2Pt2(By) + 711+ 26747 +3B171— a1 B — &y V1 —0g¥ s~y + B +BaYs),
Rie = e~2(ay— By —ay +B11),
Ragpg == pe-20+28+27((1 —p,)(B1+71) +PBy(By+74)}, . . . (22)
Rogoq = Pe~2P(By—PByy—ay +Px1 By +PuyBy—PBL), '

R34 = GZB+2"(544+7’44+23§+7’i+3B47’4“°‘4B;'—°‘47’.4—“171—“131+ﬁf+.3171):
Risoq = Pe2P(pB14+PP1By+ g —Pay 1 — P By),

Rysgq = P2/ {— B, —v1 4+ (B14+71)(@a— 284 —Va) + (a1 —B1)(Ba+70)}.
The necessary and sufficient conditions for a Riemannian space V, to be
of class one are that there exists a symmetric tensor b;; such that
Rpyx = £ (bpjbsx —bpxbyy) .. .. .. (23
~ and
bij;k—b,'f;;j=0, .. .. .. .. (24:)
where a semi-colon denotes covariant differentiation. The survival of only
eight components and the vanishing of the remaining components of Rpsjx
leads, by virtue of (23), to the only five non-vanishing components of b;;, viz.
b11, boo, b33, Day, b14. Consequently we get
Rig12 = b11boe,
R1318 = b11bss,
1414 = bribag—(b14)%,
R2323 = b22b33’ (25)
Ragoq = bagbyy,

Rs4s4 = b33b44,

Rigoq = —bgsbiy,
Ryggq = —Dbgshyy.
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By eliminating b;; from (25), we get the following three independent relations
between the components of Epiyx:

Ri912B3434 = Rig1sRoazs,
E1g13R 1204 = Rig12R 1334,
Reg2sR1414 = Ri219R3434— R1924R1334. - .- (26)
Contracting (23), we get \
Ri= (i —bb). .. .. .. .. @20
For the metric (20) the condition (27) yields the following expressions for Rf

in terms of &.:

1 2 1,4 4 <
R = —bbi—bb,—bbi—(b)° .. .. .. (28)
2 2 273 274 5
RY= —bbi—bbi—bby, .. .. .. .. (29)
3 3 213 ¢
Ry = —bibi—bpbs—bbs, .. .. .. .. (30)
4 4 274 «
Ry = —bby—bb,—bbi—(b3)°, .. .. .. (8D
4
R} = ~B; = —bi—b%t. e (3
The condition (24) provides the following :
by by (4265 —B)+ (] —b)(xg—Be) =0, .. .. (33)
by 1 =01 4~ 20— B — (B} =b)@—B) =0, .. .. (34)
1
b, 1+biﬁ4-—(b}——b§)(ﬁ _pl) =0, .. .. .. (35
2 a1 4 g
by 445 (; _ﬁl)+(b4_b§),34 =0, .. . .. (36)
by 1 —bjBaty)—(BI=b)Br+r) =0, .. .. (37)
by bl Bty —(Bi=b)Batr) =0, .. .. (38)

where a comma denotes ordinary partial differentiation.
The algebraic relations given by Rainich for a non-null electromagnetic
field are
i pk kpopa
RE =PRE, .. .. .. .. (39)
and
R = 0. . . . .. (40)
We consider the following two possibilities of electromagnetic fields arising
out of the consideration of equations (39) and (40).

Case (a) Ri=0, R} =B}, R} = —R}, R;= R, Y
Case (b) R;=0, Ri=R. RI=R, R =-E, .. (42)
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From (32) it is clear that R} = 0 implies
B+ = 0

which gives rise to the following three subcases in each of the cases (a) and
(b):

(i) b =0, b3+b35£0, N € )]
(i) b # 0, bo+b] =0, N 1Y)
(iii) by =0, bi+b] =0. N 53
Case (a I). Substituting in (41) from (28) to (32), we get

@G-+ =0, .. .. .. .. (46)
(b1+8,) (B3 +b3) +2b%0; = 0, co e (4T
(i +b)(Bi—b}) =0. .. .. .. .. 48)

Equation (46) gives rise to the following three cases:
Case (a 1.1). bj—b2 =0, bi+b; =0, R :)
Case (a 1.2). bj—b2 £ 0, bi+b; =0, ce e .. (50)
Case (a 1.3). bj—b; = 0, b>+b; # 0. ce e (81

In cases (a 1.1) and (a 1.2), the space time turns out to be flat.
Case (@ 1.3). From (48) and (51) we get

bl = b;. N €353}
From (47), (52) and (35) it follows that
3
b2,1=bs,1=0'
From (47), (52) and (38) we get
bg,4 =b§,4 = 0.

Consequently b}, b2, b2, b} are all constants.
From (33), (34), (36) and (37) we get

y=fy=a—f =y =P +n =7, =0. e .. (83)
Substituting in (41) from (21) and then from (53) we get
2
Yi—Ye Y —Vit 2 = 0. N 1)

. 2yy . . . .
In view of (53), ¥y, +'yf+% is a function of p only, and 744-}—72 is a function

of ¢ only. To ensure that the energy density of an electromagnetic field be
positive definite, it is necessary that R < 0.

Since R: = 515(744'*'75)’ where a—f = log k,
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we take
2, 2y1 _ 2 _ 9
’}'11+‘}'1+—I;- =ypyty, =—w
and obtain the solution of (54) as

=Y sin (wp+4m)

- cos (wt4n). .. .. .. (55)
Hence in view of (53)
¢ = Sin (wptm)’ (56)
- O

e o sm(wpEm) .. .. .. .. (67)

For this solution, the metric (20) becomes

2

ds? = ¢2h2(di2 —dp2) — €2 sin®(wp+m)dg2 — SE cosZ(wt+n)dz2, .. (8)

which can, by a change of scale, be written as
ds? = (di2—dp?) —sin(wp +m)de¢2 — cos?(wt+-n)dz2. .. .. (59)

It may be noted that for w = 0, the metric reduces to flat metric. The
Einstein-Maxwell field equations for regions containing an electromagnetic
field but no matter are

B =8rE, ce e (80)
Fij)k+ij,¢+Fk;,j=O, .. .. .. .. (61)
(v =g Fif);=0, .. .. .. .. (62)
where . _
B = —Fu P4 38 FopfP, O ()|

Here Ef is the electromagnetic energy tensor and Fi; is the electromagnetic
field tensor. In view of (60) and (63)

R} = —R; implies 1y = Fgq = 0.

Consequently by virtue of (41), F,, and F'3, are the only non-vanishing com-
ponents of Fy;. For the metric (59) the field equations (61) and (62) admit
the solution

F12=lsin (wp+m) .o . .o . . (64)

Fg, = p cos (wt+n) .. .. - - .. (65)
so that the electromagnetic field corresponds to an electromagnetic wrench
in the terminology of flat space-time, along the z-direction.
From (41), (60), (64), (66) it follows that

w® = 4u(l24p?). .. .. .. .. .. (68)
It is found that the electromagnetic field is uniform (Bertotti 1959), viz.

F,‘j; po== 0.
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The metric (59) may be written as

ds? = {—=dp?—sin®(wp +m)dp2} +{di2— cos?(wi+n)dzt}. .. (67)
The surfaces corresponding to the first and second curly brackets in (67) are of
constant Riemannian curvatures —w? and w? respectively. Thus the Rie-

mannian fourfold (59) is the product of two surfaces of constant curvatures.
For the electromagnetic field obtained above we have

w2 = 211"\/(F¢fFU)2+(F“‘F”)2 .. .. .. (68)

where

N P RIF,,,
2V =y

the Levi-Civita symbol /%! being skew-symmetric in all pairs of indices
with €128¢ = 1,

Putting p = o, we get the field corresponding to purely magnetic field
given by

w

2N/ n
Similarly equating [ to zero, we obtain the field corresponding to purely electric
field given by

Fip = sin (wp+m).

w
24/ 7

In cases (a 2) and (a 3) the space-time turns out to be flat.

Fgy = cos (wt4n).

Case (b 1). R,=Ry R; =R, Ry=—R;  imply
(d1—b3)(B5+b3) =0, ce e (69)
(B3 +b)(BE—b}) =0, N (1)
(b1 +B2)(b5+b,)+2b,b% = 0, N (4 )

regpectively. Equation (69) gives rise to the following three cases:

Case (b 1.1). b= =0, bl+b; =0, T ¢ )

Case (b 1.2). b —bl#£0, bi4b; =0, R V()

Case (b 1.3). bj—bi =0, bi+b;#0, T £

In cases (b 1.1) and (b 1.2) the metric reduces to a flat metric.
Case (b 1.3). From (70) and (74) we get
b = bs. N ¢ )
From (74), (71) and (87) it follows that

3 2
b3’1=b2’1=0.
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From (75), (36), (71) we obtain
by =03 ,=0.
Hence all b are constants. From (34), (33), (35), (38) we get
ay—py =ay—fy = % —Bi =BV =71=0. .. .. (76)

Substituting in (42) from (21) and then from (76) we get
2y,

711“”444‘”?“”24‘ 5 = 0
which admits the solution
o =PSB OPHR) k.
In view of (76) we get
— P
cos (ct+k)°’
e — L
l cos (ct+k)
The metric (20) becomes
2
ds® = 12g2(d2—dp2)—I2 cos? (ct4-k)dg2— % sin? (cp+h)dz2, .. (77)

which by an obvious transformation may be written as
ds? = (dt2—dp2)— cos? (ct+k)dg2— sin2 (cp +k)dz2. .. (78)
For the metric (78) field equations (61) and (62) admit of the solution
Fi3 =wsin (cp+h), .. .. . .. (79
Foy =a cos (ct+%), .. .. .. .. (80

so that the electromagnetic field corresponds to an electromagnetic wrench, in
the terminology of flat space-time, along ¢-direction. From (42), (60), (79), (80)
c? = dn(a2+4v2).
It is found that
F i k= 0
which implies that the electromagnetic field is uniform.
Writing (78) in the form

ds? = {—dp?—sin®(cp--h)de?}+ {di2 — cos?(ct-+k)dg2), .. (8D

it may be pointed out that the space-time (81) represents the product of two
surfaces which correspond to the first and second curly brackets in (81) and
have the constant Riemannian curvatures —c2 and c? respectively.

Yor the electromagnetic field obtained above we have

2 = 20/ (FyFO)e (Fyy* FH)2,
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Equating @ to zero, we get the field corresponding to purely magnetic
field given by

Fig= ° _sin (cp+R).
ks

2v/
Similarly the vanishing of v provides the field corresponding to purely electric

field given by
c

24/ 7

In cases (b 2) and (b 3), the space-time turns out to be flat.

F24=

cos (ct+k).
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