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In a complex two-dimensional ‘analytic’ space two general types of transforma-
tion schemes are considered. It is found that proper Lorentz transforma-
tions are related to a special type of the former, called unimodular analytic .
spinor transformation, while the improper Lorentz transformations are
connected with a special type of the latter, called unimodular analytic co-
spinor transformation, which does not possess group property. Dirac equa-
tions in van der Waerden’s form follow in the present theory from a diver-

gence equation involving a second rank mixed spinor ¢f‘:, while the mixed
spinor of the type n/lf yields the complete set of Maxwell's equations, In

these processes one can notice a new type of ‘algebra’ operating among the
spinor elements.

1. In a recent paper (Ghosh 1962) a generalized treatment of the spinor
theory in a two-dimensional complex space S, has been presented through the
medium of a transformation scheme in which non-analytic functions of two
complex variables form the basis of development. When restricted to trans-
formation schemes involving analytic functions of two complex variables a
similar treatment is found to evolve a new comprehensive method of studying
the so-called two-component spinor theory.

Referring to §§ 1 and 2 of my previous paper and following up the indi-
cated procedure one can frame analytic transformation schemes in §; in two
ways : first, by means of the set of reversible transformation equations

Xb=fuXL X2 (u=1,2) .. .. .. (L)

satisfying the four conditions £&X'r =0;
and, secondly, by means of the set of reversible transformation equations

X's = gy X1, x¥H (#=12) .. .. .. (1.2)
satisfying the four conditions £, X'e = 0.
In the above X* denotes the pair of coordinates X! = x0+-323, X2 = xl4-ia?,
£, the differential operators

e .9 ¢ .0

§1=%(5?)_1’5;§)7 ég:%("a—‘;i_'bé;i), . .. (1.3)

a ‘dot’ indicating that the complex conjugate is to be taken, while a ‘dash’
refers to the transformed system.
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We shall call the transformation scheme (1.1) as the general analytic
spinor transformation in S,. The relevant covariant and contravariant
transformation coefficients are given by

ox'e 0Xx«

ﬁi = EG.XI#, m = E“Xd . . .. (1.4)

with their complex conjugates.

The system of equations (1.2) defines the general analytic co-spinor
transformation in S;. The relevant covariant and contravariant transform-
ation coeflicients are given by

ax'm e X% s
-é—z—(?=§dX“, m——fux . .o oe (15)
with their complex conjugates.

It is to be noted that a set of analytic co-spinor transformations will not
possess group property.

2. Unimodular analytic spinor transformation

Let us now consider a special transformation belonging to the general
analytic spinor transformation scheme (1.1) in which the determinant of the
coefficients of transformation is 1. We shall call such a transformation a.
unimodular analytic spinor transformation.

. 0X1 9Xe 1 gXe "
Denoting %1 3N ;22((,2, gX’Z by «, 8, 7, 8 respectively, the condition

of unimodularity becomes
wS—fr=1 .. .. .. .. @

Obviously, a set of such transformations will possess group property. It
is easy to see that an elementary covariant spinor ¥,, with components

Y11= Y22 = 0, Y15 = —7¥3; =1, undergoing a unimodular analytic spinor
transformation given by

v, =vpEXNEXH . o @22

becomes ¥y =V =0, Y= =Y, =1, .. .. .. .. .. (23)

thus ¥, remains invariant. The covariant and contravariant coefficients

of & unimodular analytic spinor transformation will be connected by the
following relations : '

EX'=6X% EX2 = —£ X2 X1 = —£X1, £X2 =41 (24)
We shall denote the associated contravariant spinor by y* so that

Y Vue = YWyop = 8; . ‘e .o .. (2.5)
5B
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The numerical spinors ¥#*, 7, serve as metric spinors, the raising and
lowering of spinor indices being performed in accordance with the following
scheme :

Pb = iy, iy = Py, .. .. .. (2.6)
This gives ¢! = iy, 2 = — ;.
We note here that for a pair of spinors ¢*, x*
PHd, = XkX, = 0, PBX, +XFd, = 0. .. @2
Consider now a mixed spinor of the second rank ¢vf" expressed in the bilinear

form
PHX; — XPP, .. .. . .. (2.8)

involving spinors of rank 1. Applying the rule (2.6) of raising and lowering
spinor inaices we get the structural relations B

b=yl gy = =y, g7 = —yt. G (29)
Introducing spin-tensors (Bade and Jehle 1953) defined by

0 2 -1 0 7 0 0 4
0, __ 1y 2 3,
Tl,,l"._ (_Z. 0)’T.>" ( 0 __1), T.;” (0 _i), T,.' = (2 0) (2.10)

let us associate four real quantities kg, 4, by, k3 by means of the formula

Tih, =y (p=0,1,2,8 .. .. .. (211)
which, being inverted, gives
2hy=TPY (¢=0,1,2,3), .. .. .. (212
where
T8 =conj (g,T%), .. .. .. .. (213)
gpq being the tensor with four non-vanishing components
Ju=gg=gszs=—goo=1 .. .. .. (214
It is easily verified that
TIRTR = 28480, TRTO. =2v"y, ., .. .. .. (215)

TRT? = 257,
14 qu q
Observing that the invariant sbfsb; is equivalent to 2(h]-+A;+A2—R2), one

can remark that 5b’.v‘ undergoing a unimodular analytic spinor transformation
induces a Lorentz transformation to the vector %, which we represent by

hy=Lhy (p,g=0,1,2,3)

In our notation the Lorentz transformation coefficients are given by the
formula

P IR (6K, .. L L 1)
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where the coefficients of spinor transformations satisfy the conditions (2.1, 4).
Expressed in matrix form (Whittaker 1937) the above becomes

0 0 0 0
[L L L Ls] & By 8][x —i7 ¥ —«
|L3 L Ly L —if & —i5 | |B —i8 8 —B

2 72 g2 2| =3 B 5 vl dx x| (2.17)
L L L l P yj l }
I.L3 3 I} L‘:J —& B =% 8]1Ld i B 8
Making use of the relation a8—p8y = 1 it is easily proved that the determinant
of the matrix IL’;| = 1, showing that the representation belongs to a proper

Lorentz transformation.
Inverting (2.16) we obtain

1Lypm? g — rg e B
SLATOTE = (6 X')(£,XF). S (218)

Using the above, one can express «2, 82, ¥2, 2 in terms of the L’s. The induced
unimodular spinor transformation is in (2 — 1) correspondence with the Lorentz
transformation.

Next we proceed to obtain Dirac equations in van der Waerden’s form.
Tor this let us first construct a set of differential spinor operators Af given by
AP =T, . L (219)
where 0, denotes d/0x?. Thus
Al = —d1+idy, A} = —01—il;, D) =i(@s+d), A} =i(@5—). (2.:20)
Inverting (2.19) we get )
p=3TEA; .. . . . (221
Now for a unimodular analytic spinor transformation the differential ex-
pression '
Agtﬁ; . .. .. . .o (2.22)
is an invariant. This is equivalent to 2(0:k1+ 02he-+05h3—00hy) which is

invariant under the associated Lorentz transformation. Let us now start
with the divergence equation

AR =0, .. .. .. . (2.23)
v
where _
¢, = F X=Xy,
The above gives

(AR Xt (A Lxu) — (A EX7) =X (ALH,) = 0. oo (2.249)

It can be shown that the first and the third terms in the above are respectively

complex conjugates of the fourth and the second. Therefore it can be written
as

(A58 )Xu— (L) $u+conj=0. .. . .. (2.25)
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Let us now introduce in (2.25) the subsidiary equations
Aldy = mxn, . . .. .. . .. (2.26)
ALXy = ng¥, (m, n arbitrary constants)

then by virtue of the relations (2.7) it is automatically satisfied. From consi-
derations of symmetry in (2.25) the constants m, n are equal. The set of
equations (2.26) constitutes the Dirac equations in van der Waerden’s form.

The equation (2.25) is also satisfied if we introduce the subsidiary equa-
tions

By =
AL#r=mg, } .. 2.27)

ASXD = —mxH,
and take into account the relation
X, +XxHpy, = 0 in (2.7).
Inserting further in (2.25) the identical relations

TGN by = 0, nhxid,+mirxa =0,

where 71': is a mixed spinor of the type (2.8) and proceeding as before we can

express (2.26, 27) in more general forms :

(aln)fs = me,
(At =i = ng,
and -~
(Al +mt)gs = m,
(A=t =~

. (2.98)

.. (2.29)

3. Unimodular analytic co-spinor transformation

Referring to (1.2, 5) we notice that the transformation formula of the
elementary spinor ¥,, undergoing general analytic co-spinor transformation is
given by _ ‘ .
V= ‘}’&B(fyXl)(vaB). .. . .. (3.1)
Postulating its invariance under unimodular analytic co-spinor transformation
we obtain the condition

Ao—uy =1, .. .. .. .o (3.2)

where A, ¢, v, o denote respectively & X1, ¢ X2, f;Xi, f;Xé.
Under this transformation the covariant and the contravariant transformation

coefficients will be connected by means of the relations

X=X X = — (X7 EXT = — XL EX = X" L (33)
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Raising and lowering of spinor indices under unimodular analytic co-spinor.
transformation are performed by means of ¥#, y,, by using the same set of
formulae (2.6).

Consider now a mixed spinor ¢ having the form (2.8), connected with
hp by means of the relations (2.11, 12). It can be shown that when &
undergoes a unimodular analytic co-spinor transformation given by

,p;#:.pg(gix’“)(ggxﬁ) .. .. .. (34)

the vector A, undergoes a Lorentz transformation hp,— ﬁ;, leaving hf—[—hz—[—hz
—_ },,(2) invariant. Writing k; = Lf hyp the formula analogous to (2.16) is now

— ~ . P " ,
If =TT (X0 (6XF), .. . . (35)

where the coefficients of the co-spinor transformation satisfy the conditions
(3.2, 3). Expressed in matrix form the above becomes

1} 1) I .
o 1 M2 Mg —A —p —=v —=&1[A —v v =2
Iy I I; I, . —i R =i Gk —ie e =]
w2 72 j2 g2l —_ =5 =G —3 ; B
z Ll L2 L3 13 A ¢ 1 v A A v
73 78 T8 8 A —p » =8lle B o
lLo Ly L, L

Comparing (3.6) with (2.17) one can see that the value of the above deter-
minant is —1, showing that the representation belongs to an improper Lorentz
transformation. It is to be noted that corresponding to the unimodular
analytic co-spinor transformation one obtains the set of Dirac equations in
the same form as (2.26, 27).

4. Infinitessimal analytic spinor transformation and the corresponding
Lorentz transformation

Consider the infinitesimal spinor transformation equations

X'e=XFpeff(X1, X2), (Bh=1,2) .. .. (4]

where ¢ is an infinitely small parameter, f* being arbitrary analytic functions
of X® Differentiating the above the coefficients of transformation are
obtained as ‘

ox's ., a9t
—a——X;—;—sv—FG@, S .. e (4-2)
X _ v 0P

For a unimodular infinitesimal analytic spinor transformation we must have

aX"1, X'2)

T(W=1 .. .. .. .. (43)
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whence we obtain the condition

a§1+6£2 Y Ty

Referring to (2.12) we notice that the infinitesimal unimodular analytic spinor
transformation of the mixed spinor n,bg and the corresponding infinitesimal
Lorentz transformation of the vector %, are connected by means of the equa-
tion

Ohg =TS, .. .. . L (45)
where

AR L
8, = ‘[aXA ¥~ 3% ‘ﬁa]
by applying (4.2).
Writing 3k = w’hy and making use of (2.11) we get

"—GT'[Tmaf Tl’“af”']/.. ce .. (46)

Y =3 43X2 T 9Xs)

where the condition (4.4) is implied.
The above expresses infinitesimal Lorentz transformation coefficients in

terms of infinitesimal unimodular analytic spinor transformation coefficients.
Inverting (4.6) we get

s O

aX"

P THT = (4.7)
q A v

Let us now consider a mixed spinor of type ¥'. Applying the rule (2.6)
of raising and lowering indices we get the structural relation ¥*¥™¥u, = 4]
which gives the relation ¥.+¢; =0, analogous to (4¢.4). Referring to (4.6)
we can then correlate a mixed real tensor Ef with 4} in the following way :

b — 1[7P IO — T TPeye].
B = é[TWbe‘z/; =TT :¢;{] N T )]
In view of (4.7) we have then
MWr=ETTE, .. .. .. .. (49)
v q i v
We shall call ¢, the electromagnetic spinor and Ef the electromagnetic tensor.
The dual E,” is then defined by
*w_ b mPAY 1A Mbpye
B = %[T:awaﬁquwa;]. RO ¢ 8 1)
To obtain the spinor representation of Maxwell’s equations we start with the
system of tensor equations (Laporte and Uhlenbeck 1931).
‘ OpE? = J g, 3E," = 0. N (22 Y
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Using (4.8) and (4.11) and replacing dp by %T‘;‘VA;." from (2.21), the above equa-

tions can be presented as
. " R
VT (070 g = o
f v, [} (4'12)
%TZO( DY+ Amb;*) =0.

The set of Maxwell’s equations in a new spinor form is then given by
A, = — Azz/;i;= 377, N ¢ B
where J g denotes the charge and current spinor.
Since A? A%, vanishes identically the spinor J; must satisfy the divergence
condition
AP T =0. T C B 1)

It is easily verified that the first set of Maxwell’s equations (4.13) is satisfied
by taking ¢ in the form

o= ATmE— A¥n?, N O 1)

where 77'; is the electromagnetic potential spinor. Substituting (4.15) in the
second set of (4.13) we arrive at the wave equation
...AEA%WZ::%J; .. ‘e .. .. (4.186)
with _
Ai my = 0.
Referring to (2.23) one can see how the set of Maxwell’s equations is
linked with the system of Dirac equations.
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