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The problem of a normal load moving over the surface of an ice sheet floating
on water has been considered in this paper, The ice sheet is taken to be
transversely isotropic, following Hearmon (1961). Expressions have been
obtained for the stresses in the ice sheet and in the water, using the boundary
conditions at the free surface of the ice and at the boundary between ice
and water.

Lamb (1921) has considered the vibrations of elastic plates in contact
with water. The problem of Rayleigh waves in an isotropic ice sheet floating
on water has been considered, among others, by Press and Ewing (1951a, b),
Crary (1954) and Sato (1951). It has been found, however, that an ice sheet is
not strictly isotropic in its elastic properties; and that a far better agreement
with the observed elastic properties of an ice sheet is obtained by taking it to
be transversely isotropic (Hearmon 1961). We shall consider here the problem
of a normal load moving over the surface of a layer of transversely isotropic
material underlain by a semi-infinite liquid medium, and apply the results
obtained to study the effect of a normal load moving over the surface of an
ice sheet floating on water, taking the ice to be transversely isotropic.

We take the origin of coordinates on the surface of the transversely
isotropic layer of thickness k. The z-axis is drawn into the layer. A
normal load P is suffered to move with a uniform velocity V along the z-axis
on the surface. The plane z = h represents the surface of the liquid. Con-
sidering a two-dimensional motion confined to the z —x plane, we assume the
y-component of the displacement to be zero, while the components % and w of
the displacement along the z-axis and the z-axis respectively are taken to be
independent of y, for the transversely isotropic medium. The components of
displacement % and @ of the liquid are similarly taken to be independent of .

The strain-energy function W in the contemplated transversely isotropic
medium is given by [(Love 1952, p. 160, eqn. (16)]

W = 401(el, + efy) +3C 336”4 C15lenn+eyy)ezz+Croeazeyy
+30u(e,+ e2)+1C soef.,, .
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We now consider the equations of motion. Of the three equations of
motion, one is automatically satisfied, while the other two equations become,
when expressed in terms of the displacements % and w,
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The boundary conditions for the normal load P moving over the boundary
z = 0 are
=0

and Zz=-P8(x—Vt)}atz=O' . .. oo (2)

For the boundary between the liquid and the transversely isotropic

layer, we have
Xz=0
w= ratz=h, .. .. e (3

and N Z, = 7z

where the normal stresses for the liquid are denoted by fx—, 17;, Z,. The
solutions of (1) for « and w are obtained in the form

U° = f [4; cosh kq,(h—z)+ A, cosh kqy(h~—2) )
0

+ B, sinh kgy(h—2z)+ By sinh kgg(h—2)] sin k(z— Vt) dk
and

W= f [my4, sinh kgqy(h—2z)4-my4, sinh kqg(h—z)
0

+my By cosh kgy(h~z)+myB, cosh kgs(h—2)] cos k{zx— Vi) dk
where
011"'044€If,2—PV2
(C134+Cas)q1; 2
¢: and g2 being the roots of the following quadratic equation in ¢2:
c 2 2
s[5~ G~ G ]
2 2
+7 001;:(6’,’:: 4044)=0. N
From (7), it is clear that, in order that ¢; and g, may be both real, ¥
must be less than both 4/Cyjp and 4/C,jp. If V lies between 1/Cy,/p and
V/C.4/P, one of the quantities q°» g% is negative. If V is greater than both
A/ 0hijp and 4/Tp,p, both ¢; and g2 become negative.

my, g =

(6)
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On introducing the potential ¢ defined by @ = gg, W= %—, the equations
. .. 1 92 . .
of motion for the liquid reduce to V2¢ = & —a—t‘—f, where « is the velocity of com-

pressional waves in the liquid. We take a solution of this equation in the
form

b= J EF18 (g k(z—T1) dk,
0

where
g =11—V2xt.

Using the boundary conditions given in (2) and (3), and following Sneddon
(1951), we now obtain

P .
Ay =~ A [(m 199 —m2g,)P, V2 sinh kqoh

+Geo(gy 4+ mp){cosh kg h—cosh kgqoh)}] . . . (8
_ P P VE(m +q,) .
o= — A [— p—— (mg2—maq,) sinh kq,h
—qay (g1 4+m){cosh kgyh—cosh quh}] . . .. R )]
P - . - .
By = — o [—(ma+q:)qep sinh kgyh+(me +95)32; sinh kgsh] .. (10
— p 91 +m = o = inl
By = — N P {{my+q;)ag; sinh kg h—(mz+gs)gn; sinh kg,yh}}  (11)
LE = P(qymg—qam,) [(m14q1)os sinh kgih—(my4-¢o)oy sinh kgoh], .. (12)
A (gt mg) L) 1 2+ g2)u 2h],
where
2 -
A = PVHmge=Magy) o g coshekigyh sinh kggh

me+gs
—ag(m, +¢;) cosh kqgoh sinh kqqh] (13)

+q2-gm2 [0%(ma+ g2)2+a2(m; +¢,)2] sinh kg,h sinh kgsh

+20120(g +m)[1 — cosh Egsh cosh kggh]

In the equations (8)‘(13), Xy = 013——m1q1033, oy = 013—m2q2033 and Py
is the density of the liquid. From these equations, we obtain

Zz=—£fwf—1(—k)cosk(x—Vt)dk, ey
T 0 A
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where

2 —
fulky = PLVHmaGe—mg1) o) sinh Rggh cosh fgy(h—2)
Mo+qe

—xp(m+¢,) sinh kg1h cosh kga(h—2)]
+gayxs(gy +my)[cosh kg z+cosh kyyz
—oosh kgyh cosh kgg(h—2z)—cosh kgoh cosh kgy(h—z)] >

+q2_zm2 [u.g(gl +m;)2 sinh kgih sinh kgy(h—2)

+a(g2+ms)? sinh kgoh sinh kgy(h—z)]

Zy, X and Z, can be calculated similarly, using the equations (8)-(13).

We note that the integrals in the expressions for X,, Z,, Z, and Z,
converge only for real positive values of ¢, and ¢, i.e. when the velocity of
the load is less than both 1/Cy;/p and 4/C,Jp. We also note that the
integrands in the integrals obtained in the expressions for the stresses can be
expanded in ascending powers of e~*4* and e*%" and on integrating
term by term, we obtain solutions for the stresses in the form of infinite series.
In case either ¢, or g, or both ¢; and g, become imaginary, it is still possible
to obtain formal solutions for the stresses by expanding the integrands in
ascending powers of e *u* and e-*.* and integrating term by term.
Such a solution involves delta functions, which indicate discontinuities of
stress along certain lines, whose equations can be found without difficulty.
Finally, we note that the integrals for the stresses can be evaluated numeri-
cally, using Filon’s method (Tranter 1956, pp. 67-75).
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