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The effects of small suction or injection on the secondary flows induced in
Newtonian as well as in non-Newtonian fluids placed between two concentric
spheres rotating about a common axis have been studied. This paper is
thus a generalization of the work of Bhatnagar and Rajeswari (1963a, b), dis-
cussing the secondary flows of these fluids between two rotating spheres
with impermeable walls. The secondary flow, which is the result of the
interplay between the centrifugal force and the suction forces, is deformed
according to the predominance of the one over the other. By suitably
choosing a variable law of suction, the formation of loops or breaking of the
flow which occurred in non-Newtonian fluids in the absence of suction
(loc. cit.) can be obliterated. When the applied suction (injection) is
gradually increased (for a fixed rotation of the spheres), the secondary flow
resembles more and more the externally applied radial suction (injection).
These facts are illustrated graphically, considering particular values for the
suction parameters, The normal stresses offered by the non-Newtonian
fluids act against the centrifugal force and hence the centrifugal force
becomes negligible in comparison to the applied suction (injection). /

1. INTRODUCTION

In recent years, the study of flows in the presence of porous walls has
gained importance in technology as well as in biophysics. Much work has
been done (Berman 1953, 1956, 1958; Morduchow 1957; Sellars 1955; Yuan
and Finkelstein 1956) with an effort to understand the effects of fluid removal
or injection through channel walls on the flow of ordinary viscous fluids.
Narasimhan (1961) has studied the flow of a non-Newtonian visco-inelastic
fluid in an annulus with porous walls. He has discussed the effects of variations
in the cross-flow velocity on the flow field and observed that the pressure
variation in the radial direction is dependent on the direction of the cross-flow,
unlike the case of Newtonian fluids. Recently Bhatnagar (1963) has investi-
gated the steady laminar flow of visco-elastic fluids through a pipe and
through a cylindrical annulus in the presence of suction and injection.

In the present paper we have studied the effects of small suction orinjection
on the secondary flows induced in the Newtonian as well as in non-Newtonian
fluids placed between two concentric spheres rotating about a common axis.
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This paper is thus generalization of the work of Bhatnagar and Rajeswari
(1963a), discussing the secondary flows of these fluids between two rotating
spheres with impermeable walls. The flows in the presence of suction or
injection have some interesting features : for example, when suction is large,
the breaking of the secondary flow into loops is obliterated. When suction
is small, for values of the stream constants lying between zero and the flux
along the axis of rotation, every streamline starts on the inner sphere and
ends up on the outer sphere passing through r = r;, where the breaking of
the flow in each quadrant has occurred in non-Newtonian fluids in the absence
of suction (Bhatnagar and Rajeswari 1963b). For values of the stream
constants less than zero, loops are formed in the region between r = & (inner

sphere) and r = r; and two stagnation points occur on the line § = 7%betsween

r =k and r = r,. For values of the stream constants greater than the flux
along the axis of rotation, loops are formed with an opposite sense in the region
r =1y and 7 = 1 (outer sphere) and two points of stagnation occur on the
axis of rotation (§ = 0) between r = ry and r = 1.

By suitably choosing a variable law of suction, the formation of such loops
can be removed and the whole region is then filled up with streamlines starting
on the inner sphere and ending oun the outer one. The secondary flow, which
is the result of the interplay between the centrifugal force and the
suction forces, is deformed according to the predominance of the one over the
other., When the applied suction (injection) is gradually increased (for a fixed
rotation of the spheres), we find that the secondary flow resembles more and
more the externally applied radial suction (injection). These facts are
represented graphically in Figs. 1-6.

Q-Of

Fia. 1. The secondary flow pattern in the presence of uniform injection (x4 = 0-01) at the
- inner sphere in the case of Newtonian fluids,
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We also observe that when we consider the non-Newtonian case for the
same rate of uniform injection as illustrated in Fig. 2 for Newtonian fluids,
the secondary flow lines are more or less like the applied radial injection,
showiné thereby that the effect of the centrifugal force is much reduced.
The normal stresses offered by the non-Newtonian fluids act against the
centrifugal forces and hence the centrifugal force becomes negligible in
comparison to the applied suction (injection).

-0:025

Q=12

Fra. 2. The secondary flow pattern in the case of uniform suction (x; = ~—0-025) at the inner
sphere in the case of Newtonian fluids.

-0-04

B=m/2

Fig. 3. The secondary flow pattern in the presence of variable guction at the inner sphere in
. the case of Newtonian fluids. .
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2. PrmMArRY MoTioN

We denote the radii of the inner and outer spheres by ke and a (0< k < 1)
and their angular velocities by mf2 and £ and work through the spherical
polar co-ordinates r (radius vector measured from the common centre of the
spheres), 8 (polar angle measured from the axis of rotation) and ¢ (azimuthal
angle measured from a meridian plane). We shall use the variables rendered
dimensionless, using a as the characteristic length and af2 as the velocity.
In our scheme hydrostatic pressure will be given by p®,2, where @, is the

<1072

v
\
! O=m/2

Fi1a. 4. The secondary flow pattern in the presence of uniform injection at the inner sphere
in the case of non-Newtonian fluids (§ = 0-095).

6=1/2

prm——————————

Fia. 5. The secondary flow patiern in the presence of variable injection at the inner sphere
in the case of non-Newtonian fluids,
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coefficient of viscosity. The equations of motion of the problem with u, »
and w as the velocity components in the increasing directions of r, 6 and ¢
respectively are recorded in Bhatnagar and Rajeswari 19635, where
_a0Qp B0 _ 0,0
R = ¢1 ,S—El—' and K—E';' . .o (2.1)
are the Reynolds number and the dimensionless parameters of cross-viscosity
and visco-elasticity respectively.

004

0=1r/2

Fr1a, 6. The secondary flow pattern in the presence of variable suction at the inner sphere
in the case of non-Newtonian fluids.

We find that the primary motion (in the absence of the contributions of
inertial terms, cross-viscosity and visco-elasticity) has the velocity components

u=v=0 andw=r(c+f—3)sin0, .. . (2.2)
where
__ (m—1)k3 _1—mk3
b-—T—_—ka— and O—T'—-k:a_’ .o .o (2.3)

so that the streamlines are concentric circles about the common axis.

3. SecoNpaRY MotioN N A MERmDIAN PraNE
(with the inclusion. of inertial terms and retaining first powers of S and K)

Variable suction or injection is applied along the surface of the spheres.
Hence the secondary flow is determined under the boundary conditions.

v=0at r==Fk and r=1. . .. .. . (3.1)
u = AgPo(it) = Xqco8®l, at r =k .. .. (3.2
nZO HZO
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and

w= > v Pu(n X cos®d, at r=1. .. .. (3.3)
nZO 2=:0
To obtain the secondary flow in a meridian plane as given by the velocity
components % and v in the increasing directions of r and- 6 in the presence of
suction, we neglect the products and higher powers of # and v according to
Oseen’s scheme in the equations of motion. The linearized equations are

Pr = [Vu— ‘-312" 2 vo—z” oot ‘9] +R[f ] sin%0

sl -2
+K[4f7"—ifzi”-g]smzo, N . X

and
2 £\
pp=r V‘v+r—2u‘9 m + Bft sin 0 cos 68} f'— —) sinfcosf, .. (3.5)
where the primary motion is defined by
. b :
wo = f(r) sin 8, f(r)= or+z, - .. .. (3.6)

02 20 102 cotdd
=wmtratrwmt o %

and suffix ¢ denotes partial derivative with respect to ¢ The fluid is injected
at one of the spheres and sucked out at the other in such a way that the total
volume of flow is preserved. Total volume of flow in a quadrant is given by

27 .3
J. J. ur? sin 6 46 do. .. . O3
o0

Equating the total volume of flow injected at one sphere and sucked out at
the other, we get

© 1
Z f (Ank2—=rg)Pa(w)dp=0. .. .. .. (3.8)

Since ?

In+2)!
| P,,(0) =0 and P,,,,(0) = ﬁ% (3.9)
we get the condition
1

vo)+2 2,'3“((71:11)), (Azn+1k’—vzn+1)=0, .. (3.10)

68
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for the preservation of the total volume of flow. Eliminating » between
(3.4) and (3.5), we have

22 sin2 3z |° 6R (
—_ = 2
[arz+ 7 B(cos o)=] ¥ = sin®f cos 0{ i )

144862 146 2z  4bc
-— K( b2+——+7)} . (3.11)
where
1
Y= Eme? U= ame? L (312)

i being the stream function of the secondary flow. Integrating for i, we have

P = cos Oagr+ber2+co+dord] + Z sin BP;(F)[a"r‘"+bnr"+3+c,,r2'"+d,,r"+1]

n=1
R (bc be S K 73 b2
2__ ) -~ i —
+smBP[ (2r 27') 3r3+6( 357 3+ rlnr mbclnr)], (3.13)

so that

o

u= [‘;i’+bo+j—g+dor] - Z B0+ 1)Py() gt 4D 4 byrmt 1 oyrt 4 dgrn=1]

B bz 28 K{ 713b2 202 4 be
—2P2(F') [Z(bc—' 3 ) -——5—+€(— 1—2;5+ nre— 51_—2]n T)], .- (3.14)

and

» = cot 0[‘17“+2b0+3d0r] + z P;(#)[—m,,r— (n+2) 4 (n+3)byrntl

n=1

A

+(2=n)eur P+ (n+1)dur" 1]+P2(#)[ (bc+2r3)

b2S K(73b2 22 | 922 4 bc)] (3.15)

wrte\est ts e

Making use of the boundary conditions (3.1)-(3.3) and solving for each
set of the constants, we get

D o3 = 6(k—k2)(Agk?—vq), .. .. .. .. (3.16.1)
Agho = 3(RE—1)(AkB—vo), .. .. .. .. (3.162)
DoCo = Aok2(1 —4k+3k2) 4 vok2(3—4k+k2), .. .. (3.16.3)
and
Agdy = 2(1—k)(ak®—wyp), R £ % [ X))
with
Do=1—4k+6kE—4kS+k¢; .. .. .. .. (3.165)
B0y = MES(Bk—2k3—1) 4 v kS(BkE—k3—2), .. .. (3.17.1)
ad =Nrab g1 - D a-3-k, .. .. (3172

A 161 = Mb(6kS—5k3—1) v, k(6—5k2—k5), .. .. (3.17.3)
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%1 (34 5k2—8k)+ 71 (— 8-+ 515+ 349) .. (3.17.4)
with ’
=4

Ay Ok 4 10k3 —OK5 46 ; N B L )

Ay = g{’f{ (4~ 9k 10kS —Ok5 4 4kS)t

— O (1 — 10k -0k 4 0ks - 10k5 + 49) §+3b_8{1 5k3

73b

5 6 _5k8 11 — L (] = 5
+4k5+4k0— ShS-H K11} + g {mk (1—5k3+4k

+4k6—5k3+k11)+‘f:—5 (1 — k2 — kB4 £5) 4 2k5(k2 — 1)

4 2c2
Xbe In k— 1—5bc k2(1—k3+k5—k8)+? (1—E5) In k}
—SvokS (k3 —1)(k2—=1)+ 5(vok—Ap)E7(K2—1), .. .. .. (3.18.1)
Agby = R{z (1— 6k2+5k3+5k4—6k5+k7)+ (3—8k+5k2+5k4——8k5+3k6)}

{1—5k2+4k3+4k5—5k6+k8}—- = {gi 23 (1 —5k2 4 4k3 4 445

—5k6+k8)+-1—-5~ (1 —kB— k54 k8) — £ (1 —k5)be In e+ 5be(— 1 4 k24 k2 —k5)
—c2k3(k2—1) ]nk}—vg(l —E5) (k3 —1)+ (vok —Ag)(1 —k5)k2, .. (3.18.2)

Agcz-———-{bck’(S 15k +TkS+ TkS — 15%7 4 8k8) o (— 1+ 15k4 — 1455 — 1446

Zk(
15k — kll)}-|:§’238{1 — 215+ 2054 2087 — 21 kS 4 K15} 4 {73
(1—21k5+20k6+20k7-—21k8+k13)+—k3(1 kz—ks+k7)—3b-°

X (2 45k — 14k5 + 547 - 2410) — 3”-" (4+421%5—25k7) In k+ §o2k?(1—k7) lnk}

—%v2k3(1—k5)(k3—1)+(—v?'—’%ﬁ-)(4+21k5—25k7)k2, .. .. (3.18.3)

2
Aody = 1§e {132‘3 (3—10k2+7k4+7k5—10k7+3k9)+2—k (6—12k+Tk2 4 TkS — 12k7

73g(
12k

+ 2152 — 1658 — 16%7 21 k8 — 5k10) + 14 Bo(1 — k2 kb +k7) — 4 (k7—1)bo

b2S K
+5k8)  + g5 {— 6+ 21k — 16k3—16k7+ 2148 — 5110} -5

2
In b+ 75 (—26k8-+21k5+4k10) In k} 4 §op(R7 4 kS — K10 1) §(R7—1)ke
X (vgk—Ag), .. (3.18.4)
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with
Ag = 4k10-25k7 4-42k5 —25k34-4 ; .. .. {3.18.5)

and in general for n = 3, 4, ...

Aty = An{(2n—1)(n43)k" = 2n(n—2)k* " — (n+1)(2n+ 1)k 2}

+u{ (@n—1)n43) 2 —2n(n—2)k** *—(n+1)2n4+ 1)k}, .. (3.19.1)
Anby = M{n(2n—1)k1~%—2(n 4+ 1)k *+2— (0 —2)(2n41)k3- 7}
Fr{n@n~1)kE—2n+ 1)k —(n—2)(2n+1)}, .. (3.19.2)
A nCp = An{20k1" "4 (n+1)(2n+ 3)kn+2e— (n+3) (2n+ 1)kn+e)
Fva2nk2nts 4 (n41)2n+3)kE—(n+3)2n+1)}, .. (3.19.3)
and
Ann = A{2(n+3)knH4 4 (n—2)(2n +3)k3~—n(2n+ 1)k1 "}
Fva{2M43)k1-20 4 (n—2)(2n+3)k2—n(2n+ DkL}, .. (3.19.4)
with
Ap = n(n+1)[(2n+1)2(k441)—2(2n+3)(2n—1)k2
B R -3 L X))
Integrating for pressure, we get
c2r3 b2 4bec) Hb2, K[73b% c2
p= ;R(T_@"§7)+76“S+§(??8+§

2
+§?§ —2¢2 In r) }—Pg(ﬂ)gg (02r2—- %+2bc)

r
7628 K(365b= 2 8bc 8be )2
Inr

s\ ststee " 5n

- z [2(n+ 1)(2n+ 3)byr®+2n(2n— 1)our~ W+ D]P (1)
n=1

+6d01n(rsin0)—gg‘—’. Y - X/ )

If Ak%—vp =0 in the first set of constants, we get a;, = by, = dy = 0 and
then the term In (rsin ) in the pressure field vanishes.

The series can be truncated at any stage and we can study the case of
any particular law of suction from the general law that we have assumed
here. For numerical computations, we have taken the following particular
law of suction

% = X1+ Xg cos20 at r =1, .. .. .. (4.1)
and
U = X;"'X; cos?d at r=1k. . . oo (42)
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Writing it in the form of a series of Py(p),

%= (Xl+%)PO(F')+§XZP2(F') abr=1, .. o (43)

and 7
;X ,
%= (x1+§2)Po(F')+%x2P2(F) at r=Fk. . o (49
Hence substituting ‘
s X
/\0 = (X1+§‘2), Vg = X1+%
(4.5)
/\2=%X;’ "2=%X2

in the expression (3.14) for , we get the stream function i of the secondary
flow under the influence of suction given by (4.1) and (4.2):

s = o, 0)+(cos?9—cos 6) AL {%(4+21k5—25k7)+ L0 (k7 —1)r3 —5k5(1 —k2) ;1,2
2

—2(k5—l)r5z(x2'k2—xz)+xl cos 0+%z cos3d, .. (4.6)

where i, represents the stream funection of the secondary flow between two
rotating concentric spheres with impermeable walls which is recorded in
Bhatnagar and Rajeswari 1963az. In this particular case, we have the
relations

(BXy+Xo)— k23X, +X;) =0 .. .. .. @7

for the preservation of the total volume of flow. The positive values of
X1, Xs, X, and X, represent that the fluid is injected at the inner sphere and
sucked out at the outer sphere while the negative values of X;, X, X; ana‘xé

represent that the fluid is injected into the region of flow at the outer sphere
and sucked out at the inner sphere.

4. DiscussioN or THE RESULTS

Writing the stream function of the secondary flow in the presence of
suction in the form

s = 5in% cos 6 f1(r) +(Xa—X;k2) folr) ]+, cos a+53g 08%0, .. (5.1)

where f,(r) represents the » dependence of the stream function in the secondary
flow in the absence of suction and

felr) = —;—2 [5(4 + 2145 — 25Kk7) + 10 (k7—1)r8—5k5(1 —lcz);lﬁ —~2(k5—1 )rﬁ], (6.2)
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we discuss the pattern of the secondary flow in general for different values of
the suction parameters for Newtonian and non-Newtonian fluids separately.

Newtonian Fluids

In the case of constant suction or injection at the outer sphere according

as X; > or <0, we have stream function of the secondary flow given by
¥y = 8in20 cos 8 f1(r) L X, cos 6. .. .. .. (8.3

In Newtonian fluids f;(r) maintains the same sign throughout the region
of flow and the whole quadrant is filled up with a similar type of loops in the
absence of suction. Since fi(r) = 0 at r =k and r =1, we have y; = +X,
cos 8 at r = k and r = 1, which means that every streamline that starts at a
particular angle ¢ at the inner sphere ends up on the outer one at a point with
the same angle. The secondary flow, which is the result of the interplay
between the centrifugal force and the suction forces, is deformed according
to the predominance of the one over the other. From (5.3) we see that there
is flow along the axis of rotation (§ = 0) given by the stream constant Xx; and
there is no flow across 8 = =/2.

For a small injection of the fluid at the inner sphere (X; > 0) ¢; >0
throughout the quadrant, and Fig. 1 illustrates that for values of the stream
constants lying between 0 and X; every streamline that starts on the inner
sphere ends up on the outer one at the corresponding point. For values of
the stream constant > X, the streamlines are in the form of loops as shown in
Fig. 1. We notice that two stagnation points occur at r =< 0-55 and r =< 0-92
on the axis of rotation. Similarly for a small suction of the fluid at the inner
sphere (X; < 0), the stagnation points occur on the line § = #/2 and the flow
pattern consists of loops and lines starting from the outer sphere and ending
upon the inner one. When the applied suction (injection) is gradually increased
(for a fixed rotation of the spheres) we find that the secondary flow resembles
closely the externally applied radial suction (injection) and the formation of
of loops is removed. Fig. 2 shows that for an increased uniform suction at the
inner sphere the whole quadrant is filled up with a similar type of streamlines
deformed only to a certain extent by the action of the centrifugal forces.
Fig. 3 depicts the secondary flow lines for a wvariable suction of the form
(0-233-0-22 cos?6) applied at the inner sphere.. The entire quadrant is filled
up with the flow lines of a similar type.

Non-Newtonian Fluids
We observe that except for a slight displacement of the streamlines, the
general pattern of the secondary flow is essentially the same for the visco-
inelastic and visco-elastic fluids. In the presence of uniform suction (injection),
the secondary flow is given by

s = f1(r) sin20 cos X, cos 6,
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where now fi(r) represents the r-dependence of the stream function in the
secondary flow 4,(r, 8) of non-Newtonian fluids. We notice that f,(r) changes
sign within the region of the flow, i.e. fi(r) = 0 at r = r, k < ry < 1, showing
thereby that for a critical value of the non-Newtonian parameter S or K,
the flow in each quadrant is further divided into sub-regions in each of which
loops are formed with opposite sense. Hence the corresponding points on
the sphere at » = k and = 1 and also r = 7, possess the same stream constant
s = +X; cos 8 for a given 8. Consequently the flow pattern is different in
non-Newtonian fluids for small uniform suction (injection).

In Fig. 4 we have drawn the typical streamlines for a small uniform injec-
tion of the fluid at the inner sphere for a non-Newtonian fluid characterized
by 8 = 0:095 (m = 8, R = 5, k = 1/2), for which the secondary flow in each
quadrant is further divided at r, =2 0-74 in impermeable walls. For values
of the stream constants lying between zero and the flux along the axis of rota-
tion, every streamline starts on the inner sphere and ends upon the outer one
intersecting the interface 7y =2 0-74. Streamline ), = 0 is indicated in the
figure. For values of s < 0, loops are formed in the region between r = 0-5
and r = r, and two stagnation points occur on the line 6 = #/2 between
r =05 and r=20-74. For values of ¢; greater than the flux along axis of
rotation, loops are formed with an opposite sense in the region r = r, and
r = 1 and two stagnation points occur on the axis of rotation (¢ = 0) between
rez 074 and r = 1.

Such a formation of loops can be obliterated by suitably choosing a variable
law of suction and Fig. 5 shows that the entire quadrant is filled up with
a similar type of streamlines starting on the inner sphere and ending on the
outer one. In Fig. 6 we have drawn the secondary flow for non-Newtonian
fluid (8 = 0-095) in the presence of variable law of suction of the form
(0-233—0-22 cos26) applied at the inner sphere as a comparison with Fig. 3
drawn for Newtonian fluids.

We also observe that when we consider the flow for non-Newtonian fluids
for the same rate of uniform injection as illustrated in Fig. 2 for Newtonian
fluids, the secondary flow lines are more or less like the applied radial injection,
showing thereby that the effect of centrifugal force is very much reduced.
The normal stresses prevalent in non-Newtonian fluids act against the
centrifugal forces and hence the centrifugal force becomes negligible in
comparison with the applied suction,
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