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The flow of a perfect gas through an elliptic pipe has been studied under
non-adiabatic conditions, conductivity and viscosity being taken into
account. It has been found that the adiabatic fiow is possible but either p
has to be assumed variable or Stokes’ condition has to be modified.

1. INTRODUCTION

The problem of heat transfer to a fluid flowing with the Poiseuille velocity
distribution through a circular pipe when the walls are kept at constant
temperature as well as when at a uniform temperature gradient have been
solved (Howarth 1953) under very restricted conditions. Firstly for the
Poiseuille flow, the assumptions are that the pressure is uniform over each
section of the pipe and that the longitudinal pressure gradient is constant.
Then in the equation of the energy the terms due to the pressure and the
dissipation have been neglected. Ray (1956) discussed the problem of the
flow of a perfect gas through a circular pipe under non-adiabatic conditions,
conductivity and viscosity being taken into account. He assumed p, the
coefficient of viscosity, as constant and o, the Prandtl number, as unity. Kapur
(1957) discussed the same problem again and has shown that the adiabatic
flow is not possible under the assumptions (# = 0, ¥ = 0, p = constant, A =
constant, o = 1) made by Ray (1956) and for the assumptions and equations
to be consistent for a compressible fluid either p has to be assumed variable or
Stokes’ condition has to be modified. Ram Kumar and Warsi (1963) solved
the same problem by the method of Hankel transforms without assuming the
form of w as has been done by Ray (1956) and Kapur (1957). They have
found that the adiabatic flow is not impossible but, as has been pointed out by
Kapur, either p has to be assumed variable or Stokes’ condition has to by
modified. -

In the present note the problem of the flow of & perfect gas through an
elliptic pipe has been studied. It has been found that the adiabatic flow is
possible but, as has been pointed out by Kapur, either p has to be assumed

variable or Stokes’ condition has to be modified. The solutions have been
obtained in terms of Mathieu functions.
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2. EqQuaTioNs or MoTiox

The equations of motion of viscous compressible fluid in Cartesian
coordinates are:

Du _ Ooy  Oryg , 01z

P Dt + +—a— "—a;- .. .o .. . (1)
Dy _ a'r,y Ooy , O1gy

P = Y+ T O )]
.Du) a‘rzz a‘ryz aaz

P _Dt + a + +E ) . . ‘e .. (3)

where
D d 0 0 0
= a’f”a’f”@‘f’”a

au av
ou dv ow
= —p+:\( +a az)+ Fay
au 31) aw
ou , Ov ’
Tay = I @"'a .
ov 2@
ow 0
Tex = F(§‘£+a_:)

where p is the pressure, p the ordinary coefficient of viscosity and A is the
second coefficient of viscosity.
The equation of continuity is
%te+ag':)+ag’;)+a(g;”) 0. .. .. .. (5
If the flow direction is assumed to be parallel to the z-axis, velocity has
z-direction only and u, v vanish. Let -the mouth of the pipe be the section
z=0. Assuming that the flow is steady, equations (1), (2), (3) and (5) with
the help of (4), neglecting the external forces, are reduced to

-

0=-ap+()‘+ )axaz R ()}
a
; 0= p+()‘+")ayaz R | )]
 ow op, (9w o%w 82w
P05 == 62+F(a 2+ay2)+(/\+2y.)—a—z—§ . . (8
-a-—(-e'-l)-zr-v . . . .9 ’ e te (9)
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Equations (6) and (7) give
0
P=ptOtm g, o o e . (10)

where p, is assumed to be constant which is the hydrostatic pressure.
From (9) we see that pw may be a function of z and y but we assume it to
be an absolute constant, so we put

Pw = Py, . - .. .. (1D

where the suffix zero indicates values at the centre of the mouth of the pipe.
The assumption that pw is independent of » means that there is a layer
of fluid of infinite density in contact with the surface of the pipe. At the
surface, where w = 0, gas sticks to the boundary and accumulates and there-
fore p becomes large.
Substituting (10) in (8) and using (11) we obtain

ow 02w 02w 0%w .
| %%5=4$ﬁaﬁaﬁ- (12
Let us further assume
w = we %%, .. .. .. < (13)

where w, is a function of x and y and o is some constant to be determined
later on. ’ '
Substituting (13) in (12) we obtain

2wy | 2w o
) '55?+?y?+ 12+ﬁpowo wy = O. “ P .. (14)
3. TRANSFORMATION IN ELLrrric COORDINATES

If the boundary of the tube be given by
2 y2
wtp=1
we introduce elliptic coordinates ¢, n defined by

21y = ¢ cosh (£+in),

C == ’\/d"-—b" ,
so that
x == ¢ cosh £ cos 9,

y = ¢ sinh £ sin 7.

Let us transform equation (14) in these elliptic coordinates.
It can be easily verified that

e 9t 2 ( o2 az)
ax2+ay2 " ¢(cosh 2£—cos 2n) 5?2-'--3_17? )
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On applying this result, equation (14) is transformed into

awl

67)2

Writing 4q for c? (a2+5 Po’wo) in the above equation, we get

awl

7& toe

+1c2(cosh 2£—cos 2q)(a2+%Powo)w1 = 0.

02 Wy 32w1

T et Y st e +2g(cosh 2¢£ —cos 2phw; = 0. . -+ (15)

4. SIMPLIFICATION OF THE DIFFERENTIAL EQUATION

It ¢(£), ¢(n) are functions of £, 5 alone respectively, then let us assume
that
= $(E)(n). .. . .. .. (16)
Substituting (16) in (15) we obtain

i ‘;g‘g.l_?g +2q(cosh 2£—cos 29) ¢ = 0,

Dividing throughout by ¢¢ and rearranging leads to

1 d2¢ 1d2y

3 d§8+2qcosh_§— —¢ p

Since the left-hand side is independent of 7 and the right-hand side

of ¢, each side must be coustant, say, a. Accordingly we get two ordinary
differential equations:

——+2q cos 27,

3;25 —(a—2q cosh 2£)p =0 .. .. - (17)
‘;_1;.*.((1_2@1 [ 2n)4 = 0, .. .o .. (18)

where a is the separation constant.

These are the Mathieu equations. Herein we consider the case when
the flow distribution is symmetrical about both axes of the ellipse. Thus
Y(y) must be even and periodic in » with period =.

- 5. SOLUTION
The only solution of (15) having these properties (McLachlan 1951,
p. 160) is

wy= > ConCosulé, oeamtna)y - - - (19)

m=0

where (McLachlan 1961, pp. 21, 27)

ceanr, 9) = > Ag cos 2
r=0
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and
o
Cesm(€, q) = > Ay cosh 2r¢,

where A2 are functions of ¢ and real.
Thus with (13) and (19) we have

O

w =% > ConCesm(é, q)cesn(n, q)- e (20)
m=0
6. BounparYy CONDITIONS
We are to determine the constants under the following conditions:
() w=0, é=¢,, 23>0,
w =0, z—> 00
) w=wy, O0<KLELE, 2=0
where ¢ == £, is the boundary of our elliptic section.

7. DETERMINATION OF THE CONSTANT Cgpm
At the surface when ¢ = ¢, w= 0, so

0= Z CamCesmlEo, 9)ceam(n, q).

m=0
Therefore we must have

C&zm(go, q) = 0. ce e . . (21)

Thus g has those values of ¢om, » which make Ceym(£y, ¢) vanish, ie. the
parametric zeros of the function.
Now when z = 0, w = w,, therefore

Wo = Z Z ComCegm(é, gom, n)cesm(n, dem, n). - - .. (22)

m=0n=1

We multiply both sides of (22) by

Cegp(€, qop, r)cesp(n, q2p, r){cosh 26 —cos 27)

and integrate with respect to n from 0 to 2=, and with respect to ¢ from
0 to &

Then using the orthogonality theorem (McLachlan 1951, pp. 175, 176)
we notice that the right-hand side vanishes except when p = m, r = n, s0

W
o f f Ceam(E, Gom, n)cesm(, dam, »)(cosh 2 —oc0s 2n) df dn
(1] 0

£o 27 : ‘
= Oﬁmf f Oei,,.(f: dem, n)ce:,,.(m gam, n)(cosh 2§ —cos 2n) df dy. .. (23)
0v0
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Then using the following :

2a
f Ceom(n, 92m, u) €08 2 dy = wA;’" \
0
2w
f Ce;,,,(n, gom, n) dn = =,
0
2m
f ol Gom, u) dn = 27TA(2)M s
0
on
f Cez,,.("l» Gam, n) COB 29 dn = 7oy,
0

where By = A;"4"+ > A3"A3,, (McLachlan 1951, p. 179).

r=0
Hence (23) may be written

£o
mrg | Cegml£, gom, ,,)[2A(2J'" cosh 2£—A:"'] d¢
0

£o
= "szf Ce:,,,(f; qom, n)lcosh 2§ —6,,,] d§.
0

Therefore
o

Wy Cesml(€, Qom, n)[2A (Z)M cosh 26— 4 :m] d¢
0

Oom = &
f Ce:m(f » Q2om, n)[cosh 2£—6,,] d¢
0

The first integral in the numerator of (24) involves

o
f Ceom(€, Gem, n) cosh 2£ dE
0

which is evaluated as (McLachlan 1951, p. 259)

}AZ"6,+ 347" sinh 26p+1 > {4+ 4%, sinh 2rfo.
r=1
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(24)

The first integral in the denominator can be evaluated by a numerical process

(McLachlan 1951, Art. 14.22, p. 262).
- 'We have taken

4 = c2(¢12+§ Powo).
So taking the a.ppropriatev value of ¢ now, a is given by the quadratic

c’Powo

62a2+ 1—442m, "o

(25)
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Hence using (19), (24) in (13) and taking the value of « given by (25) we
obtam

2 e~ %Cesm(é, Gom, »)oeam(s Gom, »

3

i
: 8
3
iae

£o
f Cegm(€, gom, ,.)[2A(2]'" cosh 2¢ —A;‘;"’] d¢
x =2 . .. (26)

o
j Cezm(f » 2m, n)[cosh 26 —Bgy] dE
0

Now from (10)
2
p=prtOtn) 5

w @

—Lpw,y Z Z ae=%Ceom(é, gom, n)Crm(n, g2m, n)

m=0 n=1
£o o o
f Ceam(§, gzm, n){zAO cosh 26— A4 } d¢

x =2 Za . e e (2D
f Cey,, (¢, qzm, n){cosh 26 — Oy} df
0

and since pw = powy,

=0 n=

Z Z e~ *2Cegm(€, gom, n)Cezm(n: gom, n)

o ' -1
Cegmlé, 9am, n) {244(2)"' cosh 2§—A§m} df]
0

X (28)

o
f Ce5 (£, qam, n)(cosh 26 —8yy,) dE j
O .

8. Exeroy EquaTiow

Under the above assumptions the energy equation takes the form

9% _dp 9 p,az) (p, az) ,;az) 9
P “’E‘a_x(;'éé"‘ay = i I 4 Rt
where ¢, the enthalpy, is the heat content, o the Prandtl number and ¢ the
dissipation function is given by

$= (/\+2y)( )+p{(a”’) +(%§)2}. .. (30)
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Assuming that ¢ = 1 and u is constant, the energy equation becomes
% 9p 0% 2% 0%\  6A48u (0w)? w\?  [ow)®
Pov0 5 " % =F(a—;z+5y‘z+a7§)+——s— %) Te\a) Hay) |- G

The energy equation obtained by Ray (1956) has been modified (as Ram
Kumar and Warsi 1963 also modified) by introducing an additional term

e

since in our case Stokes’ condition

3A+2u=0
is not true.
The equation of state for a perfect gas is

. Y
= —— .. .. .. .. 2
tp 'y—lp’ (32)

where y is the ratio of specific heats at constant pressure and at constant
volume.

Evidently each term of the series in (26) and also its sum satisfy the
equations of motion and continuity and hence are the solutions.

We shall now find out if the equation is compatible with the derived form
of velocity, pressure and density.
From (32)

Therefore using (10) S

Y w
R X {’”P‘“““”" % } ’

Hence the energy equation (31) gives
ow ow\® tw) 2w
y’j{pl—a;+u+n)(-a—z) +O+u0 o5 (—O+pw S

[ (e B ) (a0 0 o
=(7"‘1)Powo[p ‘(555+53}5+§£? O+ 55 512 5 500 TV oo

2w ow | ow 0w Pw 0w 0w aip)]
o 52 2oy oyos T Voypant 2oz o O

+°"i;ﬁ(%g)z+,‘{(g-¥)2+(%”)2}. O -
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Rearranging the terms of (33) we obtain

728 [?_’i’ - L{%ﬁiﬂfﬁfﬂ}
y=1102 powy | 022 " Oy2 * 022

__ YA +p) (aiv) YA+p)
y—1 \0z Ty—1

y(A+4u) [ { 0w 02w, 0%w)|  Ow 0w 8%w azw}
+(‘Y 1)pywy Yzl 322 52 T o2 oy? toE 922 $+ 0z | 3t T o8 oy~ 022

dw 9w Pw ow 02w ow 82w }]
3z 3202 T3y Byon T2 9z 32

Usmg(w)’:_ef.i/\-;-Bn(g_t:) +#§(%%) +(%‘;)2$. e (3

az,+(A+ o a,

a2

ow 02w dw 0w
PoWp e F(’aﬁ'f' é‘ﬁ'l'm):

the left-hand side of (34) vanishes and the equation becomes

Yt+p) (30)* _ Atp)y 9%
O=-51 ('a_) y—1 Wi+ Ok 5

00 o5 () o2t [ () + &)+
o= ol
which is further simplified to
omvonm S 252 L1 5+ 2]

BN . R

Each term of (26) is a solution of (6), (7), (8) and (9), let us substitute,
say, the kth term of (26) in (35).

Let the corresponding g,m, » be denoted by g, and « by «, given by (25).
Then

w = wee” ML, .. C ... (36)

where L is the remaining factor of (26) when g, is taken and when the ¢, 4
coordinates have been transformed into Cartesian coordinates.
Then substituting (36) in (35) we get

0 = (A\+p)’ 2roy YHQ+H) (—20,L'2—223L2)

(y—1)pgwy
6A+8p. o2

+ GLe4-pl’t, .. .. .. .. .. (37
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, 9L\ (oL\®
=5+ (%)

Then separating the terms of the similar families

2 2yp(At+p) 3 6A48p o
(A+"L)ak (.y_l)powo ak+ 3 ak - 0

and .. .. (38)

_2ypAtper
(v —1)powo tr=0

Eliminating «, between (37) and (38) we obtain
9A48u = 0. .. .. .. .. (39)

where

Then from (38)
_ 9Pow0 '}’—1

g .
20 "y

(40)
Then from (25)
o=t

_ 9 % (y=1)(1ly—9) 1
=16 5 T

Here it is evident that although each term of the series (26) and also its
sum is & solution of (6), (7), (8) and (9), only one term for which «, and ¢,
are given by (40) and (41) satisfies the energy equation (31). Hence finally
we get the expressions for velocity, pressure and density as given by (26),

(27) and (28) provided

« _ 9Pgwy y—1
T Ty
and
_ 9 P (y—1)(lly—9)
=16 "z 2 :
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