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This pape® containg two pagts. In the first part, we consider groups whose
subgroups of a particular type have some special properties. With any given
group G, we can associate various classes of subgroups of G. Among the
agsociated classes there exists a natural partial ordering relation by set
inclusion. In the first part, we investigate the nature of a group & in relation
to the coingidence or otherwise of specific pairs of these classes. The second
part of the paper is, in a sense, dual to the first. We say that H is a super-
group of G if @ is & subgroup of H. Given a group @, we consider various
classes of super-groups of @ and investigate how far the coincidence relations
among the classes of super-groups influence the properties of ¢. This point
of view includes some of the well-known classes of groups.

I. INTRODUCTION

The interesting problem of classifying groups according to certain prop-
erties and then analysing their structure has been the subject of considera-
tion in a series of papers (Kertesz 1951; Kertesz and Szele 1952; Fuchs,
Kertesz and Szele 1953). With any given group @, we can naturally associate
various classes of subgroups like the class & of all subgroups, the class © of
divisible subgroups, the class st of absolute direct summands, the class ./ of
direct summands, the class & of pure subgroups, the class §\, of neat subgroups,
the class v of = subgroups, the class $4' of absorbing subgroups, the class F of
full subgroups, etc. Among the associated classes there exists a natural
partial ordering relation by set inclusion. ThusQ cAcCcR'cPcNcrc
A cCcF, AcPcficnc d. This order is not necessarily strict, and
it is interesting to study the nature of the group G in relation to the
coincidence or otherwise of specific pairs of these classes. This is the
motivation of our investigation in III of this paper. For example, it turns
out (theorem 3.3) that in a group @, Y\ = @ if and only if either (i) G is
divisible, or (ii) G is torsion and for each prime p, either G is divisible or G =
Ze(pr)+-Ze(p*t)) for some non-negative integer n, the summation being
arbitrary. Similarly it is interesting to note that groups @ for which I = 4
are precisely those groups in which every endomorphism (automorphism) of
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each subgroup can be extended to an endomorphism (automorphism) of the
whole group G.

~ In IV we consider situations which are, in a sense, dual to those considered
in ITI. We consider groups which behave in a special way whenever they are
subgroups of a particular type of their containing groups. For convenience of
expression, we say that a group H is a super-group of G if H contains @ as a
subgroup. Given the group we may consider the various classes of super-
groups, like, for example, the class \* of all super-groups in which @ is neat,
the class ®* of all super-groups in which @ is pure, ete. Similarly the classes
A*(R)*, (A)*, F*, z*, d* are defined. The properties of the group G
are, to a large extent, influenced by the coincidence relations among the various
classes of super-groups of G and these are investigated in IV. A result that
would perhaps be of interest in itself is that (4.8) the class of groups for which
N * = P* is precisely the class of groups G in which »n@ is a summand for
every integer m. In this connection we consider two questions raised by
Kertesz and Szele (1952). Let G be a reduced group wherein, for each integer
n, n@ is a summand, or equivalently where YL* = ®*, Then,

(i) Is every endomorphic image of G a direct summand ?
(ii) Is the group G determined uniquely (up to isomorphism) by the
full system of invariants of Gy and G/G;?

We prove that every endomorphic image of such a group is always pure.
We also show that (ii) has a negative answer.

II. PRELIMINARIES

All groups considered in this paper are Abelian.

(2.1) A subgroup 8 of a group G is said to be dense in @ if S meets every
non-zero subgroup A of @, that is SN A 0.

(2.2) A subgroup N is neat in @ if, for each prime p, NN pG = pN. An
interesting known result is that if a subgroup H is maximally disjoint with
another subgroup K, then H is neat. In fact, given K, H is maximally
disjoint with K if and only if HN K = 0, H is neat and {H, K} is dense in Q.
If N is neat and is further dense in @, then N = G. A neat subgroup
minimally containing & subgroup & is called its Neat Hull.

(2.3) We call the subgroup G* = :Tj: nG as the Radical of @. The subgroup

$(G) = NpQ, where p runs over the set of all primes, is called the ¢-
subgroup or the Frattini subgroup. It is known (Dlab 1960) that if @ = Z@, and
H = 1G,, then $(@) = Z¢(G,) and $(H) = ITH(G)).

(2.4) @ is said to be elementary if every element of @ is of square free order.
If, further, @ is a p-group, then @ is called p-elementary. If 8 is a neat sub-
group of @ and is p-elementary, then 8§ is a direct summand of G.

1B
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(2.5) The maximal (largest) elementary subgroup of @ is called its Socle.
A subgroup F of a group @ is said to be Full in G if Socle of F = Socle of G.
A subgroup S is absorbing if nze 8 =>xe8. C(Clearly an absorbing subgroup
is pure. For properties of full and absorbing subgroup we refer to Ranga-
swamy (1964). A neat subgroup is full if and only if it is absorbing. A non-
neat subgroup is full if and only if it has a unique neat hull.
(2.6) A subgroup 8 is called a =-subgroup if it is the intersection of neat
subgroups of G. For characterization and properties of =-subgroups see
Rangaswamy (1965).
(2.7) Given 4 and B, a group G is an extension of 4 by B if 4 is isomor-
phic to a subgroup 4’ of G and G/A’' is isomorphic to B. The set of all exten-
sions of 4 by B under a suitable equivalence relation becomes a group denoted
by Ext (B, 4). The subset of Ext (B, 4) consisting of all those extensions
in which A is neat is denoted by Next (B, 4). Similarly Pext (B, 4) denotes
the set of all extensions in which A4 is pure. It is known (Fuchs 1960a) that
Next (B, A) is the Frattini subgroup and Pext (B, A) is the Radical of
Ext (B, 4).
(2.8) A group @ is called co-torsion if @ is reduced and Ext (X, @)= 0 for
every torsion-free group X. For important properties of co-torsion groups and
further homological results we refer to Harrison (1954). A co-torsion group is
adjusted if it has no torsion-free summand. A co-torsion group .G is adjusted
if and only if G/G; is divisible. It can be easily verified that a subgroup S
of a co-torsion group C is itself co-torsion if and only if C/S is co-torsion.
A torsion-free co-torsion group G always contains a subgroup isomorphic to
the group of p-adic integers for some priine p and hence ¢ (G) = 0.
(2.9) If G is a group, G; denotes the maximal torsion subgroup of G while
Gp denotes the p-component of G;. It is a known simple result that if S
is pure in @, then {G;, S} is again pure in G.

For other standard concepts, results and terminology we refer to Fuchs
(1960a).

III. Groups wITH SPECIAL CLASSES OF SUBGROUPS
We first note that the class & will coincide with any one of the classes
A, Q', @, 7 and 7 if and only if @ is elementary. Similarly the class &
will be a subclass of any one of the classes 7, {1, @, ©’/, # and A’ if and only

if ¢ is elementary.
We now consider the groups @ for which § and P coincide. Clearly every

torsion-free group has this property.
The following lemma is of some interest :
Levma 3.1. Let @ be a reduced group for which ¥\, = ®. Then G* = 0.

Proor. We note that if N is a neat hull of G%, then N is pure so that N1 = *



516 K. M. RANGASWAMY

and since Q! is dense in N, N becomes divisible. But & is reduced so that
N and hence G* reduces to the identity.

Let @ be a mixed group for which ¥\, = ®. Let H be a subgroup maxi-
mally disjoint form G;. Then H is neat and so is pure in G. But then
{Gy, H} = G:+H ispurein G. Also {G,, H} is dense in @ and hence it follows
that @ = G;+H. Thus @ splits and G; becomes an absolute direct summand.
This means (see Fuchs 1960a) that either G; is divisible or G/G: is torsion.
Thus either @ = D+ R, D torsion-divisible and R torsion-free or @ is a torsion
group in which ¥l = ®. So we are led to investigate all the torsion groups
for which 7L = ® which reduces itself to the consideration of p-groups with
the stated property.

TuroreEM 3.2. Every neat subgroup of a p-group @ is pure if and only
if either @ is divisible or is of the form G = Z¢(p™)4Ze(p"t!) where = is
some non-negative integer and where the number of components in each
summation is arbitrary.

Proor. Let G be a p-group in which every neat subgroup is pure. If @
is divisible we have nothing to prove. Let @ be non-divisible. Consider
the set of all elements of height zero in @. Since @ is not divisible, this set
is not empty. Let  be an element of this set and of least order, say, p». Then
there cannot be any element y of order > p#*1. If there exists an element
y of order pn+2, then the element z = py--z is of zero height and of order pn+1.
This means that the subgroup {z} is neat and hence, by hypothesis, pure
in @. But {z} contains an element prz= pn+ly which is divisible by p»**
in G but not in {z}, contradicting the purity of {z}. Thus every element
of @ is of order < p»*! so that G is bounded and hence is a direct sum of
cyclic groups. Further G cannot have a cyclic summand of order < p*.
Tor, otherwise, @ will have an element (namely the generator of the cyclic
summand) with zero height and order < p® and this is not possible since
 is an element of least order and height zero and o(z) = p#. Thus @ is of
the form, @ = Zc(p")+4Ze(p™*?), where the summation is arbitrary, the
Z denoting the sum of a number of identical copies.

Conversely, if @ is a divisible p-group, then it is immediate that = 9.
On the other hand, let @ = Z¢(p®)+Zc(p™*t!). We must show that every
neat subgroup is pure in G. A direct calculation will show that we can
restrict ourselves to proving that all cyclic neat subgroups of @ are pure in
@, or, what is the same thing, every element of height zero generates a pure
subgroup of G.

Let @ be an element of height zero. Let a=lai+ ... +lrar where
the ay’s are elements of a fixed basis B of @ and the I;’s are integers. Since
the height of a is zero, there exists at least one element, say, liax, the height
of which is zero and this means that (lx, p) = 1. Hence, we can, without
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loss in generality, replace lxax by a: and also suppose that k=1, and we
assume that this has been done. We now show that {a} is pure.

Let 03 p*x =ta, where xe¢@ and where clearly s < n. Expanding
both sides with respect to the basis elements of the fixed basis B of @, we have

D pm = ta = tay+thay+ . .. +ihay,

ft=1
where z;’s are basis elements of @ which make up = and where m;’s are inte-
gers. Transferring all terms to one side and clubbing the like terms, we
see that each term vanishes due to the independence of the basis elements. We
now distinguish two cases:

Case 1. There exists an z; such that z; =a,. Then p*myz;—ia, =0, i.e.
(p*my—t)a; = 0. Since of(a;) = p* or p*+i, (p*my—t) should be a multiple
of pr. TFurther, s < n and so we can write £ = pf.h, where % is a suitable
integer. But then, ta = p*ha = p*.a’, where a’ = ha e {a}.

Cask 2. No z; equals a;. Then fa; =0, so that ¢t =pn.¢ =p*.{". But
then ta = p*t"a = p*a”, a"< {a}. Thus in any case it follows that {a} is
pure in G and this completes the proof.

Theorem 3.2 and the remarks in the paragraph preceding the theorem
lead us to the following :

Taeorem 3.3. Every neat subgroup of a group @ is pure if and only if
either (i) @ is a direct sum of a torsion-divisible group and a torsion-free group,
or (ii) @ is torsion and for each prime p, G5 is either divisible or @, = Zec(p®) -+
Zec(p™*') where n is some non-negative integer and the summation is arbitrary.

The following theorem describes groups @ for which |, = Q. :

TEEOREM 3.4. Every neat subgroup of G is a direct summand if and
only if either (i) G is torsion and for each prime p, G, is either divisible or is of
the form @) = Zec(p®)+2Zc(p"t'), or (ii) G = D+}F where D is torsion-
divisible and F = Z‘Q—{-fQ’ where @ is the additive group of rational num-
bers, @' is a subgroup of @ and m is an integer.

Proor. In a torsion-free group L = @ and theorem 2a of Fuchs, Kertesz
and Szele (1953) asserts that in a torsion-free group F, ® = Q' if and only
if F= Z‘Q—{-EQ’ where ¢’ is a subgroup of the additive group @ of rational
numbers and m is an integer. This along with theorem 3.3 proves the
necessity part.

Conversely, let G be any one of the stated groups. Then we show that
L = Q’. In particular, we need only to show that if G = Ze(pn)}-Ze(p*+l),
then every neat subgroup is a direct summand. By theorem 3.2, every neat
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subgroup of @ is pure. But G, and therefore every subgroup of G, is bound-
-ed and hence it follows that every neat subgroup of G is a direct summand.

ReMARK 3.5. If @ is a group for which 9 = ©Q’, then every neat sub-
group N of G has an interesting property, namely it is not only a direct sum-
mand but every subgroup maximally disjoint with N is also a direct summand.
But it is to be noted that such a summand need not be an absolute summand.
For example let G = ¢(8)+c(4)= {a}+{b}. It follows from theorem 3.4
that every neat subgroup of @ is a summand. The subgroup § = {s} where
§ = 2a-+-b is maximally disjoint with B = {b} and hence is a summand of G.
But § is not a complementary summand since the element a ¢ {8, S} and so

G # {B, §}.
The following theorem characterizes groups in which §, = #:

THEOREM 3.6. Every neat subgroup of a group G is an absolute direct
summand if and only if @ is any one of the following groups: (i) G is divisible;
(ii) @ = D+ R, where D is torsion-divisible and R is a subgroup of rational
numbers; (iii) ¢ is a non-divisible torsion group and for each prime p, G,
is either divisible or Gy = Z¢(p®) where = is a non-negative integer.

Proor. Now U = A implies 9 = Q' and hence by theorem 3.4 either
(i) G is torsion where the non-divisible p-components are of the form Gp =
Ze(p)+Ze(p*tt), or (ii) G = D+ F, where D is torsion-divisible and F =
Z'Q—]-EQ’, m is finite.

Case 1. @ is torsion. Consider those G, which are not divisible. Let
8 = {a} be a cyclic summand of order p». By assumption § is an absolute
summand and since @ ¢ pS, by theorem 22.2 of Fuchs (1960a), p*[(G/S)p] = 0,
i.e. Gp = Zic(p™).

Casg 2. G =D+F, D torsion divisible and F =2Q4+XQ', Q'c@Q. If
the reduced component of F vanishes, then @ is divisible. If it does not
vanish then ¢’ is a summand of & and hence is absolute. This implies ‘that
G/Q’ is torsion. In other words, ¢ = D|-¢'.

The proof of the converse part is straightforward.

Remark 3.7. Groups, in which % = A, seem to possess interesting
properties. Misina (1962) has recently shown that these are precisely the
groups in which every endomorphism (automorphism) of each subgroup can
be extended to an endomorphism (automorphism) of the whole group G.
Further arguments similar to those used in proving § 3.6 show that groups for
which §l = & are precisely the groups for which ® = 4.

The following corollary describes groups for which " = #, the proof
being obtained by employing similar arguments.
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CoroLLARY 3.8.* Every direct summand of a group @ is absolute if and only
if G has one of the following properties:
(i) G is divisible;
(ii) @ = DR, where D is torsion-divisible and R is an indecomposable
torsion-free group;
(iii) @ is torsion and for each prime p, relevant to @, @, is either divisible
or G'p = Z¢(p®) for some integer 7.

In the following we consider situations when the class 7z coincides with
any one of the classes ¥\, @, ©./, 4.

Turorem 3.9. Let G be a group. .
1. Every n-subgroup is neat in G if and only if @ = ¢(p’), (0 < r < ®)
or G is elementary or @ is torsion-free.
2. Every w-subgroup is pure if and only if @ =¢(p"), 0 <r< w or @
is elementary or @ is torsion-free.
3. Every n-subgroup is a direct summand if and only if @ = ¢(p),
(0=r=< o) or G is elementary or G = 2Q+§Q’, @' being a

subgroup of the group @ of rational numbers and m is finite.

4. Every w-subgroup is an absolute direct summand if and only if G =
¢(p7), 0 = r < o or G is elementary or G is a subgroup of rational
numbers or G is torsion-free divisible.

Proor. 1. Let every w-subgroup be neat, i.e. intersection of neat sub-
groups is again neat. Case 1. Let every subgroup be neat. Then @
becomes elementary. Case 2. Not every subgroup is neat. In this case
every non-neat subgroup S has a proper unique neat hull, namely the inter-
section of all neat subgroups containing S. Then it follows from Ranga-
swamy (1964) that § is full. Thus all non-neat subgroups are full in @. Since
their neat hulls will also be full, it follows without difficulty that all sub-
groups of G are full in G. A direct calculation then shows that either @ is
torsion-free or G = ¢(p"), 0 < r < « for any prime 7.

The converse part is easily verified.

Assertions 2, 3, 4 can be verified in a similar mannér.

We now consider situations where each one of the classes 7, ¥V, ?, ©’ is
contained in J or #4’. The results are stated in a series of theorems; the proofs

are omitted.

TrEOREM 3.10. Let G be a group. Then the following are equivalent:
DHr=4";2) =4 3)P=4=A";4) QL CA; ()G is torsion-free or ¢

* Note that the remarks given as answer to Ex. 11a, Ch. IV of Fuche (1960a), are not com-
plete. Corollary 3.8 supplies the complete answer,
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is an indecomposable torsion group, i.e. @ = ¢(p’), 0 < r < ©, where p is any
prime. ‘

If § is a =-subgroup and is also full in G, then (sec Rangaswamy 1964)
8 is neat and hence is absorbing. Thus wC & implies that 7z = #’. Simi-

larly v C &F => T = &/, etc., and thus we are led to the following:

TreoreM 3.11. The following properties of a group G are equivalent:
@ ecdF; d NcF; () PcF; (iv) 'CF; (v) @ is torsion-free or an
indecomposable torsion group.

TeroREM 3.12. (i) Every absorbing subgroup of a group G is a direct
summand if and only if G = T+ F, where T is an arbitrary torsion group
and F = ZQ—i—%,'Q', where m is an integer, Q' is a subgroup of the additive

group @ of rational numbers.

(ii) Every absorbing subgroup is an absolute direct summand if and only
if @ is divisible or G is torsion or G = T--R, where T is torsion-divisible and
R is a torsion-free group of rank one.

The assertion (i) follows from theorem 2a of Fuchs, Kertesz and Szele
(1953) together with the fact that every absorbing subgroup of G is a pure
subgroup containing ;. Assertion (ii) is immediate from (i) and the charac-
terizing property of absolute direct summands (Fuchs 1960a).

IV. Grours wiTH SPECIAL CLASSES OF SUPER-GROUPS

This section is devoted to the study of groups which are, in a sense, dual
to those discussed in ITI. For convenience of expression we say that a group
H is a super-group of G if H contains G as a subgroup. As before we consider
the various classes of super-groups of a group @ like the class §\* of groups in
which G is neat, the class #* of groups in which @ is pure, etc. Similarly the
clagses ¥, ()%, A%, (A')* are defined. The properties of G are, to a large
extent, influenced by the coincidence relations among the various classes of
super-groups of G and this is investigated in the present section. A result
that would perhaps be of interest in itself is that the class of groups for which
L* = P* is precisely the class of groups G for which #@ is a direct summand
of G for every integer n—the latter class having been investigated by Kertesz
and Szele (1952). In this connection we consider two questions raised by
them. Let G be a reduced group wherein #nG is a summand of G for every
integer n or, equivalently, where ¥\* —= ®*. Then,

(i) Is every endomorphic image of G a direct summand?
(ii) Is the group G determined uniquely (up to isomorphism) by the
full systems of invariants of G and G/G?

We show that every endomorphic image of such a group G is pure in G.
Woe also show that (ii) has a negative answer.
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TaroREM 4.1. Let @ be a group. Then the following are equivalent :
(i) * coincides with one of the classes ¥, TL¥, P*, (Q/)*, A*,
(ii) 7* coincides with one of the classes TL*, P*, (R')*, A *,
(iii) #* coincides with one of the classes TL¥, $*, (Q")*.
(iv) G is divisible.
That (i) <==>> (iv)is well known while equivalence of (ii) and (iv) follows
from the known fact that every group @ is a #- subgroup of a suitable divisible

group E (for example, if D is a divisible hull of @, set E = D+@/Z). That
assertions (ili) <==>> (iv) can be easily verified.

THEOREM 4.2. Let G be a group. Then the following properties are
equivalent :
(i) The class F* is contained in one of the classes ;t¥, NL*, P*, (R')*,
(A)*.
(ii) (A')* c 4*,
(i) G is divisible.
The proof is straightforward and is omitted.

We note that for a number of cases the poss1b111ty of coincidence of
some of the concerned classes of super-groups does not arise at all. For
example, there exists no group for which NL* = (A')*, ®* = (4')*, (R')*
c(A)*, a*cF*, NW*CF*, etc. Groups for which P* = (R')* are
precisely the algebraic compact groups of Kaplansky (1954), while groups for
which (A')* c (Q)* are the B-groups defined by Fuchs (1960b), or,
equivalently, groups which are direct sums of a divisible group and a
co-torsion group.

We now consider groups for which 1L¥ = (Q.")*,

THEOREM 4:.3. G is a direct summand of every group in which it is neat
if and only if G is a direct sum of a divisible group and a direct product of
p-elementary groupst.

Proor. Let G be a direct summand of all those groups in which it is neat.
Since each summand of G also has the stated property, we assume, without
loss in generality, that G is reduced. Our hypothesis says that, for any
group X, all neat extensions of G by X are splitting or, equivalently, the
Frattini subgroup of Ext (X, G) vanishes for every X.

Since ®* = (©-')* implies (#4')c (V')*, it follows that the (reduced)
group @ is co-torsion. Then

G=Ext (Q/Z, @)

t I find that this assertion has been proved, in a different way, in a pre-print entitled
‘High Extensions of Abelian Groups’ which Prof. E. A. Walker had kindly sent me some time
back,
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and so

$(6) = ¢ [Ext (@/Z, G)] = 0.
In particular ¢(G¢) = 0 which means that G is elementary. Further, @ cannot
have a subgroup isomorphic to the group P of p-adic integers, since P has a
non-zero ¢-subgroup, namely p . P. Thus @ is adjusted co-torsion and hence

¢ = Bxt (Q/2, Gi) = Bxt (Zo(p™), 2 Ze(r))
"p
where 7, is a cardinal depending on p,
1T Eixt [op™), (Ze0)+2 Ze@)|
P 7"

where in X2’ the summation is over-all relevant primes other than p,
o IT Ext [c(p"o), Zec (p)] = IT Ze(p).
p

For, since Ze¢(p) is co-torsion,
Ze(p) = Ext [Q/Z, Zc(p)] = Ext [¢(p*), Ze(p)].

Thus @ is a direct product of p-elementary groups.

Conversely, let G = D--I1Z¢(p), where D is divisible. Then for any
group L,

¢ [Ext (L, G)] = ¢ [Ext (L, I1Zc(p))] = ¢ [IT Ext (L, Zo(p))]
= II$ [Ext (L, Ze(p))] =2 0,

since ¢[Ext (L, Ze(p))] = 0, due to the simple fact that if E is p-elementary

and is neat in H, then ¥ is a direct summand of H. Thus ¢[Ext (X,&] =0
for every X and so L¥ = (Q./)*.

REMARK 4.4. It becomes clear from the proof of the above theorem that
a reduced group G possesses the stated property if and only if G is adjusted
co-torsion and G; is elementary.

TeEOREM 4.5. Let @ be a reduced group for which 1L* = (Q-')*. Then every
endomorphic image of G is a direct summand.

Proor. Let G be a reduced group with N*= (V') By 44, @ is
adjusted co-torsion, G elementary and ¢(G) = 0. Let I be an endomorphic
image of @, say, I = a((F). Then it is easy to see that I is co-torsion and I,
elementary. Further ¢(I) = 0 and this will imply, by arguments similar to
those employed in § 4.3, that I is adjusted co-torsion. It then follows from
§ 4.4 that I is a summand of every group in which it is neat. Now I is a sum-
mand of the elementary group and hence pure in G. Further, since I is
adjusted, I/I, is divisible and so is pure in G/I;. Thus it follows that I is
pure in G and hence is a direct summand of G.

We now consider groups for which 1% = ®¥,
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THEOREM 4.6. G is pure in every group in which it is neat if and only if
G = D+R, where D is divisible, R is reduced with R; elementary and R/R;
divisible. B

Proor. Let G be a group which is pure in every group in which it is
neat. This means that for any group X, all the neat extensions of G by X
are also pure, i.e. for any X, the ¢-subgroup of E = Ext (X, @) coincides
with its radical E'. In particular, take X = ¢(p’), r > 1. Then Ext (X, @)=
Q/p'G = G* say. Now (G*)! =0, since G* is bounded while ¢(G*)=
pG*. Hence by assumption pG* = (G*)! = 0. This means that p@ = p'G,
r>1, i.e. pG is p-divisible. So if G is a p-group for which §L* = ®*, then @
should be a direct sum of a divisible group and a p-elementary group. Thus a
torsion group will have the stated property if and only if it is a direct sum of
a divisible group and an elementary group.

Let G be a mixed group which is pure whenever it is neat in a super-
group. We assume, without loss in generality, that G is reduced. A direct
calculation shows that G also possesses the same property and hence G
becomes an elementary group. Let G* = Ext (Q/Z, ). By hypothesis,
$(G*) = (G*)* ... (1). This implies that G* is adjusted. For, if G* =
A+R, A adjusted, R torsion-free co-torsion, then, since R! = 0, relation 1)
gives that ¢(4)+4(R) = A! and this implies that ¢(R) = 0, a contradiction
(by Remark 2.8). Thus G* is adjusted and G*/G* is divisible. Now it is
known (Harrison 1959) that G' is pure in G* and @; = (G*);. In particular,
G[@: is pure in the divisible group G*/G; and hence is itself divisible. Thus
a reduced group G with the stated property is such that G; is elementary and
GG, is divisible.

Conversely, if @ = D+R, where D is divisible and E; is elementary with
R/R; divisible, we can readily check up that {L* = $*,

From theorem 4.6, we get an interesting
CoroLLARY 4.7. A torsion @ is a direct summand of every torsion group
H in which it is neat if and only if @ is a direct sum of a (torsion) divisible
group and an elementary group.

Proor. If @ is a summand of every torsion group in which it is neat,
then @ will be pure in every group in which it is neat and hence, by theorem
4.6, @ is a direct sum of a (torsion) divisible group and an elementary group.

The converse implication follows on noting that if ¢ is neat in a torsion
group H, then, for each p, Gp is (p-elementary--divisible) and is neat in
H, and hence is a direct summand of H,.

The following theorem gives an interesting characterization of groups for
which §\* = @*;
TrEOREM 4.8. For a group @, 1\* = @* if and only if for each integer n,
nG is a summand of G,
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Proor. Let G be a group which is pure whenever it is neat. Then, by
theorem 4.6, G; is divisible and elementary and G/Q: is divisible. We assume
without loss in generality that G is reduced. Now @ is p-elementary and is
pure in G and hence is a summand, @ = G,+C. Now G/G; is divisible and
hence @/@p is p-divisible, i.e. C is p-divisible, which means that CC pQ.
But already pG N G, = 0, G, being p-elementary and neat. Hence it follows
that C = p@. 1In other words p@ is a summand of G. Thus for each p, p@
is a summand. (Note that the decomposition is unique since both the com-
ponents are fully invariant). By an easy calculation we then see that for
each integer n, n@ is a summand of G.

Conversely, let for each prime p, pG be a summand of G. This implies,
in particular, that p@ is p-divisible. Let @ be a neat subgroup of H. We

show that G is pure in H. Let nx = ae @, where ze¢ H and » =p:1p;2 . p:".

Since @ is neat, a is divisible in @ by each one of the primes Dy« - - Dp- .
aepGfori=1,...,kandsince p,@ is p,-divisible, a is divisible by each of the
factors pzl, R p:k in G and hence is divisible by their L.C.M., namely # it-

self, in G. Thus G is pure in H.

Now Kertesz and Szele (1952) proved that a reduced group @ with G;
elementary and @/G; divisible will be an interdirect sum of the components
Gp = Zc(p). The following theorem collects all information about the
groups under study :

TrEOREM 4.9. Let G be a group. Then the following properties are
equivalent :

(1) G possesses the property that qL* = ®*,

(2) G: is a direct sum of a (torsion) divisible group and an elementary
group and G/G; is divisible.

(3a) For each integer n, nG is a summand of G.
(36) For each prime p, pG is a summand of G.

(4) G = DR, where (i) D is divisible, (ii) R is reduced with R; =
2R, elementary, and (iii) R is an interdirect sum of the com-
ponents R, with R/R; divisible.

(8) @ = D+R, D divisible and R is a pure subgroup of a direct
product of p-elementary groups.

Proor. Equivalence of (1), (2), (3a), (3b) has already been proved while the
remark in the para preceding the above theorem shows that (4) <= => (2).

We now assume (4). We take without loss of generality that & is re-
duced. @ is an interdirect sum of G with G elementary and G/G, divisible.
Let H =1IGy. Now G; = H, and G/G:, being divisible, is pure in H/G:.
Hence @ is pure in H, thus proving (4).
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On the other hand, assume (5). Let G be pure in H = IIE, where Ep’s
are p-elementary. Then H; == ZE, is elementary. Since @ is pure in H,
{H:, G} is also pure in H. Then {H,:, G}/H;=G/GN H, = G|G; is pure in
the divisible group H/H; and hence is divisible. This proves (2) and hence
).
THEOREM 4.10. Let G be a reduced group for which \* = ®*. Then every
endomorphic image of G is pure in Q.

Proor. Now @ is pure in every group in which it is neat and so, by
theorem 4.8, pG is a summand of @ for every prime p and, in fact, we see
that @ = pG+G,. Let o be an endomorphism of @ and S = a@. Since,
for each p, pG and G, are fully invariant, § = a@ = a(pGF)+a(Gp) = pS+8Sp.
Thus, for each p, p8S is a summand of § and hence, by theorem 4.9, S; is ele-
mentary and S/S; is divisible. Since @; is elementary, S; is pure in G. Also
8/8:, being divisible, is pure in @/S;. This implies that § is pure in G. Thus
every endomorphic image of G is pure and also possesses the stated property.
THEOREM 4.11. Let G be a group for which N.* = ®*. Then the following
are true:

(1) Next (7', G) = 0 for any torsion group 7.

(2) Tv* = (Q')* (that is @ is a direct summand of every group H in

which it is neat) if and only if @ is a B-Group.

Proor. (1) Now, for @, T\* = ®* and hence, by theorem 4.9, G; is (divisible
+elementary) and @Q/@Q; is divisible. The neat exact sequence 0 - G — G —
@Q/G:— 0 gives, for any torsion group 7', the exact sequence, Next (7', G;) =
0— Next (7', @)— Next (T, G/G:) = 0, where the first term is zero since G is
(divisible4-elementary) (see Corollary 4.7) while the last term is zero since
G/Q, is divisible. The exactness of the sequence implies that Next (7', G) = 0.

(2) Let @ have the stated property and further be a B-group. Let X be
an arbitrary group. The neat exact sequence 0 —> X; - X — X/X;— 0 gives
the exact sequence Next (X/X; @)— Next (X, G)— Next (X;, @). Now,
by (1), Next (X;, G) = 0. Further since @ is a B-group, 0 = Ext (X/X, Q) =
Next (X/X: @). Then by the exactness of the last sequence we get
Next (X, G)=0 for any group X. Thus §\* = (L')*. The converse is
obvious.

Let G be a reduced group for which \* = ®*. Then G: is elementary
and G/Q: is divisible. Let P be the set of primes relevant to ¢. Since G/G: is
torsion-free divisible, it is a vector space over the field of rational numbers.
Also, for each p. e P, Gp, is a Vector space over the field of integers mod p;.
Now @ determines uniquely a sequence of cardinals (r,rp ...7p ...) D€ P,
where r is the dimension of the vector space G/G; while rp, is that of
Gy, Kertesz and Szele (1952) ask whether the above sequence of cardinals

4
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determine uniquely (up to isomorphism) the group &. The following example
answers this in the negative:

ExampLE 4.12. Let G' be a direct product of p-elementary groups @,
such that GG is of rank r,  being some infinite cardinal. It is always
possible to find one such @. Now, by Remark 4.4, this group G is adjusted
co-torsion. Hence G/G; = rZ‘Q. Let H* be a direct summand of G/Q,

such that G/G: = H*4-ZQ, where n is finite. Clearly, the rank of H* is r.

Let H be the pre-image of H* in &. Then H; = G; and so is elementary.
Further, H/H; = G|G; since they are of the same rank . Thus @& and H
define the same sequence of cardinals (r, Tpis+++Tpn...). Now a subgroup §
of a co-torsion group C is co-torsion if and only if /8 is co-torsion. Here @ is
co-torsion. But G/H is divisible and hence H is not co-torsion. Thus G and
H are not isomorphic even though they define the same sequence of cardinals.

ACKNOWLEDGEMENT

In conclusion, the author wishes to thank Prof. M. Venkataraman under
whose guidance this work was done.

REFERENCES

Dlab, V. (1960). Poznamka k jednomu problemu tykajicimu se Frattiniho podgrup (with

English summary). Cas. Pest. Mat., 85, 87-90.
Fuchs, L. (1960a). Abelian Groups. Pergamon Press.
(1960b). Notes on Abelian groups. II. Acta math, hung., 11, 117-125.
Fuchs, L., Kertesz, A., and Szele, T. (1953). Abelian groups in which every serving subgroup
is a direct summand. Publs. Maths. Debrecen, 3, 95-105.
Harrison, D, K. (1959). Infinite Abelian groups and homological methods, Ann, Math., 69,
366-391.
Kaplansky, 1. (1954). Infinite Abelian Groups. Ann, Arbor.
Kertesz, A. (1951). On groups every subgroup of which is & direct summand. Publs. Math.
Debrecen, 2, 74-75.
Kertesz, A., and Szele, T. (1952). On Abelian groups every multiple of which is a direct sum-
mand, Acta sci. math., Szeged, 14, 157-165.
Misina, A. P. (1962). On automorphisms and endomorphisms of Abelian groups. (Russian),
Vest. mosk. gos. Univ, Ser I, 4, 39-43, )
Rangaswamy, K. M. (1964). Full subgroups of Abelian groups. Indian J. Math,, 6, 21-27,
(1965). Characterization of intersections of neat subgroups of Abelian groups. J,
Indian math. Soc,, 29, 31-386.



