absorbs it with probability 1—r;.
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The random walk with barriers at the states —M and N, which reflect with
probabilities r; and rp and absorb with probabilities 1—r; and 1—ry res-
pectively, is studied and the L.T. of the probability generating function is
derived.

By giving appropriate values to r; and r, particular cases are considered
where the barriers are both absorbing, one absorbing and the other reflecting,
and both reflecting. The last-mentioned case is recognized as that of the
double-ended queue studied by Kendall (1951), Dobbie (1961) and Jain
(1962). In the particular cases the state probabilities are obtained by inver-
sion. Two separate p.g.f.s are defined for positive (including zero) and
negative values of the state parameter n, Their use is made to find out the
probabilities that only taxis or only customers are waiting in the double-
ended queueing system. L.T.s of mean queue lengths of taxis and of
customers are obtained. Lastly, steady state case of the queueing system is
discussed,

1. INTRODUOCTION

A particle is said to perform a random walk in continuous time when

2. FORMULATION AND SOLUTION

The transition equations are
Pout+A) = Pou(On(1=22)+ P-u(1=r1) +P-un(tlu 2
P_pii(t+ A) = Poyaa()[l—A+#) A1+ P_u(tird A +P_pyo(t) A
Pu(t+ A) = Pa(t)[1—(A+p) A1+ Pac1(OAA + Prpa(t)p A,
(—M+2<n< N-2)
Py_i(t+ A) = Pyoq(t)[1—(A+p) A1+ Pu(tirsp A +Py_g(t)A A
Py(t+ A) = Pu(t)rg(l—p )+ Pr(t)(1—rs) +Pr_1(AA
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it moves along the real axis with probabilities AA and pA that it will move
one step to the right or to the left in the time interval (¢, £-- A ).
the probability that the particle is in state n at time ¢.
values between, and including, —M and N, so that there are barriers at
—M and N. The first barrier reflects the particle with probability r, and
The second barrier reflects and absorbs

P,(t) denotes
n can have integral

(1)
(2)

®3)
4)
(8)
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These give
P (t) = —rAP_m()+pP_yii(t) .. .. .. .. .. (8)
P.,_M+1(t) == (AP _y.01(8) F11AP - (D) + P _ pr42(t), .o M
P () = —(A+F)Pu(t) +APn_1()+HPpyy(t), (M +2 <n < N—2) (8)
Py = —Q+BPy 1)+ 1Py +APy-o(t) .. .. .. (9)
Py(t) = —praPy(t)+APy1(t) N ¢ (1)
Let us define the following probability generating functions: '
N
Flz, t) = nZOP,,,(t)z" oy
and
-M
Xz, 1) ”Zan(t)x‘" A

From the equations (6) through (10), on multiplying by appropriate
powers of z and adding, we get

oF(z, t) F)
5 +(/\+F-—/\:v— p F(z, t)

— oV [,\+‘4u(1 —rg)— Az — ;—‘(1 —rz)] Pu(t)+AP_y(t)— ;-‘Po(t) .. (13)

aG ‘
(a”; t) (/\+F—,\x-—- g)G(:v, )

= x-M[,\(l_ﬁ)J,y— L —r;)fv]P-M(t)—AP-x(tHg Po@)- .. (14)

Let the initial state at = 0 be n = - 1.
Then Py(0) = 34,
where 8, is the Kronecker delta.
Therefore,
F(z, 0) = 2t N 1 1))
Gz, 0) = 0. .. .. .. (e
Let f(s) denote the Laplace transform (L.T.) of a functlon F(t) defined by

aD

o) = f e F(t)d,
0

the L.T.s of other functions being similarly denoted by the corresponding
lower-case letters.

On taking L.T.s and using (15), (16), equations (13), (14) give

(3+A+F AT — —)f(:c 8) = z‘+a:”[/\(1-—x)+il(1—r2)(1— —)] Py(8)

”

+/\p_1(8) - ;po(a)
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and ~
(8+)\+p.——)\x— g)g(x, 8) = x‘”[ (1 —rl)(l—"c)+#(1— 1)] D_y(8)

—xp_y(9)+ p,(s),

whence .
2t a Ve — p(1—rg)[(1~2)py(8) +Axp _,(8) —ppo(s)
and
e MDAl —ry) —pl(1—2)p_y,(8)—Wep_y(8)+ppy ()
oz, 5) = T . (18)

The zeros of the denominators of (17) and (18) are given by

_ERmEVERp - .,
22 =N

(Let o, have the - sign before the radical.)

The numerators of (17) and (18) must vanish at «;, ¢p, which gives four
equations which are sufficient to determine p,(s), p_,(s), 2,(s), p_ ().

Solving these equations, we have

ag M (1 —ay) g (1—ry) —pt—ay T (L — g} AL —71) — 1}
(1 —ay)(1—ag)[ay "V day — (1 = rg) HAag(1 — 1) — s}
—ay PV Qap—p(l—r ) ey (I=r)—p}] .. (19)
oy, Y (1 — ) dotg — a1 —ra)} —ay TV (1= ) oty — (1 —7,)}
(1—oy) (1 —ag) et " (g —p(1 —rg) Hoa(1 —71) — i}
oy " ag—p(l—reldaa(l—ry)—p}] .. (20)

a1 (1—ag){daz(l1—r1)—p} —a, o (1 =y )y (1—ry) — #}

1
plogap) (12—0‘1)

Ppl8) =

P_pl®) =

Pols) = Xp_mls) (21)

and

2, (1 —ag){daa(l —71) —p}—ay (1 —ay){doty (1= r1) )
p(oaag)¥ (ag—a;)

Substituting the above values in (17), (18), we get f(z, s) and g(z, ).

Let us also define the combined generating function:

Xp_muls). .. (22)

P_1(8) =

N
H, 1) = ZP,.(t)xf- = F(z, ) +6(z, 1)

h(z, 8) = f(x, 8)+g(z, 8)
x‘+1+xN{z\x—#(1"'Tz)}PN(S)(l—x)+x a1 1) — (1 —2)p (o) @)
—DaE =+ AFpet ]
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The expressions for the probability generating functions in the following
particular cases get simplified. In the simplification of the results the following
results are used:

B A—ag)(l—ag) = —

>0

(ii) a4, oy satisfy the equation <
AZ2—(s+A+p)x+p = 0.

3. PARTICULAR CASES

Case I. 7r; = r5 = 0 (both absorbing barriers).
In this case

1

M4if Noi _N—i
1 (mag)" ey T—ay )
P

P-u(s) = MTN MR
%y T
M4i  M4i
1 % Ty
Py8) = < Sy ——mrw
% T
(L] o
h(z, 8) = @'+ - —¢ ) w5y —arw
% T
e M+i ag_t_allv_i 4
+z "S'_d’ (“1“2) *TMIN MAN? ‘e (2 )
% T

where ¢, after Heathcote and Moyal (1959), is defined by
$(x, ) = (+A+p—Az—pzx~1)7L.
(24) can be seen to correspond to (3.2) of Heathcote and Moyal (1959) on
putting M = 0.
Inverting the coefficients of the various powers of z in (24), we get the
following state probabilities:

— -M-i t
Pl = (A/li\‘) Z f 7 1e- QHIT{2(M 4+ N)j+ M 7 o+ )+ M+
j=0*v 0
—{2(M+N)j+M+2N—i}ymimjr mionv-ildr .. (25)
x n-i @
Pty =1\ /= e~ O+ Ty g mygai-nt Loma MY+ —itn =L oM+ N)j+2N i -
Bl &
~Tominyieemyitnl, (0= —=M+1, —M+2,...,%) .. (26)

X n—-i ©
Py(t) = (JF) Z e~ MR Typr 4 Ny midmt Lo Ny 41y imn— T oML NS+ 2M +itn
i=0
—Iymsmgton—i-n), (n = i+1, 442, ..., N=-1) .. 27

2B
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— N-1 o 13
oty =([2) S [ e tenmi @+ W4 N =g
7=0%0

—{2(M+N)j+2M+ N+t opmsmjromen+ildr. .. (28)

In the above and subsequent results I, = I,(24/Art) or I,(24/An 7) (as will
be clear from context), the modified Bessel function of the first kind.

Case II. ry =0, r; =1 (absorbing barrier at — M and reflecting ba.rrler at N).

In this case
b (8) _( aag) +1[°‘ - 1—“2)—“1\7 (I—ay)]
-M oy ¥ (1—ag)—a) (1 —~ay)]
aM+; M+v.
Po(s) = 1 %2
M T l—e = =]
Therefore,

Myi_ M+
% %

(ag-—l)+aMM(1 —ay)

h(w, §) = a4 (x¥ —2N1)g. s

M+z M+}\ M+N M-H
(xg—1)+a 1—
+95-M(1 —¢) L ) (1 =) (29)

A e D+
which agrees with Heathcote and Moyal (1959, eq. (4.11)) (on putting M = 0).

Case IIl. r; =1, ry = 0 (reflecting barrier at — 3 and absorbing barrier at ),

Here
(x10) M“H(“g_i—“f— )
P_y(8) = o[ gHNH(l-—a])-—oclM“V“(l—az)]
a;”'ﬂ(l %) — aM+i+1(l —a)
pyls) = aM+V+1(1 ) — aM+N+1(l a)]
Therefore,

M+t+1(1 — ) a}‘l+t+1(l a )

ZM+1\+1(1 — ) (ZM+\+1(1 — )

h(z, 8) = aidf N (_ —-¢)

. N-i N-—
(alaz)M+t+1(a2 Ly, ')

2-M_gp-M-1)¢ _ 1 X
+( )$ ag“‘\'“(l—a,)—-a;'”}”ﬂ(l—oug)

In the symmetrical case when M = N, (30) can be got from (29) by

(30)

: . . . 1 1 1
interchanging A and p, and changing ¢ to —z, # to ! to P and o, to o

Case IV. ¢y = ry = 1 (both reflecting barriers).

In this case our model is applicable to a double-ended queueing system
involving taxis and customers at a taxi stand, the arrivals of both being
Poisson with mean rates A and u respectively. Pa(t) is the probability that » .

~



532 B. R. K. KASHYA?

taxis are waiting at time &. When = is positive, taxis are waiting; when = is
zero, neither taxis nor customers are waiting; and when % is negative, cus-
tomers are waiting.

Kendall (1951) discussed the double-ended queue with Poisson arrivals
of taxis and customers with no limit on the number of taxis or customers that
can wait at the taxi stand. Dobbie (1961) studied the problem when A and g
are functions of time with no limitation on the number of taxis or customers.
Jain (1962) has studied the problem with limited waiting capacity for taxis
s0 that not more than IV taxis can wait at the stand, the arrivals of taxis and
customers being general and Poisson respectively. He obtains the L.T. of the
p-gf. and inverts it in the Poisson/Poisson case. The present model with
reflecting barriers at —M and N corresponds to the double-ended queue with
Poisson arrivals for both taxis and customers and with limited waiting space
for both so that not more than M customers and not more than N taxis can
stand in queue.

Taking r; = r, = 1, we have

A () [ad = (@ —1) 4o T (1—aty)]

p_y(s)= ="
M Su atlzw+N+l __aiW+N+1
MA4itl M4i+1
1 oy M (L—ag) o) T (2p—1)
Pn (s) = . LIHNFT _ MAN+T
2
Therefore,
M+itl M+i+l M+i  M+i
Ma, o) =¢- |at+de¥(1—z). 22 11 —loa) (3, T oy )
(@, 8) = S z) M¥1+i MINFL
) -

oy T (ag—1) 40 T (1—ay)

M M+N 4
“2 +N+1 _al +N+1

+2 ksl (1— 712) (ogorg)™ ¥ (31

which agrees with Heathcote and Moyal (1959, eq. (4.2)) on putting M = 0.
Letting M — o0, we have

i+1 F
h(z, 5) > ¢ [z*+§xN(1-x) 12’_:%]

N¥1
%y

Zt a:N(l—-x)a;'N 1
= s+ A4 p—Ar—pxr~! ag—1  stAtp—Iz—pz 1’
which agrees with Jain (1962, eq. (24)).
Inverting the coefficient of 2# in (31), we have

— N - @®
Pyu(t) = (\/é) [e’(“”"t {Il—n'*'z Lot +5+1) G+1)+i-nF T2+ N +1) G41)~i4n) }
i=0 '

(32)

u

@ t —
+2 z j e~ A+pr {Iz(M+N+1)j+2N—s‘-n -2 A/f):— Toost e n41)j42N—i-n41
i=04dy
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p _
+ (X) Iorinsn)jroN—i-nt2F D24 N 41420 4ignte

r B
-2 A/; Logr i ns)jremsitne1+ (X) 12<M+N+1)j+2u+i+n}d‘r] ,

m=—M,-M+1,...,N). .. (33)
This agrees with Heathcote and Moyal (1959, eq. (4.4)).
Setting ry = ro = 1in (17), (18), we have

Ao (1 —2)p (3) FAzp_(8)—ppy(3)

f@, 8) = —[Az%—(s+A+p)r+p] ¢4
_prM(a—1)p_y(8) —dop_(s)+ppy(s)
glz, 8) = —[2A22— (s A+ p)rtu] )
From (34),
fQ,s) = 8\ ol G .

8
Therefore,

t
FQ,t) = 1+f AP _y(7) —uPo(7)]dr,
0

where P_,(r) and Py(r) are given by (33).
Similarly, from (35),

G(l,t)= f [£Py(7)—AP _1(7))dr.
0

Now, F(1, t)— Py(t) gives the probability that taxis are waiting, and G(1, ¢)
the probability that customers are waiting at time £.
The L.T., m,(s), of the mean queue length of taxis at time ¢ is given by
3f (=, 8)]
oz

my(s) = i

= A (o)} + i Am 0]

Similarly, mz(sj, the L.T. of the mean queue length of customers at time £,
is given by
p—a g
mg(s) = ?‘{FPO(S)"‘AP_l(S)}—';{P_M(S)“'PO(S)}-

4. STEADY STATE CASE OF THE QUEUE

Let P, denote the steady state probability that the system is in the
state n. (Existence of Py, is proved in the appendix.)

Using the result
- lim sf(s) = lim F(t),
s—0 t—> w



534 B. R. K. KASHYAP

we have, from (34),

AN+ —2)Py 4 AxP _,—pP, (36)

tl_i)n;F(a:, t) = —(Ax—p)(x—1)

Similarly, from (35),

) My —1)P_py—XaP_i+pP
lim Gz, t) = *2& il 1TH0,
Jim G 1) —Oe—nE=T) &
From (36) and (37), taking the coefficient of x#, it is easy to show that
Py, = (f)) Py, (n=—M, ~M+1,...,N), .. (38)
which is a well-known result for the M/M/1 queus.
P, can be evaluated by using the normalizing condition
v
P" —— 1.
n=-M
Then (38) gives
) N-n
=3
Pp= s i AE . (39)
-6
A
=1 if A = 40
—4M+N+11 =p®. . .. .. (40)
APPENDIX

Below we prove the existence of P, = lim P, (t), using (33). We know

t— o
that for large z,
exp(2)
Iv(z) ~ \/2_7ré ’

which is independent of v.
Hence for large ¢,

/)~ ZR LB
m P

>0 ast— 0.

As the above result holds for all v, the term and summations outside the
integral sign in (33) all tend to zero as { — 0.
Also as t—> o, the integrals involved in (33) all take the form

f e ('\+F)TIP(2'\/ET)dT’
0
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which on using Erdeélyi et al. (1954, p. 240, eq. (30)),
- (2v/u)"
V O+ pE—2u[Q+p)+ v A+ pE =0l

TNy
{/\-l-u('/g) P HA>p

= —p
L () raen

Thus in both the cases when A 2 ¢, the infinite sums of the integrals
involved in (33) give convergent geometric series, since M4 N -1 is positive.

The case A = y can be dealt with by taking limits, as A — p, of the final
expression arrived at in (39).

Thus P, exists in all cases.
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