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A numerical approach* to the solution of the biharmonic equation based on
setting up a pair of integral equations is given, Both the simply- and
multiply-connected domains are considered. This formulation is analogous
to that of Fredholm and Poincaré in potential theory. The method is suitable
for use on a digital computer. In Part IIf an alternative formulation which
has proved quite successful is given. The illustrative example has been
taken from elasticity theory. These methods may be distinguished from
those given by Muskhelishvili (1953). All these solutions, too, follow from
integral equations of Fredholm type. However, in over-simplified terms,
Muskhelishvili’s method of solution consists in the complex variable formula-
tion of the whole problem. In this, one has to evaluate the complex poten-
tial functions termed by him as ¢(z) and ¥(z) corresponding to Green and
Zerna’s (1954) Q(2) and w(z)., Further as one is usually interested in first
and second derivatives of biharmonic function, $(z) and ¢(z) have to be
differentiated numerically, This is usually quite complicated. In the
present paper, one works throughout with real functions. The deriva-
tives can be found analytically, thus reducing the errors. The methods
are suited to curved boundaries. In Part I, the formulation depends upon
the Green’s formula applied to harmonic functions in two dimensions. In
Part II, it is derived from the introduction of single-layer potential,

Part 1
A solution of the biharmonic equation V4 = 0, where the operator

04

v azzay=+ay4

LA,

ax‘
can be written as

x=x¢+l/; .. .. . . .. (1)

where ¢ and ¢ are two harmonic functions. Alternative forms of the solutions
are

X="%+d; X =yd+y .. .. .. R 9]
where 7% = 22442, Conversely, as has been proved by Hadamard, etc., any
given biharmonic function may be expressed in the form (1) or (2). This re-
presentation of the biharmonic function in the form (1) or (2) is basic to present

* From author’s Ph.D, thegis (London, 1959),
+ The results in this part were obtained during the author’s stay'in Imperial College, London,
a8 Senior Visiting Fellowin 1963 under the grant from D.S.L.R,, London,
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analysis. We shall take the formulation of equation (1), although the results
can be readily modified to deal with either of the equations (2).

The given boundary conditions usually determine X and X' where a
dash denotes differentiation in the normal direction. If the given boundary
conditions refer to @x/dx and 0x/dy, these can usually be transformed to
conditions on X and X’ by simple transformations. In the analysis we shall
assume that X, X’ are single-valued.

GREEN’S ForMULA

As a necessary preliminary to the study of the biharmonic equation we
emphasize certain processes related to the two-dimensional harmonic equation
v2X = 0. Thus let a harmonic function ¢ in D have a value ¢ on I'; and an
outward normal derivative g’ on I', and form the contour integral

lg, g'Jp=2iJ glg) log’ ]q—Pldq—gl—f 9'q)" log |¢—P|—Pjdg. (3)
mJr mJr

Here ¢ denotes a current point on I' and dg denotes the length of arc at the
point g; P denotes any fixed point (pole) with or without D, a pole on I’
being denoted by p; |g—P| denotes the distance between ¢ and P, and log’
| g—P| denotes the outward normal derivative of log |¢g—P| at ¢. It will be
seen that [g, g']r constitutes the logarithmic potential arising from single-
and double-layer distributions on I Hence it is a harmonic function every-
where except at I. According to Green’s formula,

{9, 9')p = 39(p), .. .. .. @)

whence by virtue of the jump ¢/2 in the double-layer potential as we cross
I' inwards at p, it follows that

{9, 9'% =g, ' lp+19(p) = 9(p) . .. .o (5)

where ¢ indicates a pole just inside I' at . This argument enables us to
identify (g, ¢’)r as a representation for the harmonic function ¢ everywhere
throughout D with the exception of points on I By virtue of the drop g/2
in the double-layer potential as we cross I" outwards at p, it follows that

19,97 =19, 9l —19(p) =0,
where ¢ indicates a pole just outside I" at p. Further, as |P|—»> o

’ __10glP|f ’ ’__
9,9~ = —5— Fg(q)dq—O,
since
fg'(q)dq=0. S ()
r

Accordingly, (9, g') = 0 everywhere outside I To summarize, therefore,
lg, 9’1, =¢ (P) for a pole anywhere in D; (g, g'), = g(p) just inside I'; [g, ¢'],
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= §g(p) on I'; [g, g')e = 0 outside I The preceding considerations suggest
a new approach to the Dirichlet and Neumann boundary-value problems of
mathematical physics. Thus, to determine the harmonic function having
given values g(q) on I' (Dirichlet problem), we calculate g'(q) from the linear
integral equation

%g(p)+§17; fr g9(q) log' | g—p|dg—19(p) = 2—1,; fr g9'(q) log| q—p|dq.

whence [g, g'], may be determined throughout D. This is a Fredholm equa-
tion of the first kind, with singular kernel log |g—p|. Similarly, to determine
the harmonic function having given values ¢'(¢) on I' (Neumann problem),
we calculate g(¢), apart from the constant, from the linear integral equation

1
5 | 9@ 10g’lq-—Pqu—%y(p)=2iJ. 9'(g) log [g~p|dq.
r TJr

This is a Fredholm equation of the second kind, with the kernel log’ |g—p]|,
and admits a solution only if the assigned function g¢’(g) satisfies (6).

An alternative formulation for the Dirichlet and Neumann problems,
which will be used in Part II, is by the introduction of a single-layer potential

V(P):%TJ.ra(q)log[q—Pldq o m

which yields on the boundary V(p) = g(p) in Dirichlet problem and V'(p) =
g'(p) in Neumann problem. For the latter, the boundary equation for ¢ is

él— o(q) log |g—p| dg—13o(p) = 9'(p)
mJr

whence

. V= V'(p)—io(p) = {g'(p)+io(p)}—do(p) =g'(P), .. .. (8)
as required. It will be noted that log |¢—p|’ indicates outward normal
differentiation at p (and hence the integral in question is not a double-layer
potential).

BouNDARY INTEGRAL EQUATION

As already remarked X and X' are known quantities on the boundary.
This information determines the boundary values of the harmonic functions
#, ¢ and of the normal derivatives ¢', ¢'. Thus, we have at once the two
equations

X = ap+, X' = (xd)' +¢ .. . 9

coupled with the two further equations

(6, ') =4, [, ¥']1 = 3¢ ee e e (19)
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for the four unknowns ¢, ¢’, ¢, ¢'. A considerable simplification may be
effected by noting that

X X'} = [zp+4, (2+¢)']
= [z, (xd)'1+[¢. ¥'],

[, #'] = 4 = Hx—=4),

with

so that

, [X, X'T~3x = [z, (2d)'] — . .. . .. {1y
Accordingly, (9), (10) yield a functional relation from which ¢, y' have
been completely eliminated. This relation (11) together with the first of
equation (10) constitute a pair of dual integral equations in ¢, ¢’. Once
these are known ¢ and ' are determined without difficulty from (9). The
basis has thus been established for a practical numerical solution of the
problem,

Written out explicitly the equations appear as

él—f ¢(q)10g’{q—pldq—-§l—f ¢'(g) log |g—p|dg—i(p) =0 .. (12)
7Jr TS r .

%f z(q)p(g) log’ [¢—p|dg— zl J {x(q)d(q)} log |q—p|dg—te(p)d(p)
TJ I w)r .

-

1 !
= é;fPX(q) log’ lq—'pl dq— %TJ I'X (q) log lq—p]dq_%x(p). .. (13)

The known quantities are X, X'; x, ' and log |g—p]|, log’ |g—p| and the
unknowns are ¢, ¢’. To arrive at a solution, we approximate to (12), (13) by a
system of 2n simultaneous linear equations for the 2n unknowns ¢,, ¢o, . . . ¢4,
b1 By e - - ¢,, referring to a set of equally spaced boundary points designated
1, 2, 3,..., n. The actual procedure is fairly straightforward. The

€ €
contribution of f log [¢g—p]|dg and f log|¢g—p|dg in the neighbourhood of
—€ -

a pole must be evaluated by a limiting process. This is given in the appendix.
Elsewhere if p = 2, 4, and q = (z, ¥) we have

log jg—p| = } log {(x—2p)2+(y—%0)2}, .. . o o (14)
b3 T—2 J . Y=—Yo
9 og|g—p| =220 . 9 joglgmp] = LTH0
5z B l4—P = =5 5, o8 le—Pl= =%,
log’lg—pl=ﬁéﬁ{(x—xo)cos(z,n)+(y—yo)cos(y,n)}- .. (15)

MULTIPLY-CONNECTED DOMAINS

The analysis of the last section holds only for simply-connected bodies
- and requires considerable modification before it can cope with ring-shaped
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bodies or even with an infinite medium containing an internal boundary.
We now consider a ring-shaped domain D with inner boundary I'; and outer
boundary I, and define the single-valued quantities 9x;|dx, 0X;|dy, X; on I%.
These quantities are all taken to have zero value at the starting-point (e, ¥1)
on I, To arrive at I'. we move along any path joining (z;, ¥:) to some
point (z., ¥.) on I'. and suppose that ox|dz, 0X|dy, X jump by unknown
amounts «, B, 7, respectively. Then the quantities dx. oz, 0x. |0y, X, have the
values «, B, ¥, respectively, at their starting-point (z, y.) on I.. The nature
of the complications inherent in the problem of a ring-shaped body is thus
revealed. There exists an unknown contribution «dz/dn+B0y/0n to X' which
must be accounted for in any theoretical or numerical analysis.

To isolate the main feature, and taking an example from elasticity theory,
let us suppose that I',, I'y are completely free from tractions. Then, utilizing
the preceding numerical conventions, 0X; [ 0z = 9X; | 0y — 0, so that

X =0,%=0 B ¢ 1))
at all points I't. Also 0X.|0x = «, 9X.| 9y = B at all points of I',, whence

. de ,d
xe=aa7£z+ﬁa%,xe=a(x—xe)+[3(y-—ye)+‘}’ can

along I',, where «, 8, 7 are arbitrary constants. On our assigning values to
these constants, X., X, acquire definite values, which together with x; = X, =0
uniquely determine a biharmonic function X throughout D. Interpreted
physically, this means that the body contains an arbitrary locked-up system of
internal stresses even in the absence of externally applied force. Such a
system could arise either by differential thermal heating or by the construc-
tion of Volterra dislocations. The latter case is more fundamental and can be
brought readily into the theoretical framework.

The main feature of a Volterra dislocation concerns the multi-valuedness
of displacements on any circuit I" enclosing I'y and enclosed by I'.. It can
be readily seen that the expressions for the displacements u, u, are

1 ?
we= g [2(1-0)95- a—;‘+ay+b],

Uy = »2}; [2(1—0)95; g—; —ax+c]. . . .. (18)
Making a cut parallel to the z-axis, sliding the faces relative to each other by
an amount @, and finally welding together, creates a dislocation in which
only the displacement component u; jumps by an amount a for a circuit

round I. Bearing in mind that X,%,g——; are everywhere single-valued, the

expression in (18) shows that ¢ must be a multi-valued harmonic function.
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Simple arguments show that ¢ has the form

¢—La;‘0+f(x, ¥, e ee e ..o(19)
where f is a single-valued harmonic function, having a single-valued harmonic
conjugate J (to ensure that u, is single-valued). Since X is single-valued and
¢ is multi-valued, 4 must also be multi-valued, but this latter function has no
bearing on dislocation characteristics. If only the component u, jumps by an
amount b for a circuit round I', we have

L b
¢ =15, 08 /=) R )
for then

95__

o 2n

+f(,y) N 1))

as required by (18). Finally, the sides of the cut may be relatively displaced
by a rigid-body rotation of amount ¢. Then ¢ must have the form

= 1— (:c log r—y0)+f(x, y), .. .. oo (22)

|- -l5 - %)

jumps by the appropriate amount. On combining these three independent
dislocations, we arrive at

so that the rotation

= —2(l-0) 5 "b ce e e (29

(1—0) 2711?5 = af+b log r+c(x log r—yb)+f(x, y)

as the most general possible expression yielding multi-valued displacement.
Correspondingly, we must have

(1-—0)%—1—7 = —a(zf+y log r)— ;{(ﬁ—y’) log r—22y0}+g(x, y), .. (24)

where g is a single-valued harmonic function; hence,

¢ -1
X=z¢p+¢ = {(1—-0) %,:—7} {ba: log r—ay log r+§-'rz log r+xf+g} . (25)

It may be remarked that the stresses and strains derived from (25) are every-
where continuous.
It now remains to relate the parameters a, 8, ¥ with the dislocation

o
strengths a, b, c. If ¢ and its derivatives are known numerically, a¢ is first

evaluated. We set up the equation

395 ue
J‘pay =g . .. .. .. (26)
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for c¢; and then subtract c(x log r—yf) from 2(1—o)rd/n and set up the

equation
f a¢ds l—a .. .. .. .. (27)

for a. Finally, we subtract af and set up the equation

fr_g%ds—_-pb/(l—a) 28

for b. By this means the dislocation strengths a, b, ¢ are found in terms of
the numerical values of «, 8, ¥. If equilibrated tractions are present and we
require a solution not involving dislocations no difficulty arises theoretically :
the parameters «, 8, ¥ must have values which make a, b, ¢ all zero. This
feature can be incorporated in a numerical procedure. In a subsequent
paper it is intended to extend this work, and to give the details of an example
worked out numerically. If the outer boundary of the ring moves off to
infinity, so that we are dealing with an infinite medium containing an internal
boundary, the problem becomes much more manageable. This is because the
behaviour of harmonic functions may be regulated at infinity in accordance
with specific physical requirements. In so far as ¢, ¢ are defined throughout
D by Green’s formula, referring to a contour integral taken round I, they
behave like A log 4-O(1/r), B log r+O(1r) as ¥ = (22+4y2)t - 0. As regards
¢, we introduce the condition

=J. ¢'d8=0, . . .o ‘e (29)
r

thus ensuring the absence of dislocations. As regards B, this need not be
zero, since i = B log r yields the stress components

. B _o
P ="Ppp=p Py~
of acceptable magnitude at infinity. Finally, X may contain a constant
component @ not accounted for in ¢ or ¢, which must be introduced as an

extra unknown into the analysis.
We now formulate the boundary integral equation of the problem, it
being understood that all quantities refer to I. First the equation

(4, 41 = ¢/2 S 1)

remains unaffected by the existence of terms O(1/r) at infinity. Secondly,
bﬁ&l'mg in mind that [, $’] = #/2 remains unaffected by ¢, = B log r4-0(1/r),
5
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we have
Ix, X'] = [xp+4p+C, (xd+4+C)],
= [x¢, (xd) ]+ [y, ¥I+[C, €]
CX
= [o4, G 1+Hib—5 »
©

= [4, (a$) ]+ HX—2$—C]— 5 >

i.e.

[x,x']—’—2‘=[x¢,(z¢)']—‘-”§--@. ey

Written out explicitly, the equations are

2—11;fp¢(Q) log’ [q—p|dg— %f}j’@) log |g—p|dg—1id(p) = O
lf z(g)¢(g) log’ [g— ldq—if (2(g)$(q)}’ log |g—p|dg—x(p)d(p)—C
3 | 2O#4) log’ lg—p 27 )  2@#@) log |g—pldg—ia(p)é(p

=5 | @08 lg=pldg—5 [ @ logla=plis—tatn) .. (32)
to which must be added
fptﬁ’(q)dq:O. .. (39

As before we approximate to this system of equations by setting up 2n--1
simultaneous linear equations for the 2n unknowns ¢y, ¢, . . . , $n, $1, ¢;, s Dy
referring to n equally spaced points along I, and for the additional unknown
€.~ Once ¢, ¢', © are known, y and ¢’ are readily found from

X=ap++@, X =(d)y+¥, .. .. .. (39)
whence B may be found from

s=-2| vou

Part 11

As stated above, an alternative formulation for the harmonic funetion is
to introduce a single-layer potential (7). Using the first of the equations (2)
for the representation of X, and noting that the two harmonic functions ¢
and ¢ may be written by introducing the two unknown source functions
o(q), p(q) a8

¢p=fpa(q) log |g—p | dg, ¢?=fpy(q) log |g—p [dg, .. (36)

‘53
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we may write

X,,=Tifpo(q)loglq—pldq+fpu(q)loglq-—pldq, co e (38)

whence

x;= r:j o(q) log [q—p] d4+( ) j o(q) log |g—p|dgq

+ f w(@) log |q—pl dg+mro(p)+mu(p). B

Here we have used the same symbolism as in the previous part. The suffix p
to X, X" and to r2, etc., denotes the value of the function at p; g is the current
point on the boundary. We at once have, from the boundary values of X
and X' and from equations (36), (37), two equations to determine two un-
knowns o(q), p(¢). Having found o(¢g) and p(g), it is a simple matter to evalu-
ate the integrals in (36) and, therefore, the function X. For the numerical
procedure we again take n points centred in n intervals along the boundary
and obtain 2n equations for 2n unknowns, n of which are ¢(¢q) and n are u(q).
Note that in each interval o(q), u(¢) are supposed constant; the known quanti-
ties occurring are X and x’. Having found ¢(g) and u(g) it is simple to obtain
X at any interior point P: for any point P,

to=rh [ ola) g la—Pla+ [ plologle—Plas .. @9)

For problems of physical interest it is usually unnecessary to find the
value of Xp. In elasticity theory (Timoshenko and Goodier 1951), for
example, one is interested in the second derivatives of X and not in X itself.
In a finite-difference approach, first X is determined and finite-difference
formulae for the second derivatives of X are employed. However, in the
present case, the derivatives can be evaluated directly. The first derivatives
of X at P are given by

rTp—Ig

(%)P fa(q)lzp ;lgdq+2z;:j o(q) loglq—Pldq+f#(q)lq —PEX

with a similar expression for (3X|dy)p. It may be noted that the value of
0X | 9z at a boundary point p is

ox Tp—Tyg - Zp—2xg
(5;)? f o(q)lq plqu+2xpfpo(q) log |¢ pldq+fpu(q)|q_plqu

+ 772 cos Oo(p)+7 cos Ou(p), .. .. e .. (39)
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where 0 is the angle between the 2-axis and the normal at p. Similar remarks
apply to (0x|dy),. The second derivatives of X at any point P are

(g%)}, = 2jpa(q) log |¢—P ldq+4xpj olg)

pl

4= (e, g —a)?
B B

with similar expressions for (92x | 0y2)y ;
o02x . yp_y
(ax ay)P"‘ 2ZPJ Q)lq Plqu+ pr U(Q)|q P|2

q 2 q
—r J a(q) s Iqx )P?Tf y")dq J (z”;)lfl’; yq)dq. (40)

The hydrostatic stress (92x | 9224-92x | dy?) is given by

[of3E) i) ]

It may be noted that the hydrostatic stress involves ¢ and its first derivatives
only. The value of hydrostatic stress at any interior point P is

4[zp jpa(q).l’;f’__‘;l‘; d4+9p fra(q) et | o) log lg—pldg  (41)

but its value on the boundary is

Tp— Y
l = P"’ dq+y,,j o(g) lqp pfqu+f olg) log [g—p|dg

+7(zp cos 64y, sin 0)a(p)] ... (42)

A knowledge of hydrostatic stress at the boundary together with given
boundary tractions usually enables one to find the maximum shear stress at
the boundary. It may be remarked that a knowledge of the stresses, from
the derivatives of functions X, enables one to find the shear stresses at any
point. Further the strains can be directly determined from a knowledge of
stress components.

For an infinite body with an internal boundary, a constant © is to be
added to the expression (36), so as to ensure that the stresses fall off suffi-
ciently rapidly at infinity. The introduction of an additional unknown is
balanced by the additional equation

IF¢'(q)dq=0, P (%))
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which in our procedure reduces to

frd@dq=0. R 2770

The foregoing ideas of Parts I and II were checked by applying them to a
problem for which an analytical solution is available, namely that of the
elliptic hole under uniform pressure in an infinite medium. The axes of the
ellipse 2a, 2b were taken in the ratio 2:1. For comparison with the analytical
solution the pressure was taken to be equal to —1. In this problem it is
known that the analytical value of X, with the constant © zero on the
boundary at infinity (so that ¢ behaves at best like log r at r — ©), is

2
X = %f (e % 4 cos 277)+(}-;§-b—2 (f—log %) , . - (45)

where £, 7 are confocal elliptic coordinates defined by z = c cosh ¢ cos 7,
y = c sinh £ sin 7, ¢® = a2—b2. The values of ¢ and ¢ are, therefore,

¢ % +cos 29 a +b ( 2)
¢= %cosh 2£4-cos 2y’ b= £—log o .- (46)

2
since X = Y244, 1'2:92— (cosh 2£+4-cos 21). It may be noted that at the
boundary of the elliptic hole the values of the functions X, ¢, ¢ are

z24y2 a2+b( 2) ab
0—

X =

2 97

¢=*b 2+¢]¢_Eﬁi(

where ¢ = £, gives the elliptic boundary.

£o—log %] .. .. 47

Beanngmmmd that r = (z*+ %)t - —ef cos 0 = ;—> cos 1, a8 £ -» o0, it will

be seen that
¢ = 0(1/r2),
b= a +b2

For the numerical procedure, taking pan = 1, pns = 0 and noting that
F, = p,, cos (z, n)+P,, 08 (7, 8), Iy = Ppg €05 (y, B)+py, €08 (4, )

log r.

weo at once have
—= —fF,ds_z,-a——-y,

whence ,
22 4y?
2

X = , X =z’ tyy.
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This differs from (47) by a constant

ab a®4-b2 ( £o—1 2
2 ).

The numerical procedure as outlined briefly above has been carried out,
and the programme put on ACE at the National Physical Laboratory,*
Teddington. In succession, 2, 4, 8, 16 points were taken on the quadrant of
the ellipse and the value of the constant was checked first. The analytical
value and numerical values for 2, 4, 8, 16 points are given below:

Analytical value  Number of points  Numerical value

0-013 2 0-040
4 0-013

8 0-013

16 0-013

It is obvious that two points are not enough to represent the quadrant of the
ellipse, but there is a very good approximation as soon as 4, 8 or 16 points
are taken. Next the analytical values of ; were compared with the numerical
values. To give an idea of the accuracy, we give below the analytical and
numerical values of u at 16 points :

Analytical Values: 0-392 0-372 0-340 0-309 0-285 0-266 0-249 0-237
0-227 0-219 0-213 0-208 0-204 0-201 0-199 0-199

Numerical Values: 0-394 0-371 0-343 0-309 0-285 0-270 0-245 0-236
0-230 0-217 0-217 0-208 0-204 0-201 0-199 0-197

Next the values of ¢, ¢', ¢, ' were checked at same points of the boundary
and of the curves ¢ = constant. The further programmes consisted of finding
the individual stress components at these points and of finding the hydro-
static and shear stresses. The results were accurate to within three per cent.

It appears, therefore, that the above procedure will provide a powerful
technique to solve two-dimensional elasticity problems. In a subsequent
paper it is intended to consider the elasto-plastic solution to the same problem.
It may also be stated that the methods of Part I were applied to the same
problem (of which details were given in the author’s thesis) and the resuits
were quite encouraging.

* The author is grateful to the Director and staff of the National Physical Laboratory,
Teddington, for providing facilities t0 work on ACE while he was in London ; where he worked
as a consultant at the NPL.
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APPENDIX

The values of [log|g—p|dg in the neighbourhood (—¢, ) of p may be

written a.sJ‘ log |g—pldgq = 2J‘ log |g—p|dg = 2¢ (log e—1) by approxi-
- 0

mating the neighbourhood as a straight-line segment. A more accurate
formula can easily be deduced by approximating it to the arc of the circle.
For log | g—p|’ dgq, we let the arc with end points ¢, p be approximated to the
arc of the circle and let the arc make an angle i, at the centre of the circle,
and 6; be the angle between the chord ¢, p and the tangent to the curve at q.
Obviously i, = 26. Hence, if the arc ¢, p is equal to S, s = 2a6, whence

d6,|ds = 1| 2a. Therefore the contribution to [o(g) log |¢—p|' dg from p, ¢
will be (supposing o(q) is constant in this interval) 2‘—5'&—}-71'0(}7). In practice sfa
may be taken as the angle between tangents at p and g.
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