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The paper stresses the need of detailed study of the eigen-function expansions
of fourth order differential equations. Besides the general investigations,
it is necessary in applications to construct such eigen-functions and discuss
the convergence of the expansions. The programme is carried out for the
beam equation and certain difficulties are pointed out.

1. INTRODUCTION

Solution of boundary-value problems of mathematical physics is based
on eigen-function expansions. The well-known Sturm-Liouville type of
second order differential equation plays by far the most important role. We
have an eigen-value problem for a second order differential equation; there
is-an infinite set of eigen-values with corresponding eigen-functions with an
orthogonality property; this enables the representation of an arhitrary fune-
tion in terms of these. The spectrum may be continuous in which case an
integration replaces the summation. A transform calculus can further be
developed with an additional advantage of accounting for non-homogeneous
boundary conditions. All these, being based on the solution of a second
order equation, have one important limitation : at an end point of the basic
interval either only the function or its derivative or a linear combination of
these only can be made to vanish. No solution satisfying the condition of
the vanishing of two successive derivatives can exist.

: But boundary-value problems do arise with such end conditions. We

are then led, if at all it is possible to solve it by use of such functions, to an
integral equation or to the solution of an infinite set of simultaneous equa-
tions. There is another way out with wider possibilities. We may seek
solutions of higher order equations to satisfy the boundary conditions. The
state of existing solutions for problems in elastiocity is a case in point.
Consider the theory of deformation of rods. These are classified into three
" possible types, the tensile, the flexural and the torsional one. We have
then ‘approximate’ theories to describe these states. The famous Saint
Venant’s principle is invoked then to feel the plausibility of its truth. The
logical foundations of such ‘ asymptotic’ theories has received much attention
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recently (Friedrichs and Dressler 1961). But looking for exact solutions
the position is desperate. The only exact solution of the three-dimen-
sional problem for rods is, as far as we are aware, that of the torsion of
cylinder of circular cross-section (Love 1944). The possession of additional
exact solutions, in addition to their own importance, can throw greater light
on asymptotic theories too.

We believe that one of the impediments in such a programme is lack of
knowledge of functions satisfying the desired boundary conditions. The
need and advantage of such functions is felt in other fields t0o, as in hydro-
magnetic stability (Chandrasekhar 1961). With this view in mind, we study,
in the present, the convergence of the expansions in terms of eigen-functions
of a fourth order equation. We made a similar earlier study (Nariboli
1965) where we had to work in the complex domain. Applications of these
functions will be further investigated. We limit here to the study of two
self-adjoint and two non-self-adjoint boundary value problems. We believe
the study has an interest on its own, in addition to being useful in other
fields.

2. SELF-ADJOINT PROBLEMS

We discuss here two problems connected with the beam equation for
the clamped-clamped and free-free end conditions. The first of these have
been already successfully used in the problem of hydromagnetic stability.
We repeat the arguments for completeness and assert the convergence of
the expansion of an arbitrary function in terms of these. The techniques
of discussing the convergence follow essentially the same lines in all cases.

Consider first the following eigen-value problem:

If=fY=at, —1<z<l .. .. .. (21,0
f=F=0, for z=41. .. .. .. (21, 8)

The superscripts denote differentiation. We limit attention to the even

case, the odd case being similar. We define and denote the scalar product

of two funections u, v, as
<u,u>=juvdx. S 1

The limits of integration are always given by range under consideration and
80 we omit writing them throughout. Let u, v be solutions of (2.1) corre-

sponding to «, B. It then follows easily <u, Lv> = <v, I/u>, showing the
self-adjointness of the problem. So we have (xé—pg¥) <u v>‘= 0 giving
us an orthogonality property. It can also be seen that (az—&z){<f”, f ”>
+a2a’:2< A f>} =0 with bar denoting complex conjuggte. So « is real or
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FAN

purely imaginary and cannot be complex. This also follows from oc4< W f P

= < ' f ”> implying a4 is real positive. Actual construction gives orthonor-

malized funections as

1 /chax cos ax
= —|— — Oy, & .. .. (2.3
=5 ( ) £, =f(en, ) (2.3)
where « = o, are the roots of the characteristic equation

¢ =8C04+cS=0,0rt+7 =0. .. . . (2.4)-

We have used the notations ¢ = cos «,C =¢ch a,s =sina, 8§ =sh «, { = tan «,
T = tanh «, ch for cosh and sh for sinh throughout. Clearly if « is a root
of (2.4), so also is ix. The orthogonality property naturally leads to the
expansion of an arbitrary function F(z) in terms of these eigen-functions
as follows:

Fo) =D af@ o=l F> .. .. (25

Our aim is to outline the method of establishing convergence by use of contour
integration. We rewrite (2.5) as

F(z) = D anf, (@)

= lim i (@) f F(t)f,(6)dt
1

= lim F(t){Zf,,(x)f,.(t)} dt
1

= lm | F(t) Zndt. Y X )

7n—» o

The interchange of the two operations of summation and integration is valid
so long as # is finite. We further rewrite 2, as

| D= ifn(x)f,.a)
1

= Z N(oy, £)N(oy, ?)

20%¢2
ZN(“"’ IN@w ) @
0n0n¢
where
N(a, ) = cos « chuz—cha cos az, .. .. (2.7,0)
o dé
¢”_d¢ a=u" (2'75 b)
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From the above we are led to consider the following integral:

1 [ N(x, 2)N(a, £)

=5 ——Wci——da N X))
The contour in all cases consists of the imaginary axis and a large semi-
circle to the right in the complex a-plane. The singularities of the integrand
are those for which ¢ = 0, the roots of our characteristic equation, those for
which C =0, a= (m=ni/2), m=1, 3, 5... and those for which ¢=0,
a = (m=/2). All are simple poles. a =0 is not a singularity. The purely
imaginary roots occur symmetrically on the positive and negative part of the
imaginary axis, the contributions due to indentations around these add up
to give a full contribution due to a pole. The remaining integral along the
imaginary axis, interpreted as Cauchy principal value, cancels out. The
integral around the semicircle vanishes in the limit and so we omit writing
it. Thus we get, by equating the integral to zero,

S 1@ 0 = cosT2E cos ’"T"t e . (29
1 1

We thus obtain
lim > £, @ FOf,(¢)dt = lim > cos 2= f F(5) cos _”"21’_‘ dt. .. (2.10)

This shows that the expansion (2.5) converges under the same conditions as
those for Fourier series. Since the contribution from all the purely ima-
ginary roots is the same as those from real roots, we can assume the sum-
mation in (2.5) to extend only real values. These functions have been used
by Chandrasekhar (1961) in the study of hydromagnetic stabﬂlty We have
checked that the problem of a clamped strip under concentrated load can
be solved by a very rapidly convergent series by use of these.
We now note the case of free-free ends. We here have

fY=qY,in —l<z<l, .. .. ..(210,0)
W bai fr=f"=0forz=2x1l. .. .. .. (210}
€ now o m
cha,x = cos ayx
=1, = 2.11
fo=11,= \/2( +28), (@.11)

where @ = a, are the roots of the characteristic equation

p=8C4c8=0, or t+T =0. .o .. (212
The characteristic equation is the same but zero is now an admissible eigen-
value with the corresponding eigen-function f. It is easy to verify <f,,., f,.>
=3mn. S0 we seek an expansion

F(z) = {aofy+Zanf,, a,.—-=<f“, F> ee . (203)
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We proceed just as before. There is now a contribution from the pole at the
origin. We thus get

an(x)f”(t)+§=zcosﬁgfcos’-”§’f. e (214)
1 1

This verifies the convergence. 1In addition, the identity of the characteristic

equation further enables us to assert that the first series is twice differentiable

provided lim F(z) = lim (1— |z [)F'(z) = 0. The functions, however, cannot
jzi—>1

[z]—1

be used for a free-free strip problem. We study that case below.

3. THE NON-SELF-ADJOINT PROBLEMS

We discuss below two new eigen-value problems which are of interest
due to the occurrence of the eigen-value in the boundary conditions. In an
earlier investigation (Nariboli 1965) we studied functions obtained by seeking
solution of the homogeneous biharmonic equation in the form f(z) exp (),
satisfying conditions of clamping or of being free. We were required to work
in the complex domain. The present problems arise if we seek solutions of
the beam equation to satisfy plate end conditions. The satisfaction of the
differential equation can then be achieved by some orthgonalizing process.
The constant » that occurs in the following is Poisson’s ratio, if referred to
elasticity. But it is irrelevant for the following development; we need
assume that it is any constant independent of the eigen-value, We now set
the following eigen-value problem: :

If2fY=ef,in-l<z<l, .. .. .. (31,0
P =0, f""+@—v)atf =0, for z = £1. .. (3.1,b)
Proceeding as before, if f, g are solutions of the above problem corresponding

to a, B, then we do not have <f, Lg> = <g, Lf>. This is due to the occur-

rence of eigen-value in the boundary conditions. This impedes all further
progress. However, we here extend the idea noted by Friedman (1956) for
second order equation. The theory developed there is applicable to all
linear operators. We first extend the space of functions sought by intro-
duecing veotors of functions. Let U be a vector with components f and g.
Redefine the scalar product for two such vectors as follows:

U=('§),P=(§),<U,P>=fgp+gq)dx. . (32

Define the operator L as ]
LU=(;,,). O  X:
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Then our problem (3.1) is equivalent to
LU =oU,in =-1l<2<1, .. - .. (34,0)
g+vf=0, ¢+@2—v)f'=0, 2= %1, .. .. (34,0)
The boundary conditions are now independent of the eigen-value. Let now
P be another vector satisfying LP = g2P. We then proceed in the usual
manner to seek the adjoint:

(az—pz)< > <P LU U LP>

={¢— (2—v)p}f {q —vp'}f. e (85)
The last expression consists of boundary-values only at = 1 and is
obtained by integration by parts. The adjoint problem is now obtained by

requiring <P, w>=<1, LP>. This leads to the boundary conditions

on P as 7N
qg=2—v)p, ¢ =vp/, at x = X1 .. .. (3.6)
This is equivalent to the following problem for p :
pW =alp, in —l<z<l, .. .. .. (37,0
p'—(2—v)aip =0, p'""—vaZp’ =0, at x = L1. .. (37,0

Since (3.7, b) differs from (3.1, b), the problem is not self-adjoint. Also the
adjoint problem does not correspond to any real plate boundary conditions.
However, this is irrelevant. Having at hand the adjoint problem, we have
a generalized orthogonal or, more strictly, a bi-orthogonal property which
enables us to proceed to the expansion problem. We again regard the func-
tion to be expanded as a vector with two components. Let

F
F =) =ZauUs, ... .. (38,0

7
12 Un, 2D >= <F P >. .. .. (38b)

This gives us actually expansion of two arbitrary functions in terms of two
associated functions as follows:

F(z) = Zanf,(2), .. .. .. (3.9, a)
Glz) = Zang,(z),
ankn = a5 [(f,p,+9,9,)0z = [(Fp,+Gg,) dz. .. .. (3.9,0)

This development is analogous to the case studied by us in the earlier paper.
Actual construetion of the funotions is a stralghtforward process; we only
state the results:
fo=1 f,=flas ), flx,2)=(1—v)c chaz—(14»)C cos ax, (3.10, a)
go= =" §, = dom 7), g(a, ) = (1—)c chaz+(1+»)C cos az, (3.10, b)
?2,=1, p, = plag, z), pla, ) = (14v)s chax—(1—v)8 cos az, (3.10, ¢)
4o = 2—v, g, = glag, 7), g(a, z) = (1+v)s chaz+(1—v)8 cos az, (3.10, d)
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where & = ay are the roots of the characteristic equation
l+vt
3—v
The characteristic equation for the problem for f is the same as that for p.
This is in conformity with the general result that a given problem and its
adjoint one have the same characteristic equation. So we have used the
same letter « for both f, g and p, g. We then obtain the ‘normalization’
factor as

Ha) = (3—v)c S=(14+1)sC =0, or T =

(3.11)

K, = <U,,, ,,>~ 21—13)(sc—8C), .. .. (312,q)

Ky =2(1—v)2 e oL (812,h)
From the discussion of the earlier cases it is clear that, in the investigation
of convergence of expansions, we need an expression for the normalization
factor as a multiple of the derivative of the characteristic equation. After
some manipulations, using the characteristic equation repeatedly when needed,
we obtain

¢ = _f = 2(1—v)cC—4sS
20

=G| G214, .. .. (313,0)
K= ﬂl-:;—-)——[(s — 2 12)c2—2(1 )], e .. (313,b)
Ky = 2(1—7)Sncnd,. ce e e (3130

With this result the technique of establishing convergence proceeds as before.
We first note that zero is now an admissible eigen-value. The characteristic
equation has an infinite number of real roots and an infinite number of purely
imaginary roots which are not now equal in absolute value. So we assume
that summation is extended over all real positive values and also over all
imaginary values on the upper half of the imaginary axis. The summation
includes p = 0 also. The expansions now are

Fle) = f( )

. (3.9, a)

y()

Gla) = . (3.9, )

In order to discuss convergence, as also in applications like in plate
problems, it is convenient to oonsider the following expansions derived from
and equivalent to these. Let -

2E(x) = F(z)+G(x), 2en =f,+9,, 2rn=p, ¥4, -- .. . .. (3.14, @)
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2H(z) = F(@)—G (@), 2hn =f,—G,, Bon=D,—q,, -+ - . .. (3.14,b)

1—v 1+v

eO = 2 y € = (1 —V)O”Oha,,x, ho =

s by = —(14-v)Cy cos ay,z, (3.14, c)

1;' 17 = —(1=1)8, cos ayz. (3.14, d)

We then have the equivalent forms obtained from (3.9) as

ro = 3-2—v, rn = (14v)spchoanz, 8y =

B = > 20 [ mono+aomma), .. @150
0

Hz) = i%"(’”) [ J (B(eyra(t) + Ht)sn(0)} dt] .. (3.15,b)

From the earlier results, it is obvious that we now need the limiting values of
the following sums:

S 26a(2) S 26a(2)8
Syn = 226_%%):“) Sy = 20 i(_;)f.@., .. (316, q)
2hn(x)r,.<t) 1y, = S Ha@)salt)
z o = z—-———— .. (3.16,b)
0 Kn

To this end we consider the following integrals around the same contour noted
in earlier cases :

2e(a, x)r(a, 1) 2e(a, z)s(x, £)
J1= 2mf 2(1—»)8cd de, 2mJ “2(1—1)Scé do, .. (317, 0)
_1 f2h(a, z)r{a, ) (3—»)Sc _1 J'2h(ct, z)s(x, t) (3—»)Sc
17 %4 ) "2(1—»)Scp (1+4)Cs 2m ) 2(1—v)Scd (14)Cs
(.17, b)

We have modified the series for 7'y, T'3n by use of the characteristic equation.
Equating the integrals to zero, we now obtain, from J;, J,, K;, K, respec-
tively as

S1p = §+Z cos nax cos nmt, Spp =0, .. .. {3.18,a)
1

Tin=0, Ton = §+Zcos nwz cos nat. .. .. (3.18,b)
1

From (3.20), it is clear that the expansions converge to the given functions
under the same conditions as Fourier series. It is neoessary to note that
we get the contribution from the origin whenever zero is an admissible eigen-
value.

We finally consider the eigen-value problem corresponding to boundary
conditions for a plate clamped at one end and free on the other end. Since
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this problem also is not self-adjoint, the development proceeds on the same
lines as in the above case. We have

fP=eaff,in0<2<l, .. .. .. (319,49
with
f==0forz=0, f'+va2f =0, f'""+(2—v)af =0, forz=1. .. (3.19,b)
We introduce as above
U= f),LU:(g:’,),Pz(p),LPz(q’,'). .. 3.20
(g ! q " (3:20)

It is then easily verified that the given and the adjoint problems are stated
as follows:
LU = a2lU, in0 <z < 1, f(0) = £/(0) = 0, g(1)+»f(1) = O,
gL+ (1) =0, .. (3.21,a)
LP = g2P, in 0 < z < 1, p(0) = p'(0) = 0, ¢(1)—(2—~v)p(1) = 0,
gy —vp'(1)=0. .. (3.21, d)

We then have
(02— B?) < / <P LU = <U, LP>
=0. .. .. Ce o (322
Actual construction of the functions gives, with k = (1—|— )/(1—),
I = (kS8+5)0,—(kC+c)8;, g = (kS+8)Ce—(kC+-c)Ss, .. (3.23, a)
= (C+ke)Cy—(S—ks)Sy, ¢ = (Otkc)Co—(S—ks)Ss, .. (3.23,0)
C; = chax—cos az, Cy = char+cos az, .. .. (3.23, ¢)
S; = shar—sin az, Sy = shax<4sin az. .. ©+ (3.23, d)
The characteristic equation for both the problems is the same and is given by
¢ = (bS+8)(k+2S+8)—(kC+e)E+20—c) .. .. (3.24,0)
= (O+ke)(O—Fk+2¢)—(S—ks)(S—k+25) .. .. (3.24,b)
= 1—Fk(k+2)—2Cc+2(k+1)Ss ce e . (324,0)
=0,

We consider all the roots that are positive real and positive purely imaginary
parts. Due to the bi-orthogonal property we obtain the expansion as

‘F(z)=2f al?) O+C@)g,O} d] .. .. (325a)

G(z) = Eg"( )U {Fiyp,)+6Mg, (O} &), .. .. (325,D)

ey = j [, (02,0 +0,0)0,0)] &
0

= 2(kSp+33)(Ca+kca), .- . . .. (3.26)
¢, = 2(kSncn+k+2Cuss)- .. .. .. .. (327)
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In order to assert convergence, we must express k, as a multiple of ¢',. This
we have not been able to do in the present case. Though it is possible that
the convergence is assured by the general theory of linear operators, we
must have a way of asserting the convergence by the process followed in the
earlier cases. This process has the advantage of enabling us to sum the
series derived from these in various forms. By this technique we can reduce
the solution of new problems to an integral equation (Ramachandra Rao
in press). We need, in general, not only the sums of the above series
but also those obtained from these by differentiating up to three times. To
establish the convergence of the given expansions, we, of course, can proceed
in the alternative but equivalent method of spectral representation of a linear
operator (Friedman 1956).

The investigation of such functions to other geometries and applications
of these to solve new problems will form the part of later work. It is our
belief that these functions enable us to obtain solutions of new problems of
elasticity, especially for finite boundaries. An exhaustive study of second
order equations forms the basis of almost all the boundary-value problems
solved thus far. An equally illuminating study of the eigen-expansion
problem for higher order equations for various geometries is an obvious need.

4. CONCLUSION

The paper constructs for the beam equation eigen-function expansion
for various types of boundary conditions. Besides pointing out the method
of tackling non-self-adjoint problems, it stresses the need of knowing the
sums of various series derived from them.
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