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Transverse electromagnetic waves have been studied in collisionless, one-
component classical plasma using Vlasov’s linearized equation and Maxwell’s
oquations and it is also extended to the case when a constant external mag-
netic field B, permeates plasma. The respective characteristic equation is
solved by means of Van Kampen's method of stationary solutions following
Case closely. The dispersion equation for the cold plasma is obtained from
general dispersion equation.

1. INTRODUCTION

Landau (1946), Van Kampen (1955), Case (1959), Backus (1960), Zelazny
(1962a) solved the initial value problem for longitudinal waves in plasma
extensively. Zelazny (1962b) and Felderhof (1963a) studied transverse waves
in plasma in the absence of an external magnetic field following the method
of stationary solutions; Pradhan (1957) and TFelderhof (1963b) discussed
transverse waves in plasma under a constant external magnetic field follow-
ing the same method. Case’s approach (1959) has helped a good deal to
understand the problem of longitudinal waves in plasma. In Part I we
extend his approach to study transverse waves in hot, classical and colli-
sionless plasma in the absence of any external field and in Part IT we further
extend it when a constant external magnetic field B, permeates the plasma.
The positive ions are assumed to be smeared out to form a uniform positive
neutralizing background. For simplicity, the reduced distribution functions,
which give clear insight into the important physical features of the problem
such as the density of the electrons, the electric field and Landau-damping in
the plasma, are used. The basic equations of the theory are Vlasov’s line-
arized equation for the single-particle distribution function and Maxwell’s
field equations.

Part I
(Plasma free from any External Field)

2. Basic Equations—The Vlasov-Boltzmann equation is used for collision-
less plasma. For transverse waves, Maxwell’s equations are combined with the
V-B equation. The electron distribution is given by single particle distribu-
tion function f(r, v, ¢) and it is broken into two parts as

fo, 0. 0) = nof @+ 0 ) . @D)
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where n, and f, refer to the equilibrium state and f,(, v, ¢) is the perturbation.
In the absence of any external electric or magnetic field the V-B equation
reduces to the first order in f, as

of of, e { VxB(r, 1) o,
at+V 3 E(r, 1)+ - }'aV 0. .. (22
Maxwell’s equations are )
1 BE
VXE—--—E%?, V.E=4mp .. .. .. (2.3)

where K and B are the electric and magnetic field strengths. p(r, £) and
j(r, t) are the charge and current densities respectively and measured as
follows :

plr, 1) = e f 1y Vo 0dv, G ) = ef Vf,(r, V, 0av. . (24

The coefficients of linear equations (2.2) and (2.3) are independent of
space coordinates; therefore, Fourier transform technique can be used.
Fourier components depend on space coordinates according as exp (ik.r),
where k is a real vector. Here solutions pertaining to a given k are considered.

Let the k-vector be along the z-axis ; then by integrating over the velocity
components v, and vy we define the following reduced distribution functions :

fz(z: Uz, t) = J‘f vzfl("«, V: i)dvzd”y,
fy(z: V2 t) = ff ’nyl(z, V, t)dvzdvy,

£ vz 1) = f f £ Vo dvgdvy. .. .. .. (25)

The linearized V-B equation (2.2) is multiplied by vz, vy and 1 respective-
ly and then integrated over v, and v, components of velocity. We get the
reduced distribution functions (2.5) and on combining these functions with
relevant field components from Maxwell’s equations, three different sets of
equations are obtained.

I set:
of, of, _mge
E""Uz az EzF( )
= ‘ét;‘mff"(z’ e ez
9By oF,

at —C’a—z . .. . .o . . (2.6)
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where _
Fvy) = f f £, (0)dvgdvy. e

F(v;) is an even, non-negative function of v,; it decreases monotonously
for v, > 0 and normalized to unity. I set involves only the x-component of
the electric field.

IT set:
%+vzz—'§ " ByF(vz) = O,
g%’:caaﬁ’—‘ineffy(z, Vg, t)dvz,
@f:c% O )

It involves only F, component.

IIT set:
of, o, noe o dF(vz)
ottt Be gy, =0
aE’ 4neff(zz’z,t)dvz e

It involves only E.,. From these sets of equations the factor exp (¢kz) and
an implied index & have been omitted. Now there are three reduced prob-
lems. And all these three can be dealt with individually as an initial value
problem. The first two sets correspond to transverse electromagnetic waves
with different direction of polarization, and the III set to the longitudinal
plasma waves. The last set of equations has been studied extensively by
Landau (1946), Van Kampen (1955), Case (1959), Zelazny (1962a) and Backus
(1960). Here we shall discuss only transverse waves.

3. Stationary Solutions—The I and II sets form equivalent problems
for transverse electromagnetic waves and here we shall restrict to the I set
only. The fundamental equations of this problem are

0
Yo —ikvof,+ "5 By F(vs),

ot
OF . ;
a—t‘”= -—@kcBy—4neffz(vz, tidv,, .. .. .o (3.0)
aBy -
7 — —@kc Ez

To solve equations (3.1) let us consider the distribution and field com-
ponents vary exponentially with time as exp (—iwf). Putting

[ = glog)e~twt
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and taking

e
]
> 8

we get for equations (3.1)

(ueagh(en) = i(22) e (e,

4nie . ’
uE"* = ¢B"— (—k——) fg“(vz) dv,, .. .. .. (3.2
uB" = cE*.
Eliminating B* from the last two equations of (3.2) we get

(u2—c?)

— E"=_(‘%T) f g¥(v,) dv, . G (33)

Substituting the value of E* in the first equation of (3.2) from (3.3) we
obtain

F(vz)

2 7 ’
(u—v)g*(vs) = ugu ) g¥(v,) dv, .. .. (3.4)
where
2
2 _ W 2 _ 4mnge®
U, = ) and w = .
Let us put
uqu(vz) = 7(v,) .. .. .. .. {3.5)

where 75(v;) is an arbitrary function. Using equation (3.5), equation (3.4)
becomes

(u=v2)g(vs) = (u’;‘f’f,),.z) o, . (3.6)

Considering the different values of u and the properties of the function
7n(v;), the eigen functions are divided into four groups.

Class 1(a):

There are solutions when # is real and n(u) does not vanish. These
solutions form a set of such points 4 and we have

gvs) = P 1D 50 (um—y). Y
U—vg

Normalizing the solutions such as

f 7¥(v,)dv, = ut—c?. .. .. .. (3.8)
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Hence

Au) = ut— 24P f 2 g, o (39)

Vg—

Here P indicates the Cauchy principal value while integrating over v, and
denotes the Dirac delta function.

Class 1(8):
In these solutions « is real and n(«) vanishes. The solution is
g¥(vy) = P 1(£+)\(u)8(u—vz) .. .. .. (3.10)
u—vz
and again
Alu) = u2—02+Pj n(vz) dvg. .. .. (3.1
—w 'Uz_u

Here in equation (3.10) the principal value sign is not necessary.

Class 1(c):

These solutions cover those cases of class 1(b) where u is real, n{(u) = 0
and A(u) also vanishes. They occur only for a finite number of points w;
where s = 1, 2...m. The solutions are

g“i(vz)=g,-(vz)=?~17—(_% - .. .. (3.12)

and condition (3.8) is also satisfied.

Class 2:

For these solutions u is complex and the normalization condition (3.8)
is also satisfied. Then we have

po =202 313)

U—Vg

According to the normalization condition there are a finite discrete set of
points w;, where j = m+}-1, m-2, .

Thus we have a continuum of solutions for all real % such that not simul-
taneously

ug) = 0 = Mug) = u2—02+f 7)(02) d .. .. (3.14)

There is a discrete set of solutions such that either u; is complex and

j lvs) dvy = ut—c?

oV

or u; is real with n(u;) = A(ut) = 0.
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These two points should be noted.
(a) All solutions have been normalized such that

f g¥{v)dv, = u2—c2, .. . .. (3.15)

(b) For simplicity all roots u; are assumed to be simple.
4. The Adjoint Equations.—Let us consider the adjoint equation of
equation (3.6) as

1 7 7 ’
(1= 0)g%{vz) == = f n(vz)ﬁu(vz)dvz .. .. @4
and we see that to each eigen value u of equation (3.6) there is an eigen function

of the adjoint equation (4.1). Thus for each u of the previous section we
consider equation (4.1) and discuss % under similar classes.

Class 1(a):
Here u is real and () does not vanish. The normalization condition is
f 7(v)F4(v,)dv, = u2—c2. .. . .o 42
Then equation (4.1) becomes
(u—2v,)g¥v,) =1 .. .. .. .. (4.3)
and the solution of equation (4.1) is
- 1 -
g¥(v) =P + X(u)d(u—2,). .. .. . (44)
U—Vz

Multiplying equation (4.4) by 5(v.) integrating over v, and using the normali-
zation condition we get

Auy(u) = u2—c2+Pf Mdvz = Mu).

Ve—1U
Therefore
X(u):?}%%. Y O
Class 1(b):
When u is real, (%) = 0 and A(u) does not, vanish, the solution is
g4(v;) = S(u—w,). .. .. .. .. {(4.6)

Substituting this in the right-hand side of equation (4.1) and integrating, we
get

JW(UZ)n(”z)dvz = n(u) = 0.

Hence equation (4.6) gives the eigen function solution for the characteristic
equation (4.1).
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Class 1(¢):
When n(u;) = 0 = Xug) with w; real and the normalization condition
(4.2) holds good, then the eigen function solutions of equation (4.1) are

g“i(vz) = gi(vz) = (4-7)

U=
Substituting this value in the normalization condition and using the identity
(3.14), we can define characteristic values u;.

Class 2:
This class consists of complex values of u and the normalization condi-
tion is again (4.2). Then the characteristic solutions are given by

- 1
gilve) = — -

(4.8)

In this case also the normalization condition becomes an identity and accord-
ingly the characteristic values u; are defined.
5. Solutions of the Initial Value Problem :

We are interested in solving the problem posed by the set of equations
(3.1) with a prescribed initial value g(v;, 0). Using the completeness result
and expanding in terms of eigen functions as has been proposed by Case (1959)
for the problem of longitudinal plasma oscillations, we have

g(v,, 0) = z a;gi(vz)+f A(w)g¥(v,) du. N E A )
Following Case (1959) to make use of the orthogonality property with respect
to the adjoint function, we get

~

1 _
a= 3 | Beslotes. 0)de

5.2
[ (2)
(ug~vz) ?
and
A(u) = 61— f g(l‘)(t'z)g(ﬁ’z, 0) dvg
1 negles, 0) .
== ;Wm [/\(u)g(u, O)_TI(U)PJ‘ —-——T*I:Tz— dr z] ; e e (0.3)

Now the solution of g(v;, t) is obtained directly from (5.1) by introducing
the appropriate time dependence of the eigen functions. Thus

glvg, t) = Za;e-'*“i‘gi(vz)—f-f A(w)e~#Fegu(v,)du .. .. (5.4)

%
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gince
f g¥(vz) dvg = u?—c2,
and
) = — (4—’]’;—‘3) 17’272 f guvz, dvz, .. .. .. (5.5)
we have

E't) = — (4—7;;9) {Zu;u;e‘"mit+ f A(u)ue=out dy } .. (5.6)

6. Dispersion Equation.—For real «we have seen in section 3 that

Muw) = u2—c2+P f gl%dvz .. .. .. (6.1)

or

Mu) = u2—02+u uwP [ (—v-zz)L dv,. .. .. .. (6.2)

It is obvious that for high velocities the equilibrium distribution function
fo(v) is small and hence F(v,) becomes very small.

Therefore
Au) = u—c-uuP f Fve) dv; = 0. e .. (83)
VU
For finite values of these quantities the denominator in (6.3) is expanded and
one finds on integration

u2~02+u(1+\2\ u2+...) N (X))

where

<vf> = va(vz) dv,.

If F(v;) approximates to a delta function then (6.4) reduces to the fami-
liar expression for the cold-plasma, i.e.

w? = kertul. .. .. .. .. (6.5)
In the asymptotic sense discussed above it is useful to define a refractive
index n as follows :
02’02 F(v,)
2 =%
n wa et e ce .. (6.6)

Here » can be obtained as a func’mon of w by solving equation (6.6) for k in
terms of w. In the limit of small k, 7.e. for a cold plasma, equation (6.6)
reduces to the familiar expression

2
w

nt=1- -t N 1 X 4

For real values of k the frequency is always larger than the plasma frequency.
For this range of frequencies the refractive index is real.
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Part IT
(Plasma under Constant External Magnetic Field B,)

7. Fundamental Equation.—For collisionless plasma we combine the
Vlasov-Boltzmann equation with Maxwell’s field equations. We use the
single-particle distribution function f(r, v, f) which separates into two parts.

f(rs v, 8) = nof(v)+f,(r, v, 1) .. .. .. (1.1)
where n, and fy(v) correspond to equilibrium state and in the presence of

constant external magnetic field By, f(v) may be anisotropie in the velocity
space. The V-B equation for this case is

afl afl e VXB() fl noe{ I’XBrt) f
—a*t+'U ar+mT ’9;+ E(rs t) —_} ‘aT/E 0 .. (72)
The equilibrium distribution f; is normalized to unity and
(VxBy). af" P  4:))

must hold true to have a time-independent solution of equation (7.2). Let
us take B, in the direction of z-axis, then the general solution of equation
(7.3) is
: TAV) =F (02403, v2). T | )

We are interested in a particular case of wave propagation along the
direction of the external magnetic field B, and further for the sake of simpli-
city we take By to be in the direction of z-axis. For convenience sake the
reduced distribution functions (2.5) are used.

Multiplying the linearized V-B equation (7.2) by vz, vy and 1 respectively
and integrating over v; and v, we obtain

2 2

Vv tBoy +”°e[ EEF(UZ)+%’{sz(va—G(vz)}] =0,

3 9

;t+ v aj; eB"f +2 [—EyF(vz)— %{sz(uz)—G(vz)}J =0. .. (1.5)
of @
J, =+ vs aj; +2 B, d———{;ﬁzz) =0

where
F(vy) = fffo(V)dvxdz'y, G(v;) = —¥——~ff (Vv )fodvzdvy .. (1.6)

Here the function F(»,) is non-negative and normalized to unity; the function
G(v;) is in general positive when v, > 0 and negative for v, < 0, but this is
not necessarily the case.

We introduce the quantities

Foye =Foxi, Ee = B 1B, Buye) = BykiBy. - (1)
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Now on combining equations (7.5) with Maxwell’s equations we get the
following three sets of equations:

I Set
?g%m %—’chf(l)— oot [E(Ur(vz).g.ilicm H(vz)] —o,
algtm = "C‘ag—? —4ﬂeffm(z, vz t)dvz, . (1.8)
R

B
where the cyclotron frequency w, = %ﬁf and

H(vz) = v,F(v,) —G(vz). . . (19
The function H(v;) is a measure of the anisotropy of f,; it vanishes identically
if f, is isotropic.

- II Set
of /P iB,
(2) 4o, T (2) ity — ge [E<z Fio)— Cm H( vz)] _
0 5 0B
at2 —io— 2 —dme | [z, vey vz, .. (1.10)
9B _ .. 9w
o oz

The III set is identical to that of Part I and each of these sets can be solved
separately for initial-value problem. Here we are interested in the I and II
sets of equations which correspond to transverse waves. For positive phase
velocity, the periodic plane wave solution of I set gives right-hand circularly
polarized wave and for negative phase velocity, left-hand circularly polarized
wave, vice versa is true for solutions of 1T set.

8. Stationary Solutions.—I1 and 1I sets of equations form the equivalent
problems for transverse waves except the change in sign due to the magnetic
field terms. Here we shall restrict only to I set of equations. The coefficients
of the equations are independent of space coordinates and Fourier decom-
position is applied, the factor exp (ikz) and implied index k are omitted.
The fundamental equations become

of,

(D+Zkvzf(1)+twcf(1)_ ““[E(I)F(Uz)‘i' (])H(Uz):l =
or
o) o kB —dae f £ (% 25 )0, SR
0Bq)

-—ét— = CkE(l).
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To solve equations (8.1) let us consider the distribution and field com-
ponents vary exponentially with time as exp (—iwt) and f(1) = g(»;) exp
(—wwt). Taking the variable w = w/k and omitting the index (1) we have

inge

(w—ue—vz)g%(v;) = mk [EMF(vz)'i'ilciuH(vz)] )

uB® = —icB*— é%"f' g¥(v)dv,, o - (82)
uB* = icE"
where
We

U = =

T

Eliminating B from last two equations of (8.2) we have

B =~ (%) (uz—ﬁcz) f g¥(vz) dvg. .. . .. {8.3)

Using equation (8.3) and the last equation of (8.2), the first equation of (8.2)

becomes
2

u
(u/—uc‘—'?]z)gu(vz) = (_u‘z—_-e—c“zj [’LlF('Uz)—H(vz)] J‘ gu(vz) dUz . (84)
where
ul = liz — 4arnge?
P |2 mk2
Let us put

ui[uF(vz) —H(vz)] = 3(vz)

where 7(v;) is an arbitrary function.
Therefore

(U= —0,)g%(vs) = (u’;(fzz) 7u(v,) des. ce .. (85)
Equation (8.5) is quite a parallel case to that of equation (3.6) with a
difference that here the phase velocity is decreased by a constant u, due to
the presence of static magnetic field B, and the function () is defined
differently. Similar types of the eigen function groups depending on different
values of the phase velocity and the properties of 5(v;) can be obtained as
the solutions of equation (8.5) and its corresponding adjoint equation follow-
ing the same line of arguments as of Part I.
We are interested in solving the problem posed by equations (8.1) with
a prescribed initial value g(v., 0). Using the completeness result and ex-
panding in terms of eigen functions we obtain the solution of g(v., t) by intro-
ducing the appropriate time dependence of the eigen functions quite identical
to that given by equation (5.4) and hence the expression for electric field
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can be obtained. Making use of the orthogonality property with respect to
the corresponding adjoint function we can calculate the coefficients a; and
A(u) in the usual way following Case (1959).

9. Dispersion Equation.—The general dispersion equation for transverse
waves 1s

22 )
u C +vaz~u+ucd'vz 0 .o .e . (9.1)

or

{uF(vz)—H(vyp)

et tu P | o Y v, =o. e (92)

For cold isotropic plasma F(v.) approximates a delta function and H(v;)
vanishes identically. Then the dispersion equation reduces to the form

2
u,u

cﬂ:az_u_"uc. e e e (93

The general expression for both the sets I and II combined is

uzu

62=u2—@—q§70) .. e e e (99

where the upper sign is for the waves of type (1), the lower sign for waves of
type (2).

The refractive index is defined as n = 1—‘; .

Therefore
2
c2 u
- I . .. .. .. .
W= ! (u2Fun,) (9.5)
or
2
O PN (9.6)
ne = (wzszwc) . P e . .
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