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Yano and Bochner (1953) have defined pseudo-harmonic and pseudo-killing
vectors and tensors on metric manifolds with torsion. Non-existence of
pseudo-harmonic and pseudo-killing vectors and tensors in this manifold
has been studied by Goldberg (1956), by taking an arbitrary symmetric
tensor Gij which is a scalar multiple of fundamental tensor 955 Later on,

Yano (1959) and Yano and Takahashi (1958-59) gave some of the conditions
under which a harmonie or killing vector (tensor) field could not exist in a
manifold with boundary.

In the present paper pseudo-harmonic, pseudo-killing vector (tensor) fields
have been studied and conditions have been established under which such
fields could not exist in generalized Riemannian manifold with boundary
(Rani and Prakash 1965).

1. Consider & compact manifold M which is the closure of an open sub-
manifold of an n-dimensional orientable (Yano and Bochner 1953) generalized

Riemannian manifold X of class ("(r > 2) with a positive definite metric
ds? = aqpdy®dyP” [Eisenhart 1951] .. (LD
for aupdyxdyf contributes nothing. M is represented in a neighbourhood of

each point on the boundary B of class C" by y* > 0, therefore it follows that
B is an (n—1) dimensional compact orientable submanifold (Chern 1955).

The boundary B is represented locally in parametric form by yx = y«
(¢*) in U(P)NM, where U(P) is a coordinate neighbourhood in X, of a point
P and B. Let the metric for the boundary B be

ds? = g, datded, .. . .. .. (L2)
We define h
L=t . a3

* Throughout this paper we adopt the convention that Greek alphabets o, 8, ¥, 8, o, ..~
take the values 1, 2, .. ... n and Latin alphabets 4, j, k, etc. take values 1, 2, ..... n—1,
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and then
gy=0gCi0F. - .. .. .. Q9

N® denotes the unit normal to B such that N* and C;°%, C;*...C,
the positive sense of M.
Thus we have the following relations :

aa_ﬁzv“of=o .. O | M)

@, N*NF =1 R | ;1))

o
_, form

Symbols p, and /p; denote the covariant differentiation with respect to
4 ﬁc; and A;, these being coefficients of connections with regard to manifold
and the boundary respectively.

Since the space is generalized Riemannian A,-jh is not symmetric in
indices ¢ and j.

We have instead (Eisenhart 1929)

rl=ya+4r .. .. .. .. (L6a)
8" =3(4,'—4.)). cev .. (Leb)
Tensor derivative of C;* and N* are given by
IpOF = QuN*+4L0% .. .. .. .. (L)
IpN* = —g2QuC%, .. .. .. .. (18)

where £;; is the second fundamental covariant tensor of second order in
Xp_1and

A} = a,p(Ip,C7)C08", ¢ £
If
Cip = Clagg e (1.10a)
0 = CTgPa,g e (1.100)
then we have
NP f 0 F =8, o (1.11a)

where Kronecker delta 85 takes the value one when o = B and zero when
a =B

Multiplying (1.106) by a P! C;" we find after taking into account (1.11a)
and suitable arrangement of indices

a“;"l_NaN%:gifoj‘j“l. .. .. .. (1.11d)
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We also have the following relations :

NG =0 .. .. .. .. (LI20)
C;%C =8 .. .. .. .. (L2
Curvature and Pseudo-Ricci tensors are defined by
«_ 0 4o @ o
Aﬁ'ys aaAﬂy 5 BB+A08 ,97 A ABS .. .. (1L13a)
and
%
4:%=4, P | I E:1)

Stokes theorem. For an arbitrary vector field U* in M we have

f AauadU?:J‘ u“-Nada' . .. .. (114:)
M B

where do and do’ are volume elements given by
do = VadylAdyeA. . Adyr, do’ =/gdaidda?A. .. Adan-1

respectively, ¢ and g being the determinants of fundamental tensors aag and
g; (Eisenhart 1951). Components »* in M of a vector field /ut of B are
given by relation

W=0%mt L L L L (L1B)
Applying Stokes theorem to wf(pgu®)—u*(pguf)
we have

[ {4,828, G0+ P )~ () o
= fB {uﬁ(yﬁua)—u“(yﬁ’uﬁ)}Nada', .. .. (L.16)
where
)

Saﬁy = SO‘B Iys:
Now assume that the vector field «* is tangential to B.
That is

uPNg=0on B. R ¢ B8 )

Differentiating (1.17) covariantly along B and using (1.8) and (1.15) we have
(Patug)ur NP = Qy ut 1. S (18

Thus in view of (1.17) and (1.18), equation (1.18) can be written in the follow-
ing form :

jM { Aaﬁu"‘uﬁ—2Sﬁw( pru*)ub+(7uf )7 ga)

-(Vau“)(ppuﬂ)} do = f Qy lut 1 do’
B
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which can be put in the following two forms :
[ {400 =253y 774)P g o) )
M A
— 7P — pPu")(pattp = V) — (7o) (7gvf) § do

=J .Qﬂ/u‘/ufdc' .e . .. N . .o (119)
L
f |, 1 ug P = 2850 (7 )P — a1 PN 00) = (7o) ()

+3(p"uP+ pPu) (gt Vp“a)}da = f Qi lut hud do’. .. (1.20)
B

If the vector field u* is pseudo-harmonic and also tangential to B, then (1.19)
takes the form

[ (ot 351205y + Sty i

+ (it gt (7N uP) o = 2 | Qylusid o,
- B
Thus we have the following theorem :

TreEorREM 1. If in a compact orientable manifold M/ with boundary B
and torsion S a; the matrix
(dapt4pa)  —(SpuytSpay)
—(Sﬁya+sﬁy°ﬂ) (“o_an_S'!'“a_a“&)
defines a positive definite form in the variables #* and u*8 = uf* and the second
fundamental form is negative semi-definite, then there does not exist a pseudo-
harmonic vector field tangential to B other than the zero vector field.

Now if the vector field is pseudo-killing and also tangential to B, then
(1.20) takes the form

f { (AaptAp )t 0P — (Sgyy = Sgya ) (77ut)u
M

= (Gayps—Ledpy) (77 10)( r*uf)} do

N =

= 2f Qi ud do'.
B

Therefore we have the following theorem :
TaEorREM 2. If in a compact orientable manifold M with boundary

B and torsion Sa; the matrix

(daptdps)  —(Spay—5pya)

Ni=
“ ~(Spuy—Spys) = (Hayps—as%py)
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defines a negative definite form the variables u®* and w8 = — uB% and the
second fundamental form is positive semi-definite, then there does not exist a
pseudo-killing vector field tangential to B other than the zero field.

Let now u* be normal to B.

Then

u® = aN*, ¢ -3 )
where a is a scalar on B.

Differentiating (1.21) covariantly along B and simplifying it with the help of
(1.11a), (1.120) and (1.12b) we get

N, {uﬁ(yﬁua)—u“(yﬁuﬁ)} = chQj'j. .. .. (1.22)
Applying (1.22) to (1.16) Stokes theorem gives the

f { 4uguuP =285, (P u WP+ (7uP ) () — (Puu®)(pge) | do
M

= f az.Qj.'jdo"
B

which can be written in the following two forms :
f {A“ﬂuauﬂ_%’ ﬁocv(Vy“a)uB"'“w“BS(V “uf) ()
M LAl

—%(V“uﬂ—yﬂu“)(yauﬁ—vﬂua)—(Vau“)(vﬂuﬁ) } do = fB a?2de’.. (1.23)

f {A o 'Suc"u/8 —28 ﬂoc‘y( Fru*)uP—a .0 35( V“uﬁ) ( Vyus)
" e

+%([7°‘u3+ Vﬁu“)(vau5+Vﬁua)—(yuu“)(yﬂuﬁ) } do = fu a%?fda’. (1.24)

If the vector field is pseudo-harmonic and also normal to B, then (1.23) gives
fM {(Aaﬁ+dﬁa)uauﬁ_2(Sﬁay+Sﬂya)(Vyum)uﬁ

+(ay1gs +ausag,) (7°uP)(P7?) } do = f 2020] do’.
_ = - B
Hence it follows

TaEorREM 3. If in a compact orientable manifold M with boundary B
and torsion Saz the matrix

(4ap+4ga) —~(Spay+Spya)
~(SpertSpe)  (awvagrtaastyy)

defines a positive definite form in the variables u* and u®f = ufx and the
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mean curvature .Q,.'i is negative, then there does not exist a pseudo-harmonic
vector field normal to B other than the zero vector field.
Now if u« is pseudo-killing vector field normal to B, then (1.24) reduces to

| (gt A S 3,) (P

- (aﬂa@—a@a&,) ( V“uﬁ) (V"’us)} do = fg 2&2.Q;do’.
Hence we have the following theorem:

THEorEM 4. If in a compact orientable manifold M with boundary B

and torsion Sa; the matrix

, || Daptdgs) ~(Spoy—Spra)
—(‘gﬁay—‘sﬁ)’d) —(aﬂaﬂ_s—a@aﬁ_’,)
defines a negative definite form in the variables u* and u®f = —uBe and the

mean curvature .Q,-'i is positive, then there does not exist a pseudo-killing
vector field normal to B other than the zero vector field.

2. Tensor fields—For an arbitrary skew- symmetnc tensor field w®1.... %
of order p (1 < p < n)in M we have

Vﬂ[uaz . ap(Vaquz N ap)_uﬂ

‘xg.-.ap( ute: ap)]
=(pBut®- - ) Pollpy . ap)— (Vp%ﬁz N ap)(Vau“““’ )
Fhy T a,,+1’_2_-1 Ayﬂaﬁ“ﬁi, e
Wty (PP (@)
Applying Stokes theorem to

{uzz e “”(Va’uﬁa2 o U’P)._usz .. ap(Vuuua2' " up)}

we have from (1.14) by virtue of (2.1)

adety . . . otp,,¥B p—1 vB adoy ... oy
fM%Ayaa@u : apu Og. .. (Xp+ 2 Ayﬁasu %3 ... dpu : !

+(Vﬂuaa2 e o(”)([7<>!uﬂﬁ‘2 “P) (Vﬂu a,,)(Vocuams o ccp) -

-—.2Saﬂyu: « (V‘yuﬁdz P ap)} do‘
9 ... Op )

® .. B /
= fB NB{“%.._%(V«“B““' a’)_“a,...a,,(Va"wz aw)}da, (2.2)
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For a skew-symmetric tensor field u21 .- %, of order p we have
W o R it .. .. ..(@

By...idp ’
where

oMt o%ip* | o

... 0 iy g ip

and ‘w1 - - - %y is skew-symmetric tensor field defined over B.
Now let skew-symmetric tensor field u®:i-.- % be tangential to B,

i.e. Ung, ... 0pN* =0 on B. .. .. (24

Differentiating (2.4) covariantly along B and simplifying it with the help of
(2.8) we find

(A o SN J ‘13, 1
Vp(Yoy. .. ap)ube- - B N* =Ly 'w, vyl .. (2.5)

Applying (2.4) and (2.5) to (2.2) we get

2PJ {Amaﬁauaaaa. . Otpu'YB +p——l 4 ua8a3 .. apu'yﬁ
M Fo

og...0p 2 yBad Og...0p

+(Vﬁuaa2. h ap)(V“uﬁdz- .. ap)—(Vﬁuiz- .- %)(V“ua% - “P)

—28 o a7 (Vyug )2 do = 2p‘- 02, u12 i ’q,ﬁz P g
3

«By ad p
By ad Js

which can be written in the following two forms:

p—1 oadxg.. . op ¥B B axg...op
JvM{zp(Aymaﬂ_s-}-TAyﬁas)u 3 " A + (V ¢ )(Vﬁuaaz’”a")

—-2(p+1)(7[3u“°‘2' B oc;‘)])(V[Buowtz e !xp]) _22)(75%52. BN ocp)(Vocuauz‘ - O!p)

w0t %Yy PO - iy iy o,
(2Sﬂ ) ' F(Vu :za...ocp)}d'a"f 2]’9“ ia ipu d'o (2.6)

f {2p (A “ﬁ8+ yﬁaS)“asmz (P gt )
M

+p([73uaotg otp+V %, foa. . )(Vﬁuaag L ocp+70<u}30€2 . aw)

—21)(75“22 N ap)(Vauaocg e up) _2p(28aﬁyaa_a)uaoa3 . (V}'uﬂa N “p) } do

=J2p9ﬁ'u;:2”_,;p'uiiz"'ipd’c. O -
B
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In view of the fact that ui...or is a skew-symmetric tensor, equations (2.6)
and (2.7) can be further put down as

f o {K%as “a ocpuvis . ocp+Gap58ay( B i OLp)( Yu 80 .ap)
=2(p+ (P ) g, )=l ()

(p) owoc...oc y B8 . , 7 , g ... 0p 4,
z‘gaaﬁsy ’ p(V “ aa...ocp)} do = fBZPQQ Wiy .. ip w® Tl (2.8)

jM {Kf;’};as ooy ... op u’yi3 . “p_pG“pﬂaay(Vﬂudﬁda otz')(v)‘u&;3 - ap)
+P(Vﬂu“a2 ocp+Voc oz p)(Vﬂuacaz e ocp+ Vauﬁocg s ap)
=P, o) (7o) =2 O () e

=f 22, ", i, P s, O CX )
o P

where (Yano and Bochner 1953)

(»)
KYBS =3 (A,Ya(lsﬁ—Aﬂaasy-d)’aaaﬂ—{—ﬁﬁaaay)

-1
- p(pz ) (A= gty = Bysag+ dgpny)

(D)
SIGBS‘}' == g(saﬁya&a—&,ﬂya@—Saayagé—sosyaa_g)

Gupgooy = (*a8"po™ao"sb) "By:

Thus from equations (2.8) and (2.9) we can state the following theorems:

TrrorEM 5. If in a compact orientable manifold M with boundary B

and torsion Sa; the matrix
(») (D)

K, -8
P, = i (p,)eas aofy
-8, aofdy GO‘Pﬁs"‘Y
defines a positive definite form in the variables u*f = —ufx and u*fr = —ubxy

and the second fundamental form is negative semi-definite, then there does not
exist a pseudo-harmonic tensor field of order p tangential to B other than the
zero tensor field.
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TaEorEM 6. If in a compact orientable manifold M with boundary B

and torsion S“; the matrix

(p) (p)
P Kygas —8 o8y
27 (p)
~Saopty  —PGupsoy
defines a negative definite form in the variables uof = —uBx and wxfy =

—uBoy and the second fundamental form is positive semi-definite, then there
does not exist a pseudo-killing tensor field of order p tangential to B other
than the zero tensor field.

Let now skew-symmetric tensor field «%: - --«» be normal to B.

Then

¢ = . e .. (2.10)

oy, .. 0y dp...0

We also have the relations

(Ua,.. o) NN =0 for @<k<p) .. ..(21L)

(Palla,... q) NN =0. .. .. .. .. .. (211)

Multiplying (2.10) by 0;11 - gpaﬁi‘a@‘z ... a®°? and simplifying with the help of

(L.11@) and (2.11a) we get
Ny Bz ... :x,,NB = 2% oc,,__Nocg(uaﬂocs ce “7’Nﬁ)—- .

c. = Nop(uo2 - 21BN ), .. (2.12)
Let

oo ... 0 b G
w0 = e, ce .. (2.130)

Ugay. ..
where ‘uiz... i is skew-symmetric in all indices. (2.13a) can be alternatively
put as

ub% 2Ny = ufe QYR oo L. (2130)

2...%

If we now differentiate (2.10) covariantly along B and make use of (1.7),
(1.115), (2.3), (2.13a) we obtain

(V“u:g. .. oc,,)upm2 o ocFNI-‘T_NMNOLI(Vocuocl .. aﬂ)uﬁaz e “"Nﬁ =

’
i g Tig. . lp Lip—qf Wi, .. dp

; L - i

—0° 1. ) iplu’tz...@p_*_gi T . ’u"’2"'zp+ .Q Iui2 .
.. 2 vp ’

k iy

. . ’ s .
- [ PO} . &g .dp,h'”_@ %y0g ., . Op
{( ) Py, - ~aa,,<x,,’)x (C’. P .C’q.?, u ritC 0 A i

iy kig. ..

®y...0xp Lk iy Ay ... O0p k a\)
HO W A O A )} =o.
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A substitution of the value of N%uBxz- - .

in view of (2.11b) yields

o
Nﬂ{uuz
1:I ?
+e o w{ (p1)a"

Applying (2.14) to (2.2) we get

?

O‘P(V auﬁuz a oop) —uzz

wie- . 1‘11._-.

(MRS.) NIRMALA PRAKASH

«pNg from (2.12) and its simplification

%(Vauaaz . ap)}

<p-1)52£_,'ujf L

ki,
Mgy i F A g 1%1} . (214)

p—1, >
fM{(Awap_ﬁ 3 A?ﬁaﬁ)u“s%“'“Puyia"_ap'f'(VBua%'"“")(Va“ﬁaz---dp)
e (i
— (P ’ . ' J 1oyila .y . B
= fB ['Qi Ugy gy W = (p—1)Qy Ui ip wta -

k le

iy 2z’{(p+1)A

For a skew-symmetric tensor wei---

La,

kal,
74

+A

ip}]dal'

«p of order » normal to B (2.15) can

. (2.15)

be written in the following two forms:

) a5a3 e
Kyﬂaau

[

Up 7 L‘Yﬁ
o3

3
ap+G°‘P193°Y( VﬁuanXa o up)(Vyu :zs - ocp)

—2(p+1)(plBurz - - - wl)(pguey, . .. ap])—zp(Vpuzz o ap)(vau“"‘z e “P)
(#) o v, B8
—-2Saoﬁ‘o‘yumo . (V w ®g ... ap)} do
= 2p IB [Q: Uiy . i ‘ute - ~73?._(p—-1)92’ugs iy "tz - - Tp
[ Y k & ’ ’
e R 1)A" Ty AT Tug pblde L @16)
and
($) 8 L op O B apus. .. 8
fM {Kyﬁasua e "u gs ap—pG“PBB"Y(V ut ap)(VYu ;s- o “P)

+p(Vﬁumag...oc,,+Vuuﬂa2. . op

—2P(Vﬁu§2 - §

p) ( Vuuocag .

-2, ’
E=) 2pf [91' 71/,"2 . iP u'l/z
B

+rate o (ph 1) T,

"i”—(]?—l)gij'ui:s_”ip

y

)(Vﬁuaaz O o A7 P
“p( V’Yuﬂi ]

($) 2%
") =28 opeys”

IL

'u‘l:ig e ‘ip

g ]+Ak iy, ep}] do’. . (2.17)

1'1..
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Hence the following two theorems follow.

TaeorEM 7. If in a compact orientable manifold M with boundary B

and torsion S“Z the matrix

(#) )
P _ KY&ZS ——Saoﬁay
- )
—Suopsy Gapgioy |
defines a positive definite form in the variables 428 = —uBx and by = —yBoy
and the quadratic form
7, ; dg.. .1 , Wig ... i, J
G, u) = Q’i u’iz~ . ip w? 71”_(2;*] )Qﬂ o u‘17.3 sty

k'Ll/

17:2~"'[’P & 1.1/
+u {(p"'l)A G Yy i T4k “1‘1...1',,}
is negative semi-definite, then there does not exist a pseudo-harmonic tensor
field of order p normal to B other than the zero tensor.
TrEOREM 8. If in a compact orientable manifold M with boundary B

and torsion S “E the matrix

L(5) #
P = Kygas ~Suopsy
2= (#) o
~8yapsy — PG ypgsoy
defines a negative definite form in the variables u*f = —uf* and u®8y = —uBay
and the quadratic form
- , Qg ip o dig. .. dp, §
Glu, w) = Q7 ", " —(p—=1)2; u Uig .. .ip
y Az .. ip ko4, ki,
+'u {(P'H)A i Yy g T4 e uil...ip}

is positive semi-definite, then there does not exist a pseudo-killing tensor field
of order p normal to B other than the zero tensor field.
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