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Consider the number of partitions of a positive integer » into two sets of
positive integers satisfying the conditions

” ”»
n= E “k+zbj
k=1

i=1
a1<ag<a3<...a,; b1<b2<b3...<ba; b,<a,
The set ‘b’ can be empty. Three different types of partitions under certain

conditions were discussed by Auluck (1951). We obtain congruent prop-
erties for those three types of partition fanctions,

Generating functions and asymptotic expressions for the number of
partitions of a positive integer n into two sets of positive integers satisfying
the conditions

n=Zak+ij O € )

k=1 j=1
<o <ay<...ar; b <o by <. . <bs; bs<a, .. (2)

were obtained by Auluck (1951).

The set ‘b’ here can be empty. The following three types of partitions
were studied by Auluck.
Type A. In this type, bs = a,—1. Every integer up to g, is taken at least
once in the set ‘e’ and every integer up to b; is taken at least once in the set ‘4°.
This type of partition will be denoted by P(n).
Type B. There are no restrictions on the a’s and b’s except those stated in
(2). @Q(n) denotes the total number of such partitions of n.
Type C. In this type every integer up to a, is taken at least once in the set
‘a’, there being no such restriction on the set ‘4>. Such partitions are being
denoted by R(n).
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In this paper, we prove that

P(2m+1) = p(2m+1) (mod 2) .. .. . o (3
P2m) = p(2m) (mod 2) if m ;s@.(i)’% W
P(2m) = p(2m)+1 (mod 2) if m = ’i?'—ﬁz—il) B
Q@n+1) = 1 (mod 2) if 2n+1 = 5@825':—1) s
Q@E2n+1) = 0 (mod 2)ifzn+1,+_f-(i°’%i—9 L
and
Q2n) = p(n)+1 ﬁ2n=@% L w®

B(38L1)

Q(2n) = p(n) if 2n #£ 5 .. .. .. R ()]

where p(n) denotes the unrestricted partitions of the number n. Very little
is known about the arithmetical properties of p(n); we do not know, for
example, when it is odd or even. However, MacMahon (1916) proved that

p(n) = > p(t) (mod 2)
i

where ¢ hag the integral values given by ¢ = ,‘Z_n;lcs(kﬂ . Anelementary proof
for this result was given by Gandhi (1963), who had also obtained three
more congruences of MacMahon type for p(n) modulus 2.

The above results tell us that the parities of p(n), P(n) and @(n) are simply
related and that if we know the parity of one, the parity of the other can
be determined. These results also help us to check the values of P’s and
@’s. 1t is interesting to note that we know for certain when Q(2n41) is
odd or even.

Firstly, we reproduce some formulae obtained by Auluck (1951)

r—234a8~—g104 ... < .
I—z)(1—a)(1—a%)... Z P(n)z o .. (10)

Pm= > (=) 7lpla—dr+D] .. .. (D
rir+1) < 2n

0
r—z34ab—g104 |

sl = 2 e . )
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P(n) = Q(n)+z (—HMQn—3kBE—1))+ Q(n—kEBk+1))} .. (13)
k -
Q(n) = Z P(m)p(n—m) R ¢ 1)
m=1
e Z(n+1)(en+1) i
o (1—an)s Z 1—af)(l—af)... (1-a%") —,Zl fer - 09
n==1
R(n) = > pln—2k~k—2m—1)p(m) ... s
m, &

U+ k+2m < n—1

where pg,(m) denotes the number of ways in which m can be represented as
the sum of exactly & positive integers. Also

R(n) = Z P(n—IE =2k —2m—1)1 1, (m) N )
m, k
where g, (m) denotes the number of ways in which m can be represented as
the sum of exactly k different positive integers.
Now we can write (10) in the form

z—23+28—2104 ... = Z plnr)z® IOYD (I—amy .. .. (18)
n=0
n=20
Using Euler’s identity that
B38EL) _
T (1—am) = ~1fs ? 4
I (- = > (-1) (19)

B>0
it is easy to prove from (18) that

Z P[n—- §(3kil)](-—1)k =(=1)"" or 0

k>0
according as
n = ’Zl(_'_”‘)ji) or nE m—(m‘f—l) (20)
Define py(n) by i i
{(1—z)(l—a2)(1—23%)...} "= i pmzr .. .. (2

Then from (12) we have

[=e]

[x—ax3+ 28 —2104 . Z L (r)xh = Z Q(m)zm .. .o (22)

n=0 ”
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Whence equating the coefficients of 2# we get

am = 3 p, [m~ ’“‘—"}ﬁ]

k>0
Then we use the above formulae to obtain the various congruences.
It was proved by Gandhi (1963) that

- > p(2m+1-k(k;'1)) =0 (mod 2)
k>0
and
> p (2m— W‘;‘”) =1 or 0 (mod 2)
E>0
according as
- ,3(3}9;: D orm £ 3(332:I: 1)

Using (24), (25), from (11) we get congruences (3) to (5).
Now using congruences (3) to (5), from (14) we get
Q) = > pimplr—m)+ > pln—p@B1)]—p(n) (mod 2)

m=1 B=0
or
n

Q)= > pmplr—m)+ > pln—p(3Ak1] (mod 2)
m=0 B >0
or

Q) = pym+ > pln—Pp(38x1)] (mod 2)
£>"0
It was proved by Gandhi (1963) that
. 7,(2m) = p(m) (mod 2) )
p(2m+1)=0(mod2) |

and
Z p[m—B(38£1)] = 1 or 0 (mod 2)
>0
according as
B(3Bt1) BBBL1)
=g o ormFET——

Using (27) and (28) from (26) we get the congruences (6) to (9).

(23)

(24)

(25)

(26)

(28)

It may be of some interest to give an alternative proof for the congruences

(6) to (9).
Now

S b= S o S pmen
n=0

n=0 n=0

(29)
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In view of Jacobi’s identity that

© k(k+1)
z p_,(n)zn = Z (—1¥@k+1)z ° .. (30)
n=0 k>0
we get from (29) that
pLm= > p, [n— @] (mod 2) (Y
E>0
In view of (81), (28) becomes
Q(m) = p_l(m) +_'p2(m) . N . . (32)
Since from (19) we have p_,(n) = 1 or 0 according as
=ﬂ(3ﬁ2:!:1) ¢ﬂ 3311

hence using (27) we get congruences (6) to (9).
In the end we remark that from (15) it is easy to prove that

ZR[n 3(3,3:!:1} Zp(k)m)oro .. .. (33)
B

according as n is of the form 2k2--k--2m--1 or is not of that form. The
summation on the right-hand side (1) is to be carried for values of k and m
such that n = 2k24-k--2m--1.

Also
;R [n—— B(3B2:};1)] qu, or(Q . . .. (34)

according as n is of the form k2-42k-+2m—+1 or is not of that form.

Recurrences (33) and (34) give a convenient method to calculate the
values of R’s.
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