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We have derived a general expression for the ground-state energy of an
assembly of N interacting Bose particles enclosed in a large volume V¥, the
two-particle interaction being of repulsive type. We then give thres par-
ticular cases in which the energy can be evaluated in a finite form. We then
extend the treatment, following Huang, to the case when the two-particle
interaction consists of a repulsive part and an attractive part.

1. The problem of the ground-state of an interacting Boson system has
been discussed by several authors, (See, for example, Auluck and Kothari
(1961), Lee and Feenberg (1965) and Hugenholtz and Pines (1959)).

In this paper we deal with some elementary aspects of the problem of
the ground-state of an assembly of N interacting Bose particles enclosed in
a (large) volume V, the two-particle interaction consisting of a repulsive
part and an attractive part. In Sev. 2 we derive a general expression for
the energy of the ground-state and in Sec. 3 we obtain by a straightforward
extension of the well-known Bogoliubov (1947) transformation the result
(Eqn. 56) derived by Huang (1959). We begin with a simple discussion.

If k& denotes the propagation vector in vacuum and %; in a medium,
then we have the relation (Hamilton 1959)

ki = b+ 4mpf(0) Rt B
or
,L=1+2—,’5’§f(0). R 3]

Here p is the particle density and f(6) is the ‘scattering amplitude’ defined by
(in the usual notation)
e‘kf
¢=e"‘z+—r—f(0), . . .. . (3

etkr . . . .
where - f(6) is the outgoing scattered spherical wave corresponding to the

incident plane wave ef*2, The effective scattering cross-section is

do = 2x sin 0d0|f(O)2. .. .. .. (4)
which for ‘slow’ particles reduces to
o =4n|f(0)]. P )
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In the Born approximation for slow collisions between two particles of mass
m the scattering amplitude is given by

T
where fudfr is the integration over volume of the two-particle interaction
potential u(r). For a hard sphere interaction, the scattering cross-section
is readily shown to be 4wa? (that is f(6) = a@ where ¢ is the diameter of the
hard sphere); and hence we can take the potential to be equivalent to
u(r) = ¢3(r—a), where r is the interparticle distance and ¢ is given by

m
&= s f cd(r—a)dnredr
f

or
752
€= —
ma
and hence
h2
u(r) = -—8(r—a)
or

u(r) = ;‘-);S(r—a) . . .. .. o (1)

in units of =1, 2m = 1. The ground-state energy per particle for a hard
sphere gas is* substituting in Eqn. (1) f(6) =a and k = 0

Bom R e 8

0—2m 1——2m TRa, .o .. “ ()

Alternatively, for a hard-sphere interaction, we can take u(r) to be a step

function
ury=uy for 0 <r<a

and

u(r) =0 r>0
with %, given by

m 4n

_f(0) =0 = 477722 —3—'uoa3

or
3h>
Uy = W .

* For the relativistic case one may take from (1)
By =ck = c(41rpa)§

By _ ¢ (4ma\k
Pho Tuw(T)
where a, as regards order of magnitude, is given by the Heisenberg-Euler formula
a=§. Nt fedp
(44r)* bw
7o is the classical electronic radius, p is the rest energy of an electron and § is a small
numerical constant.

_ which for a photon gas gives
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This averaged (smoothed out) over the volume gives

1N 4r Kt

5TV adyy = %4npa,

each particle being taken twice. This is the same as the ground-state
energy (8).

If we superimpose an attractive potential on hard-sphere potential and
write

U =

2
u(r) = ;nk—a 8(r—a)— Ae(r—5). .. .. o {9

where ¢(r—b) =1 for r <b and zero otherwise. Here b is greater than ¢
and 4 is a positive quantity. This gives for the ground-state energy per
particle the expression

Ey=1ip {ud'r

ik 2
= En— 477[)0/-— —3— Apb3 .o N . ‘e ('10)

which can be negative for suitably large values of Ab3. This is further

discussed in Sec. 3, where a rather rigorous derivation is given of Eqn. (10).

We note that for a two-particle bound state to occur, dimensional argument
72

gives 4 > ”:—32- whereas for the occurrence of an N-body bound state, according

2
to (10), 4> %bz (g) . Thus an N-body bound state can occur for a two-particle

potential which is not strong enough to lead to a two-particle bound state.
Huang (1959) has considered an interparticle central pseudopotential
given by

u(r)=8wa8(r)%r—32w2(a+d)k§ L‘%“;%f). N 1))

where j,(ky7) is a spherical Bessel function.

This consists of a hard-sphere potential for » < a. The second terms in Eqn.
(11) oscillate about zero for large values of » and is negative for small values
of . The oscillations, however, are quite small because of the smallness of k.
It may be noticed that the Fourier transform u(k) of w(r) is*

u(k) = §.‘;‘]ﬁ k> ky

8nd
=_T’;_ k< ko R | 1)

* In this paper we choose units such thet Z=1 and 2m = 1. V is the volume of
normalization.
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Notice that we can take d = 0 in Eqn. (11) without essentially altering the
nature of the potential. However, it is easily seen that the ground-state
energy per particle to the first approximation is

Eo = %Jp’u,df = —41rpd . . . (12&)

which shows that a N-body bound state is possible only for d > 0. In this
paper we shall work with the potential (9) which is the counterpart of (11)
in space and is in a sense more realistic.

2. As usual the Hamiltonian of a system of N interacting Bose particles

is
H=Hy+H, .. .. .. .. .. .. (@3
where H, is the kinetic energy
H0=zp2§;§P N 4 7))
’
and the interaction energy H' is
H =1} Z Up b, P1p2§i71§?2§1’1§1’2 .. .. (18)
P1P2P1P2

Here §: and £, are the creation and annihilation operators of a free particle

with momentum; in the state described by
> 1 ==
Yolr) = yet 7, N ¢ )

V being the volume of enclosure in the form of a cube (L3). The usual commu-
tation relations are

[£ €,1=[£, 6,]=0[¢,.6]=3,,. N ¢ )
The matrix elements u,, p \p p, 8T€ defined with respect to a set of plane wave
functions
., ., 1 > > >
Upip,s ity = Doyt 10y | € Tulr) dr, ce .. (17a)

- =, - -

where p = pl P, =P,— p2 is the change in the momentum of a partlcle
8,,1,,2 _#,p, ©Xpresses the conservation of total momentum. The interaction u(r)

is a two-body interaction. Assuming further that the inter-particle potential
is central, we obtain for the Fourier transform of the potential the expression

u(p) = %,fe‘; 7u(;3 dr

_%J‘O ru(r) sin prdr .. .. .. (18)
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and
u(~p) = u(p).

Since 7, = g;; , is the occupation number of the state for momentum;;, we have

N=no+2np, ¢ 1)

where ng = (N and n, = O(N) for all p£0. { is a proper fraction. It was
shown by Bogoliubov (1947) that the interaction energy term (15) can be simpli-
fied to a great extent, so that it is possible to diagonalize the Hamiltonian
and obtain the energy spectrum. Using (19) and (13) we obtain, retaining
only terms that are significant,

H= > PELHCNUO+UN D ulp)e,é,466+268).  (0)
pFEO p3£0

In order to diagonalize this Hamiltonian we make use of Bogoliubov’s linear
transformation

‘ *
Mg,

&= a-u)’

@1

where the C-numbers b, are determined so that the non-diagonal terms
vanish. We obtain

- _ p? »! 2p*
b, (1+£Nu( P))+§§2N2u2(p)+CNu(p)§ e

and thus we obtain for the Hamiltonian the expression

H= o' N+ 1N > wpbyt > 7o, B0, . .. (@)
?#0 p¥o0
where
Bp) = {m+2ulp)p). . . @

Since the second term in (23) diverges we use perturbation theory up to second
order (Landau and Lifshitz 1959) and replace u(0) by

1
(0)+ ~wd(p) @m=1) .. .. .. (25)
u(o ép;opz
and thus we obtain
H = PN+ > u(p) {bwm;‘;‘f’ [+ S onEm - e
p0 pF0

= Bo+ Z 7, 7,8(p),
pEO
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where

By = 1N+ 1N > u(p) [( V. )*—(1+ p* )+€Nu(p)]_

CNP(p)  ENu(p) {Nu(p) 2p?

Replacing Z by %5 f d3p we have
?

o 22 2
2 V “N
Eo= 0N+ o | [pw+2cNu(p»%-p2—zNu(p)+‘—2;‘T"’2] p*dp, (1)
0
E, is the ground-state energy of the system, we shall calculate it in some
simple cases. Assume u(p) to be positive for all values of p. We can then

write the ground-state energy E, as

By = N L 0 el
4\/2 i 2zu-‘-'—(1—22)(gi7)%c—lE
[ 2 dp

where
S I
2 {Nu(p)
In the particular case when u(p) is constant, i.e. u(p) = w(o) for all values of
the momenta, we have

B, = }2N%u(0) [1+i V(chus(o))*]. . (29)
1572
For Lee and Yang’s hard-sphere pseudopotential
u(o) = 55 (30)
and therefore
128 (pa’t\!
By = 4napN§2[1+1—5- (’i"—c) ] Y 1 )]

For weak fields { =1 we have Lee and Yang’s result for the hard-sphere
potential. The same result was obtained by Beliaev (19584, b) using the Green’s
function method.

The energy spectrum of elementary excitations is given by (24) which
for small momenta and the potential (30) becomes

E(p)mA/w’;;sz. .. .. .. .. (31a)

Using (31) we find that the velocity of sound equals

2V o*K

v= & e @m=1

~ [16maN
= Jf
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As must be the case, this expression coincides with the coefficient of p in
(31a) for the phonon part of the spectrum. If we take the hard-sphere
potential in the form

2
u(r)=a8(r——a) .. .. .. .. {(32)
then
87a sin pa
up) = 5 pj’ : (33)

It may be noticed that this value of u(p) reduces to the value §%ﬁ only for
pa<1. For the case of hard-sphere pseudopotential, u(p) has the same
8
value ~;~a for all values of p, but for the delta-type hard-sphere potential,
the Fourier transform u(p) has the value %—1;‘-' only for p = 0, and for large
values of the momenta it oscillates between positive and negative values, its
amplitude diminishing to zero as 1/p. The integral (28) cannot be evaluated
in a finite form for this potential. However, we can consider other forms
of the potential for which the ground-state energy can be evaluated in a
finite form.
Consider now the potential %(p) which satisfies the equation

u(o) _u(p) _ 2 \!
u(p) ~ wo) ‘p(cNu(p)) e 39

and which takes the positve value u(o) for p = 0. It decreases to zero

2
uniformly as p - 0. Also g}f is negative and 37?; is positive for all values of p.
P

The integral in (28) gives %g—; [u(o)]%, so that

o = 10N%(0) [1+:3_232{%§I»'(25Nu3(o))*]. .. (3)

The factor ;; in the second term in (29) is replaced by a smaller number

2 . We may also approximate to the repulsive potential by the form

385 *
2 H

It can be shown that in this case
u(p) = u(0)z2. (37)

The potential decreases from the value u(0) at p =0 (2= 1) to zero at

b
p= (Ngg(o)) corresponding to z = 0.

4
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The integral in (28) on evaluation in this case gives ;% [u(o)]’, so that the ground-
state energy is given by

EO=%ZZNqu(o){l+§03—”2 V(2cNu3(o))*} .. .- .. (38)

which differs from the value given by (29), in that the factor '155 is replaced
by the still smaller factor &. The first term in all these cases is the same
because its value depends only upon the value of the potential u(p) at ; = 0,

which is positive for repulsive potentials.
In all the three cases considered above u(p) is positive for all values of

the momentum p. We can extend the expression (28) for the ground-state

energy to the case when u(p) may also become negative for some values of p,
provided E2%(p) = p2(p2-+2{Nu(p)) does not become negative, that is the
energy does not become imaginary for any value of the momentum p. We
divide the whole range (0, c0) of p into intervals (p,, p,,;), in each of which
u(p) keeps the same sign, positive or negative. The ground-state energy
of the assembly is, in this case

[}

Ey = }N%u0)+ > I,. .. .. .. .. .. (39)
’ rZI
Here
L=, f/é (lj\z’)% F'H ua(ﬁ)z(l+22)(2l;vz2g§z’ L 4o
U
’, 2zut — (1 —22) (-?2—) 171;
where

i
- (czvu(p)) 1-22 )

2 2

if u(p) is positive throughout the range (p,, p,,,); and

LAt le ui(ple(l—22)(2+22) dz o)

r = = 2 T 4
we T 2z uft+(1+22) (%Y) %

dp

r

where

]
o= [ch;c(p) I] 1422 3)

2
if u(p) is negative throughout the range (p,, Pr.,). Let |u(p)| denote
the absolute value of u(p). The Fourier transform %(p) of the hard-sphere
potential given by (7) is

8na sin pa
u(p) = V e

(44)

4B
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which takes positive and negative values periodically with period m/a. The
ground-state energy X, could be evaluated with the help of the result (39),
by using the integrals (40) and (42).

3. We shall now extend the above formulae to the case when E(p)
becomes imaginary for some values of the momentum p. The Bogoliubov
linear transformation loses its meaning, because b, then becomes a complex

quantity, and by = 1. The transformation (21) must be replaced by the
transformation

P (1=bb,)
g*__,";“—’;"‘i’ e 4B)
P (1=bsb,)}

and this gives, for such values of p, n, = 0, 7); = 0 and therefore 7):771, = 0.
The occupation number of these quasi-particles vanishes. This is due to
the approximation made in writing the Hamiltonian H in the form (20) where
we have retained only those terms in which at least two of the momenta have
the value zero. We should retain the higher order terms also. This will
effect the value of £ (p) not only for those values of p for which (p2--2{Nu(p) < 0)
but also for the higher values of the momenta. We accordingly divide all
momenta into two classes, and denote by A those momenta for which this
effect is dominant and by % those momenta for which this effect is negligible.
There is no sharp line of demarcation of these momenta, but let us assume
that momentum k; separates the two ranges of momenta. Following Huang
(1959), we write the Hamiltonian in the form (retaining only those terms
which are significant)

H = §0Nu(o)+ > [(F+INulk)Eé,+ HNull) (6., +616)]
k
+> [{ X+INu) ~1 D ub) (6 +££) f £6+ %zl\’u()«)(f;§:+f,\§)}
A & ’

AW Y uh) D {[8p+k—NEs6rk,+Hp—k—NEEEHEC
k PA

FS U S GEEEFEEEE) - o o 48
k A

We first apply Bogoliubov’s transformation to the k-particles. Take the
ground-state to be the state in which the ocoupation numbers of the
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quasi-k-particles are zero. We then obtain for this state the Hamiltonian

<O0|H|0>

2
12N%
= N ul +Z[k2 (k) s +ENE) l_bk]

+Z[{A +HNu) - > u (k)Tb:"b—z}§;£A+%€Nu(a)(§;§;+£§a)]
k k
b .
+§ZZ k)(f,\§A+§A )HNZH Z((lljb:)l%@))}ff\ff\

b
{Z(l %k)zEék))(§£+ffA)}], N )

where E(k) = k(b4 2¢Nu(k))}.
After simplifying the above expression, we obtain
<0|H|0>

= Bot+ D [(F+Vu()+X)E 63N+ X)(EE+6E) - 48)
A

where
1 u2(k) (14b\?
X= “‘CNzk:E(k) (1-b,c)
2(k)
= NS %L 49
zE%
and
E —llzNzu(o)+Z (k24 {Nu(k)) b, +INu(k) i (50)
0 — . ]_—b;':‘ l—bi . . . .

by is given by the expression

K2\ g ke 2k? 3
= — N ()
e (1+CN“(76))+?§2N2u"(lc)+§Nu(k)} (61)
It may be noticed that

1 k2
bety, = (1+zNu( ))
1 2E(k)
T b INu(k) &2

X is a divergent series, and we may, by using the usual subtraction procedure,

replace it by X’ where
1 Ic‘*]
X' =N ) | — ——1|- .. . .. (53
S ) [~ 5 53)
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We assume that the potential u(p) is such that
XI

VO =utg L (Y

is positive for all values of A. This imposes some restrictions on the parameters,

defining the potential. We now apply Bogoliubov’s transformation to the
A-particle operators and we obtain for the ground-state energy of the system

B, = }*N*u(o) )+ i 2] ()‘ N+ 20Nu'(3)! Ai_cN’“‘/(”\)*—éﬂ;\;i@g A

+74‘Z‘zf AR 20Nul@)) — '~ IVl N R} e (55)

Thus the Hamiltonian can be written as

H = B+ AN 42N Pyt D kB2l e . (36)
A k

{ is a function of the temperature 7' and as 7 — 0, {— 1. Therefore, the
ground-state energy per unit volume is given by

_E -

U= = Ju(0)V)p+f(p). N 6 14
where f(p) denotes a function of the particle density p. Moreover u(o)V is
independent of the volume of enclosure V of the assembly. For potentials
(9) and (12), »(o)V is negative. Thus for sufficiently low densities, U is
positive, and for sufficiently high densities U is negative, because the function
f(p) is proportional to p! as is evident from the expression (55). This
indicates the possibility of the formation of a N-body system even for potentials
which are weak enough to form a two-body bound state. Consider, in par-
ticular, the potential given by the expression (9)

u(r) = ZS(r—a) — Ae(r—b).

The Fourier transform u(p) of u(r) is

8ma gin pa 4w Ab® sin pb—pb cos pb
7 pa 4 (pb)®

e u(p) =

_ 8ma J(pa) 4w Ab® J(PD) 58
"(9) { TV Gy 7 (pb)*}' %)
The value of u(p) at p = 0 is
3
u(o)_s’—”i‘—é’-’Ab. B 511)}

| 4 3 ¥V
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The potential u(p) is negative (we assume that 458> 6q) for small values of p
and it fluctuates between positive and negative values. When we apply
the above transformation we obtain

(D) = u(p)+ =

where

., . 1 pt
X' = 3N w?(p) [— - ]
’ ,bgpo P* E 3(?)

v 1 p
T 4n2 jpo u2(p) [pz (p2+2§2\'u(p))i] p2 dp. .. .. (61)

Here p, is such that for p > p,, p2--2{Nu(p) is not only positive but much
greater than X’. This fixes the order of magnitude of p,. The energy spec-
trum of the quasi-particles is then given by

24 ¢ N/ (p))t
E(p)=jp(p+ INw(p)) p<p,

; (©2)
(p(p2+2LNu(p))’ »>p,

we assume the parameters to be such that «'(p) is positive for p < p,. The
ground-state energy is given by

0 _ 2 27 23 42
5 = tmapl’— " AbpL

1 [P, ’
+ 4, f IR 200V () =X —plVw O+ PP VP 2(2) | dA
0

4,,zf {p2(p2+ 2LVl p))! —pt—pL Vu(p) p2+30°L V()  dp. (63)

As a first approximation we can replace Vu(d) by (Swa- 4—3—"Ab“) in the first

integral and Vu(p) by its greatest value (corresponding to the first maximum)
and associate p, to the value where this value is attained. Denoting the
minimum value of Vu(p) by —8»8 and maximum value by 8ma (see Appendix)
we obtain

E,
TV—-41rp§ [ 15\/11 (ple3) (30z+5z3—3z5)
+1: v = (pla'3)* (32— 302’ —5z3+3z’5)] .. (84)
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where
2= (14£)—¢
2= (1€ —¢
_ Po
¢ = WBraply
o pU
= T6rapl)i
_ _ pla3 ) [ 1 1 ]
4 ftss ( 08 er(+6) ]
an
= —a+}4b%.

{ = 1 at the absolute zero, and decreases at higher temperatures,
The effect of attraction is introduced through A.

APPENDIX A

We shall give a brief derivation of (64). The minimum value of Vu(p) is

8ma— %’—’ A4b®
B = —a+}Ab% - B
In the second integral in (63) we substitute
p=1__-;_x2(§i\7;(_pl)* .. .. .. .. (AZ)
Now Vu(p) = 8na for p = p,, so that
w42E—1=0 .. .. .. .. .. (A3)
where
Py
" (16aapl)t
2= —£+(1+£)
= 2 (say). (A4)

The integral gives, apart from constant terms,

1

1 [302+ 528 —325].
Similarly, in the first integral we put

,\_( 2)(“’“'("))_ .. .. (AB)

!

() = u(A )+~§—V

where
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’

Using (61) and putting w'(A) = é’;—,ai we have

V.V (% 1 p
' B u2 — 2 |p2dp. .. (A6
* '3+817 4n2 fpo ®) [pg (p2+2£Nu(p))§]p g o
Upon evaluation the first integral in (63) gives (apart from constant terms)
1 : ’ ’ Yt
A [32—30z"—52'34 32'5]
with
2 = (1+f 2)é"'f
, P
==
(16mo'pL)’

Finally to calculate o’ we substitute (A2) in (A6).

The integral reduces to
= xt43
J o ¥4-222+1 de

1_2:z2]. Using (A4) for z and (A6)

which can be easily evaluated to give [z+
we finally get

Lad\ ¥ 1 1
‘= —f+8u ”———) [ + ]
¥=-f ( m ] [1+8) e+ (14+8)
This completes the derivation of (64).
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