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Let G(x) be the error function arising in the enumeration of the sum of the kth
powers of the square-free integers not exceeding z. Orders of G(x) are

considered under the assumption of Riemann hypothesis. While elementary
methods suffice for G(x)= Gy(z), analytical methods are used for higher
values of k and for finding the ‘average’ order of G(x). It is believed that
the result regarding the order of G(z) can be improved.

1. For a positive real number z, let Q(z) denote the number of square-
free integers not exceeding . It can be easily shown (Landau 1953, p. 604)
that

Q)= > = > smmi~ai@), .. .. (L]
n<w n < AJz
and that ~
G(x) = Q) —=/{?2) = 0(\/z), .. .. .. (12

where G(x) is the error function.

Here p is the Mobius function and {(s) is the Riemann zeta function of
the complex variable s =o-if. Also [y] denotes the greatest integer not
exceeding y. Further improvements in (1.2) were made by Landau (Landau
1953, p. 606) and Axer (1911). In this paper our object is to investigate
the order of G(x) and related error functions on the assumption of the Riemann
hypothesis. Throughout the paper it will, therefore, be assumed that the
Riemann hypothesis is true. (This assumption is not required for theorems
6,7, 8 and 11.)

In addition to G(z), we shall also consider the error functions Gi(z)
defined for non-negative integral k& by

Gilz) = nzw u2(n)nk— '('76-4_‘—1—.‘)“-—’2—)35""'1, .o .. (L3)

* This paper contains some portions of the doctoral thesis submitted by the author to the
University of Colorado in 1985.
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and the functions M(x) and N(z) defined by

M) = D wm, N@= > w2,

n T n>x

e will denote any pre-assigned positive number.
The results proved in this paper are:

G(x) = O(a?/5+¢),
Forall k£ > 1,
(@ — x)F = O(at+ite),

197

(1.4)

(1.5)

(1.6)

where on the left side we replace G by G,(x) after the binomial expansion

%f; G(t)dt = Oite). ..
It seems reasonable to conjecture that
G(z) = O(z*+e).
2. Taeorem 1 (Titchmarsh 1951).

M(x) = O(ztte).

THEOREM 2.
N{(x)=0(x~3%2t¢),
Proor:
_ Mlz+1)  Me+2)
([z+1)°  (e+2)° .
Mz+1)—M(z)  M(z+2)—M(z+1)
= 5 -+ 3 + ...
{[=+1)) ([x+2])
= > M@)(n-2—(n+1) ") = M) (z+1) "
== Qz~3/2+¢), by Theorem 1.
THEOREM 3.
S n)iaint) = 0+,
n < ,,/;
where

{x/n?} = z/n2—[x/nt].

(1.7)

(1.8)
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Proor:
> smm=( > + >\ um)m)
n < Nz n < 22/5 2205 < n < fz
= 0(225) + Z > umna—tn)
t < xll5 ,,/wzl <n<J§
= 0@) +2(N@H)—N(V/2) = D> M(V/zft)—(@—1) M (=)
t < 28

o 0(12/5) + 0(x2l5+e) +0(x2/5+e)

= O(a2l5+e),
THEOREM 4.

G@ == > w)is/nt}+0@i+e),
n< \/5
Proor: From (1.1) and (1.2),

Ga@)= > wmlzmt—z/)

n < J;
=z > wwmi— > um){z/nt -2/l
n< n< Nz
= —eN(V2)= > un)ia/n)
n < \/:2
= — Z p(n){z/n2}+0(ztt¢), by Theorem 2.
n< .,/5

TaEOREM 5. We have
G(x) = O(z5+¢).
Proor: Immediate from Theorems 3 and 4.
3. Tarorem 6 (Landau 1949, satz 209).
_I_J‘“""" yrtE e — %(y—l)”, if y >1,
2n 2_ma(s+1)...(s+k) 0,if0<y<l.
TaroreM 7 (Landau 1953, p. 605). Foro > 1,

> umnt = L(6)/L(29).
n=1
TuroreM 8 (Titchmarsh 1951, p. 82). For 0 <o < 1,

e =ol}e1 ).

68
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TreOREM 9 (Titchmarsh 1951, p. 283). If § > 0, then for ¢ > 1135,

i = Oltl").
TaroreEM 10. For k > 1,
(G—2)k = Ofah+i+e),
where the left side has the meaning assigned to it in (1.6).
Proor: From Theorem 6, we have

24 mi {1 1\ .
—_l_f x8 ds = 76—' 1-*5 ,1f2?>1,
2m ), . 8(6+1) ... (6+k) |

lo, f 0<o<1.

In this result, replace z by %, multiply by u%(n) and add for n < w0 ; notice

that for n > z, the right side is zero.

We get
1 icd f2+ 008 pE(nyn 5z %
i 2 |, erm® = O s

v =1 nLr

Changing the orders of summation and integration (which is justified because
k > 1) and using Theorem 7, we have
1 2+ a1 C(8) (ts 2 k

Bri Sy " U@ oA D). @R BT %“2‘”"”"0"- SENCEY

Now
b+l 1 Bl /& 1
D pmE-nk = <—1)k<0—z)k+§—(-2—) “”"(m — (1) 1;+(2) P (=1 (I;) i)

- = (—-1)k(G-x)k+}%.(_l)k(l- (k‘lkl)Jr(k;l) IR (k;:l))

{2)
1zt
= (—1)"(0—2‘)"+—£—(§5 . m .
Thus the right side of (3.1) is
~k —1)kx—k 1 z
o Z p2(m)(z—n = ¢ o - (G—2)+ a8

ng
Let R(s) denote the integrand on the left side of (3.1), then

2+ w5 24+ T4
j R(s)ds = lim R(s) ds.
20 T—>od g 1i
Now under the Riemann hypothesis, R(s) has only one singularity in the
half-plane o > }, this being s = 1 where {(s) has a simple pole with residue 1.
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For arbitrary ¢ > 0 consider the rectangle I' whose vertices are 2—T',
}+e—Ti, }+e+Te, 2-4+T4. R(s) is regular everywhere in I" except at s = 1.
Hence by Cauchy’s theorem

1 .
P PR(s) ds = Residue of B(s) at s =1
_ 1l =
T2 e+
On the other hand,
}+e-Ti §+e+11 ~2+'1‘i 24T
Jo=lo -
2-13 $+e- T1 i+€+Ti 2-T1
2473
= 11+12+13—f say.
2— 71
Now by Theorems 8 and 9,
t+e-T4 ds
L= 2.
2-Ti 2‘* s(s+1)...(s+k)

— O(xz . T3/8—k—-l+€)

= o(1), a8 is seen by taking 7' = «2.
Similarly Is = o(1).
Finally

12 = gpite

f T UG +etti) dt
L3 +2e+26) " (Ftett) ... (+k+etti)

=0(x*+‘ hm +f );rﬁ’“ 1+‘dt)

3—>0 1\

= O(xtt€), since the integrals converge.

Collecting these results together and letting 7' — co, we have (since k > 1),
for arbitrary ¢ > 0,

2+ 01 1 X
+€
2mi L-m = 1@ T
Thus from (3.1) and (3.2),
(_l)k -k —_ T — z t+e€
Gt e T ey e O

whence finally
(@—z)* = O(xF+1+e),

This completes the proof of the theorem.
As a special case of the theorem, we note that

O (%) —2Q(x) = O(x1+1+¢). R (- X. )
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4. THEOREM 11. For an integer z,

D, 6n) = —(Gy(a)—6()+6lz) +/(2((2)

nLr
Proor:
Dm= 3 em—ar+1/e2)
ngx ngr m<n
= z (@—n+1)p2(n) —afz+1)/(24(2)
ng T

= (2+1)(G(z) +2/1(2)) —2(e+1),(20(2) — (1) +22/(2L(2))
= (z+1)G(2)— Gy (2) +/(2L(2)).
TeEOREM 12. For an integer z,

E f "Gt = 0@+,
zJ,

Proor: By partial summation,

D min) = 3 Qn)n—(r—1)+20)
nx n<r—1
= - f Qe+ 1(2) ++6(a)
1

- 5 f tdt— f G(t) di+22/1(2) +26(z)
1 1
- 50~ | G0 atar i@ +a0
1
2€(Z)+xG(x) f Git)dt+0(1)
1

ie. Gy (v) —2G(z) = —f ()dt+0(1).
1
The theorem now follows from (3.3).
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