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In a Riemannian space, the coefficients of rotation of Ricei, their properties
and applications are well known. In this paper, a pair of Riemannian
spaces have been taken where, besides the two sets of the coefficients of
rotations of Riceci, two other analogous sets of quantities, also called by us
the coefficients of rotations in the two spaces, have been considered, Certain
relations between these four sets of coefficients of rotations, their properties,
applications and geometrical interpretations have been given. Finally, we
have studied how these relations between the coefficients and their applica-
tions behave when the two spaces are related in some special ways.

1. Notations and Identities

Let 9y and 7, ; be two non-singular symmetric covariant tensors, and{ t}
LB ¥

and {;} be the Christoffel symbols formed with them. Let the covariant
H

derivatives with respect to them be denoted respectively by comma and
semi-colon. Then we have the identities

t t ot
{ij} {v} = 37" (Fim, i Tjm, i~ T4, m)
= —%g’"t( ;m _1+ng i~ tJ'; m)' .. . (1_1)

Let g,, and g, be taken as the fundamental tensors of two Riemannian

spaces V, and V, with arc-elements ds and d& respectively, and let two ortho-
gonal ennuples be defined in the spaces by

95 = Z iy and g = Z TS

Let us form the different sets of scalars in terms of the ennuples and
their covariant derivatives in the spaces V, and ¥, as shown below:

S = Y = P
Voo =155 A1 X (Dot Pepr = 0)

A
ﬁpqr A pls, 7 ’\ ’\il ('Bﬁqr+ﬁq r=0)
ﬁpw= 214, ":n Ajfl'
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Then, by eqn. (1.1), we have the identities
'7pqr= (B, Byt B, — By =Byg) - - (1.20)
qu %( Mr+yqff+yrqp _yprq_yrpq)' (1.26)
It is well known that the quantities 7, are the coefficients of rotation
of Ricci in ¥, of the orthogonal ennuple X;, with respect to the Levi-Civita
parallelism in that space. Similarly, the quantities B,,, are the coefficients
of rotation of Ricei in ¥ of the orthogonal ennuple X, with respect to the
Levi-Civita parallelism in this space (Eisenhart 1949, § 30). We shall call
¥, 8 the coefficients of rotation in V» of the orthogonal ennuple /\;] with

par O
respect to the Levi-Civita parallelism as obtains in V,. Similarly, we shall

qpr

call B, as the coefficients of rotation in Va of the ennuple X;] with respect to
the Levi-Civita parallelism as obtains in V.

Now let R;-k and R:;k be the curvature tensors in ¥, and V, respectively.
If we write

'R‘f.‘lk Allt A;bl Aq; Arl ylpqr‘
‘R:‘jk ’\I}t Apl r| ylpqr

. (1.2¢)
1
By Ny Xy 8y A =By

I X} i 3k
Rijk Ay ’\p[ qu[ ’\fJ =igzpqr
then it is known that (Eisenhart 1949, § 30)

871 ayl 4

71pqy = agf‘l P z {ylpt ytqr ytrq)+yltqytpr yltrytpq}
%, ﬂz ,

B = asf" p +Z (oot Brar =Borg) +B1,B .y —PBiBiog}

The quantities 7,,,, B, Ppossess properties of mdwes of fully covariant
curvature tensors. Now it is also seen that

v, o7
g ipr _
ylpqr = ) 8’ - 0. ,3 + Z { ylﬂ(ytqr - th) + yltqyiﬁr yltr‘ytpq }

B ipgr __a_l!’_q BW + Z {ﬁ lp!(ﬁtqr Btrq) +ﬁlth tpr ﬁ Itrﬁtpq }

S

From eqn. (1.1) it follows that
R‘.,k %R‘ k‘*‘%gm“h ik
=17" (Tam, 5= Tjm, s 955, ms— T2, i)
+i§m§w{(§,~m,u"guj,m"'gmu,j)(giu,k"'gkv,i—g;k, v)
~ Fom, w=Tut, ;= I, )T, i T, i35, 0) } .. (L3a)
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and
Ri]k - %Ri‘jk"' %gwgihﬁinjk
= 30" (Tom: 5~ Tjm; 5755w it )
+%9mtgw{ (Gim; i sm™Im; ) Giv; T Iao; i~ Tir, v)
S T O AN | (PR of PO P W)} . .. (L.3b)

Multiply the first equation by ;\,“/\f,,f\ )«,I and the second equation by
)‘l!t’\m’\J A and sum for ¢, 4, j, k. After simplification it is seen that

17|
Yipr™ %(Blpqr - ;quf)
%[asq ylp aS qlp+ Z (Btrq thr) tlp]
+i[ 2 it qpt—Bqlthpi+Bfu(ﬁtpq ptq)

+ qut(Btlr_Bltr) —qut(Btpf _Bptr) —Eypt(ﬁth _Bltq)

+(Bﬁ,+ﬁltr)(5;pq+pptq)_(ﬁth+Bltq) (Btpr+pptr)] . .. (140')
and
Blpqr"’l’(ylpqr_yﬂqr)
0
= *[a—s—q- O Oqlp+ Z trq tq! ]
+1 z [CouC o= O eCopt CilYipa= 7 p1a)
+0qpt(ytlr— ltr) - qlt('ytpi ptf) Grpt(yth_‘yltq)
+ (Y +ylt7)(ytpq+yptq) - (7:tq+7uq)('ytpr+yptr )] (1.4b)
where we have put
B,, = ppqr"'ﬁm_ﬁpm_ﬁm 80 qur+Bprq .. (L.5a)
C =Y st 100" pra—Vrpa, 8 C'pq,+0p,q (1.5b)

2.  Some Geometrical Interpretations

The coefficients of rotations 7,,, and B,,, of Ricei have well-known geometri-
cal interpretations. Analogous interpretations may be given of the coefficients
B,, and 7,,. Let us consider the scalar qu Xpl,le at a point of Vy; and
let Xp be given local displacement and X“ be given Levi-Civita parallel

displacement as obtains in V, along a third line z\,, = —Zc— of the same
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ennuple. Then the rate of change of the scalar is given by

of,
¢
asq BPW
Similarly for the quantities ¥,,,.

The following facts are well known (Eisenhart 1949, §§ 30, 35). In V,
(i) the curves of the congruence A ; are geodesics, if and only if

ﬂMq::O (p=1,...2);

(ii) the curves of the congruence A,,; are normal (i.e. they are ortho-

n {4
gonal trajectories of a family of hypersurfaces), if and only if
Brpg=PBugp =0

(iii) the commutativity formula for the intrinsic derivative
o _ v (9
3, ’\'l(aﬂ
2 of @ of of
'a?k 3_sh - 'gs_h é?k = Z (B PBun) 5;1_ )

In view of (1.2) we may now say that
(i’) the curves of the congruence A

is given by

i are geodesics, if and only if

Youp—Yeps = 0+ similarly, in V, the curves of the congruence
A, i aTe geodesms, if and only if quP—Bm =0;

(ii") the curves of the congruence A, ; are normal in Va, if and only if
Yaps ™ Vnap = 0; similarly, in V. the curves of the congruence
,"\”“, are normal, if and only if 8,, —8,,, = 0;

(iii’) & formula analogous to that given in (iii) can be given in terms of
the orthogonal ennuple in Va(V ) and the Levi-Civita parallelism

as obtains in Va(Vy) as follows :

We have
¥ o
3 '\"ax"
So
o of w9 [y of
93, ”;‘:Aklﬁ?(’\;sla*“) —’\kl(’\hl ny 4+, fji)
=> % {(Ah,na,,+“"Ah,,A,.,)as hf b
i
Therefore,
0 of 2 2 .ol
53—123{;—%:; -a-.‘!—k—Z[(ﬁm Igm)-}-g] )«,‘J(Akl,/\k, A’”"\"J)]asl 2.1
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This is the form which the condition of integrability of the intrinsic deri-
of

vative 55, Assumes. The geometrical meaning of the invariant
Sy
T T T = TioTé
7 M M 1M = =G, & X 1A%
is easily seen. The expression on the Lh.s. gives the rate of change of the

scalar product in ¥, of the covariant vectors Ay, A, (in V,) when the vectors
are given the Levi-Civita parallel transport as obtains in ¥, along the direction

of & in Vs The right-hand side says that this invariant changes its sign
when the covariant vectors are replaced by the associate contravariant vectors.
Similarly we have the following formula in terms of the orthogonal

ennuple in ¥, and the Levi-Civita parallelism as obtained in Va.

of
a_s‘k a—sh —58"" ;Tsk = Z {(yuk ykth)'l'gj '\z”()\hu’\k] )\kjt)‘h])} a - (22)

and a similar interpretation may be given.

On the r.h.s. of eqn. (1.2a) there appear certain combinations of co-
efficients of rotations for which geometrical interpretations may be given.
The combinations are

quf +Bq 7, qur—ﬁ apr, ﬁﬂr""ﬁ qrp'H;mP
B M,—B P14

and

In 7V, we have
»
’\pltaql Sq‘

Taking the covariant derivative of this with respect to the Levi-Civita parallel-
ism as obtains in Vy

iy
Apii,i q|+ b1l = Appi, qi‘H‘qlt j p1+g ’\m:'\«um"' :

Multiplying by )«, ; and summing for j, we may write

Cpgp = Gy, = Brgy+Byp, = 7., J"\p I’\q I’\:l . - (23)
The expression on the r.h.s. gives the rate of change of the scalar product in
¥ » of the vectors X N q, due to the Levi-Civita parallel transport as obtains in
V» along X’;, . Hence the interpretation of dpqr.
Next, the covariant derivative of )_\1,,,. with respect to the parallelism
dV’+(% ! } R ,) Vidd=0 .. .. .. (24
U]
is

Mot D Ry Oyt )
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Multiply by X;,X’,', and sum for 4, j. Then we may write
bpq' = B M'+ﬂ q'P+B rqp = Bi)qr+a-'qrt>'

The quantities 51,4, may, therefore, be called the coefficients of rotations
of the ennuple :\p |; With respect to the parallelism (2.4).
Again, the covariant derivative of Xm,. with respect to the parallelism

de+|:{.l.} +gu2xs”:\s”,j]l/"‘dx"=0 L (25)
71 PR

- e -
"?li,i_'\ﬁlz)\slt,i’\sli'

Multiply by /—\; |:\f', and sum for ¢, j. Then we may write

Spr = ~Cpr = Bry=Popy.

The quantities ¢,, are, therefore, the coefficients of rotation of the ennuple
with respect to the parallelism (2.5).

Lastly, the covariant derivative of A ;; With respect to the parallelism

Mf

dV’+[; }+Z,\ )\S”']V’dx’—() L 28)
18 ) )
Aoti i~ A1

Multiply by X; ,7\f , and sum for 4, j. Then we may write
dpqr= —d =quf_ﬁpfq-

The quantities dpq, are the coefficients of rotation of the ennuple A L, ; With
respect to the parallelism (2.6).
In view of the above, the expression on the r.h.s. of eqn. (1.2a) can be

written as

W pgr = by b4y, = B+, + b, =8y +8y =0y

And eqn. (1.5a) can be written as

B per = apqr —a'prq .

Similarly, interpretations of similar combinations of 7,,, can be given.

3. Application to Conformal Spaces

Let
7= g, N G B )
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Then eqn. (1.1) reduces, as usual, to

t t
{ij} {W}+(aa+so —g"g0,) - . .. (32)
where
do
o__.__
oo

Differentiating both sides of eqn. (3.1) covariantly with respect to {;}_
4

or directly from eqn. (3.2) we find
9. F20,0,=0. .. .. . .. (3.3)
The eqn. (3.3) shows that ;:J}_ are the coefficients of a Weyl’s parallelism.

4
Thus Weyl’s parallelism is Levi-Civita parallelism in a conformal space, as is

to be expected. In V,, Weyl’s characteristic eqn. (3.3) can be written as
gi] 20, i = 0.
Further from eqn. (1.1) we have
_mt( tm J+ng ; 1] m) = —g (gim j+g]m i gtj; m)' . (3.4)
From eqns. (3.1) and (3.3.) we get
—— mi mi
T Gim =20 9% = =9 95,
b _os . m
T Gim,i = 200, = =G Gip, ;-
Hence the equality (3.4) is a term-by-term equality when eqn. (3.1) holds.
Also eqn. (1.3) easily reduces to the well-known result (Eisenhart 1949,
§ 28)
7 14 7 H mt
B = By +8:0;— 3,040 (9,997 ;)
(Skgu S;'gik)Alo'; Oy =9 ]—U‘O’j).

Now, when in the relations (3.1)

9 = z"tu’\mu and g, = Z"m’_‘tu‘
t ¢

hold, let ] _ |
Ay = e”,\”i, 80 /\z! = e"a)dr .. .. .. (3.5)
Then
20"1 i
Yoo = Asli; ,Mq;"r]"'(e Aplt) £ A’”.
Therefore
Vpgy = € (7,0, ~8,X 0
similarly = o M,\'I?) } L. @8
Bowr = (qur'l'qu"f "’:)
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where 8, is the Kronecker delta. These relations express 7,, and g 1D

terms of the coefficients of rotations of Ricci in the two spaces. Hence the
eqns. (1.2a), (1.2b) reduce to

Vo =¢° {ﬁpw:" ©,%, =8, |)"j}
ﬂMf =ef {ypqr+(8mx§ I _qu)—gb 1)07'}

These equations connect the coefficients of rotations of Ricei in the two spaces.
Also we have

(3.7)

o Of

e .
0s,

9 _ 5 of =e %) 9 _

aé,—)‘"g;?‘_ (rY
It is easily seen from eqns. (3.5) and (1.2¢) that

-20
Blmr =€ 5@,%

20
Viper =€ Vipgr

Also it is easily seen from eqn. (3.7) or directly that
20 _
€ Vipgr = Bt 00, pq+8qu,,——8,qu,—8p,flq

+(8,8,,—8,9,) A5

(3.8)

where we have put
(5,5=995)% Xy = Fyr

Put ¢ = I and r = p and sum for p; then
ezaZr‘,,, = z (o) Fue (3.9)
? ?

This is the relation between the mean curvature of V, for the direction Xf‘
and the mean curvature of V,,_ for the direction )\;,-

Finally, let I :j be the coefficients of an affine connection (not necessarily
symmetric) with respect to which the covariant derivative of g, vanishes.
Then

=T 48,
are the coefficients of an affine connection with respect to which the covariant
derivative of §, vanishes. Therefore, if ordinary and square tbra,ckgtts
followed by indices denote covariant derivatives with respect to I'; and L
respectively, then we have, as in Weyl’s connection,
[9,)s 29,0, = 0 and (g,,),—25,;0, = 0;

and if I’:,.,, and f’:jk denote curvature tensors formed with respect to I'; and I’ s
respectively, then _

P =Tipso e ®T=Ty .. .. .. (310

9
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where, by (3.8),
& = Bipar[Bror = Yipur|7 Yipgr-
4. Application to Associate Spaces

Let a; be a non-singular symmetric covariant tensor. Suppose that given

;i and ay, the tensor g;; is defined by
g” - alk ng .. . . . (4.1)
It follows that )
gﬁ — a,'ka,’l gkz
and, therefore, Al (4.2)
9y = Cu29

Thus by the use of a;, g;; is obtained from §; in the same way as g,; is obtained
from g,. Two spaces whose fundamental tensors g,; and g, are connected
by eqn. (4.1) and, therefore, by eqn. (4.2) shall be called associate with respect
to @; (Sen 1962). As in previous sections, orthogonal ennuples are in-
troduced in the spaces. Given the ennuple A, we shall choose the ennuple
/\,l ; in the foilowing manner:

From eqn. (4.1) we have
Y kol
z Ay = z Clid Ay |
H 4

So we can take

. - . _
@k = A, a Ak = ,\;,
o A (4.3)
'k)‘pl Asii, @ s = Ay
It follows that
aif=Z’\tli’\tlj=Z’\tli’\t|j' . oo (44)
3 [
Also )
)‘m’\qlf “kl}‘pl)‘ql o '\ lk)‘q;z} w5
P .
’\?h)‘ql A ’\ =a"A !kAqH

These are scalars symmetric in p, ¢. We have also the scalars
iy ik ik
Z'\u)\us: Tyd =@ gy,
14
K —ik ik )
Z’\""'\:l =0pd =0 Gy
t

Let the covariant derivative with respect to the Christoffel symbols
formed from the a,’s be denoted by an ordinary bracket followed by indices
and denote the coeﬂiments of rotations of the two ennuples with respect to
these symbols by

(Nf);qu’\i %o (Nt)/\ql’\rl
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Then from the identities

{t} = {:} + 30" { i)+ (Gimhi— (@5)m} »

e
i -
{ ij} { J§ +37" L Gin)i+ (Tj)i— (05)n}
we derive respectively the following identical relations connecting the co-
efficients of rotations:
Bogr = é(°‘1>qr'*'°‘qr1>"""rqp"""q{»""‘ﬁrq‘“‘rpq) - -+ (4.60)
Voo = Mg+ 8yt 8,0y~ —8, ~&, ) (4.60)
where, as in §1, 8, and 7,,, are Ricci’s coefficients of rotations in the spaces
Vn and ¥V, respectively.
Comparing the two eqns. (4.6a) and (4.6b) with the two eqns. (1.2a) and

(1.2b), let us enquire what connections exist between ¥,,, B,,, «,, and &,,.

For this purpose we have to take into consideration the relation (4.1) or (4.4).

From the identity
=l ol

it follows that
=y, — ¥y, Z’\i Al {AlIM(Atli)j+A’[i(Allm)j
s, §
+Xt1m(le)i+Xtij(thm)s'—xt,’i(xtlj)m_:\t[j(xi[i)m})‘q ,Xyl - (40)

In order to reduce this we notice that (2;), = 0.
Therefore, from eqn. (4.4) we have

Z {/\‘"(’_\"f)k+xt|j()‘t|¢)k} =0

Multiplying by suitable X’s and X’s and summing for 4, j, k we get the following
results:

("Ht)] sl +astr=0

(Asli)j’\qlA +Z (’\ ul;)a

(Auli)j’\:|’\s|+atus =

('—\u.')j'\:l '—\ix"z ("i;’iuu)&m =0
Applying these results we get finally

- “é Z(pu sl){( I’\HJ)( )

5,4

+ ('\1 |Xt |j)(“stq+°‘zsq) + (’\; lit u')('\flxu | k)(&tw+&“‘$)} - (4.92)

(4.8)

;
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Similarly,

qur pgr %Z ( Pl SI) (’\ql HJ)( o+ )

5,0t %

( m)("‘stq"‘ )+( :1])()‘f|)‘u|k)(°‘tus+“uts)' (4.99)
These are the required equations; they involve the scalars as given in eqn.
(4.5). Finally, to express the coefficients of rotations of Ricci, the expression
on the Lh.s. of eqn. (4.9a) can be written by the help of eqn. (1.2b) or (4.6a),
either as

Boor= %0 T 200 Y ior o Y00 Y0rp = V1p)
or as

BtV g M % T oy Tyt~ —a,)
and the expression on the Lh.s. of eqn. (4.96) can be written by using eqn.

(1.2a) or (4.6b), either as
7?47_&Mr+%(B;bqr+'qur+5ﬂq+'grpq—'§m>—qup)

~Vpar +B par ( par Fp T8 Lyt =%, =)

When the expression on the Lh.s. of the above equations are replaced by
these expressions, they express the coefficients of rotations of Ricei in terms of
other coefficients.

The expressions for 8, and 7,, in the case of associate spaces are
obtained from eqns. (1.4¢) and (1.4b) when ¥,,, and B,, are replaced by their

values from eqns. (4.9a) and (4.95). The results become too big for incorpora-
tion here.

Asin § 2, we can give geometrical interpretations of certain combinations
of the «’s. The combinations are «,, +a,. o, —a ., o par T %+, and
%%y, As in the article mentioned, the quantities a,, are the coefficients
of rotation of the ennuple A, , with respect to the Levi-Civita parallelism as
obtains in a space V' of which a,; is the fundamental tensor. Similarly, & par
are the coefficients of rotations of the ennuple A ,1; With respect to the Levi-Civita
parallelism as obtains in ¥,. It can be shown that ocM,+¢xm, is the change in the
scalar product in ¥, of the contravariant vectors A Pl’ , due to the Levi-Civita

parallel transport as obtains in ¥/, along A, , that %, %, are the coefficients of

or as

144

rotation of the ennuple A, ; with respect to the para,llehsm { "J} +29 s16(As )i
that a«,, +a,, +a, are the coefficients of rotation of A, ; with respect to the

parallelism {;} - ( 9;), and that a, —a,  are the coefficients of rotation of

A,; with respect to the parallelism { } Z si(As15)

515)i- Geometrical interpre-

tations of similar combinations of the &'s oan also be given.
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Again we have

ZA,,, Bots o MZ p,,axj
Z P axJ ZAPI a:;]“

then the above result gives !

If we write

a,
i ¢ 2
=" 2 g™ I

ij oz’ i mi
Similarly,
da,,
F:j =d o —a’ aupfln;
Subtracting, we get
N a(Ly—Ty) =a T=T,). .. .. .. (410)
SO
_ da. Oa.
[':]+F]’1 = a'tm ( a:;,m+ ]m) a’tm(azlprlnj-*‘a/ﬂpr[m) N
But,
aai' a ’— S S
amnjz = 87 z (’\ﬁ ] i’\p |j) u'zs Fm1+a]s sz - a’tsI‘]m-l-a;chm
?
Therefore,
™ t m
%(F:]-*-I’;z) = % 7:]. }n+%(1‘t {a'{s(‘[‘;m )+ 73( im mz)} L (4110)
Similarly,
— t " s
%(If]"}'r_;,) = {lj }a+at {a’u(l‘g an])+ 13( im mz)} v (411b)

Let us now consider a special case of associate spaces by choosing the
ennuple /\j,l in a special manner. We know that if all the roots of the deter-
minantal equation | a;—Pg,| =0 are real (non-zero) and simple, then corre-
sponding to each root Pi; the equations

(a;— hgzj)/\hl
define a vector A, which may be taken as a unit vector. These vectors,
therefore, define an orthogonal ennuple in ¥, which give the principal
directions determined by the tensor @;. In this case

i
a;= Zpt,\m,\”]. and so @A, = P, ;.
¢
We now choose
- 1
] [
Ahli = PhAhII", 80 /\hl = —/\hl .

Then &pgr® BM,, Vper €O be expressed in terms of ., B o0 Var and other scalars

involving P, and their derivatives.
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The eqgns. (4.5) now reduce to

A = P0,, =P8, (nosummation)
Aol ;l =,B;8pq=,—>;81>q (no summation).

Therefore, the eqns. (4.9a) and (4.9b) reduce to

1 - -
Yoo %0 = % f:; f(p (%ot %) TP f(“ﬁfq+“rm)+Pqp'(aqri>+arqp)} (4.124)

—= - 1 ,. _ 1 ,_ _ 1
Bﬁq'_apqr = %Pp{ﬁ; (apqr+°‘qpr)+ f;: (aprq+arpq)+;;,,_' (“qrp'*'“rqp) % . (4.12b)
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