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1t has been proved by Madhava Rao et al. that the enveloping algebra of the
Lie-algebra of the Rotation Group BE» with half-odd-integral spin is the direct
product of the Dirac algebra and another algebra called the £-algebra. In
this paper, a complete resolution into minimal ideals of the ¢-algebra .4
asgociated with Ry is carried out. The basis of 4 is shown to be of rank 14,
and corresponding to the resolution 12422432 = 14 three primitive ortho-
gonal idempotent elements of the centre of 4 are determined, thus resolving
< into a direct sum of two-sided ideals Aep (r = 1, 2, 3), Each of these ey
is then resolved into minimal left ideals giving rise to the irreducible repre-
sentations of 4. Mutually orthogonal idempotents generating these mini-
mal left ideals are also determined. Since such a minimal ideal resolution
for the Dirac algebra is known, the resolution of the enveloping algebra of
the Lie-algebra of R, is solved.

Guided by the fact that the relativistic wave equations describing ele-
mentary particles of spin 0, %, 1 can all be cast into the form
Ba+x=0, .. .. . @
Bhabha (1945) made the assumption that the relativistic wave equation
describing an elementary particle of arbitrary spin must also be of the form
(1) where the g8, are matrices of appropriate dimensions. By taking g, = il
(r=1, 2, 3, 4) where I;s=—UIs (r, s=1, 2, 3, 4, 5; r+ ) are the ten
infinitesimal generators of R;, the rotation group in five dimensions, he
showed that the B-algebra is the same as the enveloping algebra of the Lie-
algebra of R;. The algebra becomes finite-dimensional if one assumes that
any one of the B, satisfies a polynomial relation. Jacobson (1949) showed
that even in the case of the rotation group R, of arbitrary dimension the
polynomial relation satisfied is
{a2—j2H 2 —(j—1)%}.... =0,
where the last factor is either z or {#2—1}} according as j is integral or half-
odd-integral. In view of its application in Relativistic Quantum Mechanics,
the polynomial relation will be called the ‘spin equation’ and j the ‘spin’.
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The choice of j =4 leads to the Clifford-Dirac algebra and j =1 to the
Duffin-Kemmer algebra.

The algebra of R, with j = }§ was investigated by Madhava Rao et ql.
(1946). The B, satisfy in this algebra the polynomial relation

B — §B+ =0,

whereas in the Kemmer algebra it is the comparatively simpler relation
B3 = B. Thus the investigation of this algebra would be considerably com-
plex. However, Madhava Rao and others succeeded in showing that even
in the general case of R, the algebra with a half-odd-integral spin can be
broken up as the direct product of the Dirac algebra and another algebra
which they called the &-algebra generated by the symbols & (r=1, 2,...n)
satisfying the commutation rules

{gf? {gﬁ gs}} =§5 L . . . .« (2)
[£.16, 63]=0, (rs£s£t) .. .. .. (3

where {a, b} is the anti-commutator ab--ba and [a, b] is the commutator
ab—ba. They showed that for the case of spin §, the &, satisfy the quadratic

£=3—¢ P )

and they also determined the idempotents generating the two-sided ideals
and the irreducible representations of the ¢-algebra generated by four symbols
with spin . Venkatachaliengar and Srinivasa Rao (1954) determined the
centre and all the irreducible representations of the ¢-algebra generated
by » symbols with spin §.

In this paper we effect a complete resolution of the ¢-algebra generated
by three symbols into minimal left ideals. Since such a resolution for the
Dirac algebra is known (Srinivasa Rao and Venkatanarasimhiah 1950), the
problem of minimal ideal resolution of the algebra of the rotation group in
four dimensions is thus solved. One could expect a possible physical appli-
cation of this algebra generated by three symbols, as the corresponding
Kemmer algebra generated by three symbols has found an application in
the theory of isobaric spin connected with elementary particles.

Let A be the ¢-algebra generated by the three symbols £, &, €3
which satisfy the relations (2), (3), (4). We shall first enumerate the number
of independent elements of the algebra. On simplifying (2) we obtain

grsr = —'ifs"'%{gn gs} e . " (B

where we write {,£:¢; = &5,  Equation (3) yields the following relations among
the elements £,;;

r=1l,s=21=8: £ 3+& 30— = €301

r=2%s=11t=3: {yy+—10 = fnaer
2B
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It therefore follows that the algebra is of rank 14 and we can take as a basis
the set of elements
L &0 € € G1o Sapr Eaw Suw up0 g 5123’ E152 $agr Smee
It can be easily verified that
{¢, LP=1-1¢, £}

This suggests that the calculations can be simplified to some extent if we
introduce a new symbol 7 defined by

{&, &) =n,(r£s5£0). R ()
The 7, satisfy the following relations:

m, = §—n, N )
@ {¢.m)=¢ .. .. . .. @8

®) {£,, (&, )} =n,
£m, = 1,€, (no summation) .. .. o 9
{7, 1} =n, R ¢ 11)
b= —, 4+, .. .. .. .1

We can now rewrité the basis of the algebra in the form
1, fly 52, Esr Ny M2 Mgy 512: 523: £31: 617]1, fznga §3ﬂ30 5123-
Taking 6 as a linear combination of the above i4 basis elements and

using the relations
[6,£]=0 r=1,23,

we find that apart from the unit element 1 the only other linearly independent
central elements are

01 = £, +€+E+n, Ha, N )
Og = &, +Em, €0y .. .. . .. (13)
showing that the centre of the algebra 4 is of rank 3 with the basis
1: 013 02*

Since 12422432 = 14 is the only possible resolution of 14 into a sum of
three squares, the algebra 4 must have three inequivalent irreducible

representations of dimensions, 1, 2 and 3.
We obtain after some calculation the following relations:

6} = $-+6,+26;
(14)



242 K. N. SRINIVASA RAO & D. SAROJA
Using these relations we determine the primitive idempotent elements
¢, €s, g of the centre of the algebra satisfying the condition

ey+esteg =1
and the orthogonality relations

e1ey = 0, egeg = 0, €4, = 0.

We get
ey = 3'%5(3—26,+40,)
0y = 5(0—20,—48,) . .. ..oas)
eg = 75(16+1006,1+40,)

We thus have the resolution
A= Ae,-i—Aeg-i-Aes
of the algebra A as a direct sum of two-sided ideals Ae, which establishes
that A is semi-simple.
We now proceed to determine explicitly the three two-sided ideals Ae,
(r=1, 2, 3). It is clear from (15) that it is necessary for this purpose to
evaluate A6, and A6,, We merely write down in the form of a table the

set of elements 46, and A6, which can be obtained after a considerable
amount of calculation.

A0, 46,
§,+&,+€,+m &t Egmy+Eym,
§—¢&, 36,5 i+ i+, in—26m,+ 3+,
M| B i, 2+ i,
Emy | 36 +16, 1+, i i, — 260, 1=, —in,+ ¥+, + 1,

-+, +Hi6, i i, i, — 86
— 34— g, €, }
BHi6, i i, HimgHin,—1,
—§6,,— 4, HiEm, — ¥+ € }
16, +E i i, i, — 36, 8, —fn, — g+ 26, ,+ 364,
— 4oy —Hy — 3 m HEgmy— Hgme+ s } THm —2gmy + #gn, — 86,5y }
#,—3,H¥HInm—In,+ i+ 16, 38— 86, H8E,— 86—, + 1,
Figy ity —Hm HiEm,— K, — 8, } ety 81— ¥y — 8y, T,
RS X RSN

§6s— 80, — 8, + 16,4+ 3,
+3m —Egn, H g — 8, }
8~y —m, 36, Hi6y,

+1ém, —Emy+EEn,— 86,08 }

o
[
3
A e g

[r, &, ¢ take the values 1, 2, 8 in cyclic order in the above table.]
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One verifies that
(i) €03 = 25(166,+10£,0, 44 0,) = Jeg; r =1, 2, 3.

Thus the idempotent e generates a one-dimensional two-sided ideal 2, = de,
and the corresponding first order representation is ¢ =} (r = 1, 2, 3).

(ii) The two-sided ideal Q; = Ae¢, generated by the idempotent e, is of
rank 4 and a basis can be chosen to be

w (i=1,23,4),

where
w; = gel = 14[ %+5§ f § +577,- 7),5- 77; 105777,+2§8778+2£t"}t]
wi = falel = 7?[_1_7£1+%§2_%§3_57)]_27]2—5773+6§12+6§23 (16)
+6£;,+76m, =11 m,+ T80, —12¢ ]
with 7,8, t=1, 2, 3 in cyclic order.

By virtue of the following relations

ey = — 3w +witw]]

flzex = %[—“’?'*‘ “’3+2“’ﬂ
7,8, = @, 23 L= %[w —_— +2w1] (17

r s t
£ae; = Y30+t o] = —i[30'—207+30’+20¢]

(r, s, t = 1, 2, 3 in cyclic order) 125%1

all elements of the form Ae, can be expressed as linear combinations of the ).
(iii) The two-sided ideal 2, = Ade, generated by the idempotent e, is of
rank 9 and a basis for 2, is chosen to be

wy (i=1,2,3,....9),
where
w; = ‘frez = ‘113[_'%4"115 —f —£ _5’7r—'"ls_nt+6§r1’r—2§ﬂs_2§tm]
w’z+3 = 7€ = 15 o — —§-—-b66,—¢, —£ +11"7f "73'-"7t+6§f177 2, — 25‘1”]
“’2 = {6 = 5[~ —3—%— g§3+%"1+%’72_%773+12§12
—4f, —4€, _551’71'*'3‘52112_ s"3+8£123]
wg = fzsez = [ — 3- §§ ‘%’f %f %"71+¥772+%7’3 4512+12§23
—4£,,—¢ My + 3¢, —5Egn, +86 5]
wy = £y 09 = Tl'(i[-'%—%51—'gf‘z—%gs-*-%‘7’1—%’724-%7]3_4512_4523
+12§31—561171+752’73"553"13+8§123]

(18)

* with r, 8, t =1, 2, 3 in cyclic order.
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By virtue of the following relations

ép = —[w;+w§+wg+wg+w2+wg]
£mee = %[3w;+w';+wt2+3w;+3+ ms2+3+ wt2+3] (r,s,t =1, 2, 3 in cyclic order) + (19)
512382 = §[3w;—-w§+3wg+w;—3wg+wg+4w;+4wg+4wg]
we see, as before, that all elements of the form Ae, are expressible in terms
of the w;.

This completes the resolution of the semi-simple algebra A into a direct
sum of simple algebras.

We now proceed to resolve each of the two-sided ideals 2, and 2, into
minimal left ideals. We first of all consider the resolution of £,. One
would normally expect a reduction in the set of elements Q,&,, Q.&&s, ete.,
when elements of £, are multiplied by the generators ¢, successively on the
right. Such a reduction does not result in this case and we therefore adopt
the following procedure for finding the minimal left ideals. For this purpose
we make use of the fact that the irreducible representations of A4 are
known (Venkatachaliengar and Srinivasa Rao 1954). Let £~ M be the
4-dimensional regular representation corresponding to the simple algebra @Q,,
and ¢— N be the irreducible representation of dimension 2. Then we deter-
mine a non-singular transformation matrix 7 = () such that

T\MT = M*=N+N or MT =TM* .. (20)

o= } is the basis giving the representation £ —» M and w; the basis giving
£~ M*, then

w; =tyw;; i, j =1, 2, 3, 4 (4 & dummi) .. .. (2D

and therefore w;, the basis elements of the minimal left ideals in 2,, can be

obtained when once the matrix T is found out.
We have from (16) and (17) the following regular representation M for

£,
-3/2 O 0 0 0 —-1/2 1/2 —-3/4 0 1/2 —1/2 3/4
-2 —-1/2 1 12 1/2 —3/2 —1/2 —1/2 012 —1/2 o
f -3 ’ 2"‘> ] 63*) .
! -1/2 112 0 -—1/4 12 -1/2 0 1/4 00 =32 0
0 1 -1 0 -1 0 1 -1/2 1 -1 0 =1
(22)
The reduced representation M* for 2, can be taken to be
12 0 0 0 -1 -1 0 0 -11 0 0
0 —3)2 0 0 —3/4 0 0 0 340 0 0
gl_) ? 2__> ’ 3_>
0O 0 12 o 0o 0 -1 -1 0 0-11
0 0 0 —32 0 0 —3/4 0 0 0340

@3)
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Using (22) and (23) in (20), we obtain after some simplification the following
12 relations among the 16 matrix elements #;; :

41,0041 =0 b1, 242 = §t4, 2pia
b2, 2ps1 = 83, opp1+ 3s, 2041 by, opp2 = §l3, opp1+1s, 294
t3, 2ppe = —§t3, 2p4s e
b, opre = —its, opy1— 3ty 2p41
with p=0,1.

The choice g3 =0, t4;, =0, f33 =1, t;5=1 of the 4 arbitrary parameters in
(24) leads to the following non-singular transformation matrix:

0 0 0 4/3
1 43 12 1
1-230 0
. 0 —4/3 1 —2/3
Using (25) in (21) we get
*1 2 3
w, =w1+w1
3 4

*2 2

o 2"
w,” = jw—iw — e, 26
¥ __ 4 2 4 r (26)
w,” = jw tow, J
*4 1, 2 o 4
w; =g te;—je,
. . . * *j 1 .
where we have restored the original notation for w;, w; as w,’, w] respectively.

*1 * “ . . 3
One can check that w;, ‘”12 form one minimal left ideal, L;;, and o}’, w}*

another, L;,, in £,, each of which gives rise to the two-dimensional irreducible
representation used in (23). A convenient choice of basis (I}, 13,) of L, and

(4, 13) of Ly, is the following:—

1 %1 __ 2, 3 1 %3 1.2, 4
Ih=e, = ote p=e = ot ) @7

4 2 )

Li=te]' = =2u]tie]  Gy=foltol’ =i (o+e)

We now proceed to determine the idempotents e;;, €;3 generating the
minimal left ideals L;;, L, respectively. For this purpose, we take e;; and

2
e15 to be linear combinations respectively of (I, ;) and (i 15,), and make

use of the condition . ,
€ = 811+612. . .o (28)

One finds, on using (17) and (27) and comparing coefficients of the wj, that
e1; and e;, are uniquely determined. We obtain
= i, =1, = —Ho{+4e]+20)]

€11 =
= —3% [—%—fl+§2+353-—2171+2173+2_512+2§23+2§31+4§1771—4521)2
—4f g4 05] - (29)
= Hlgm b, = b 20t

1

— [—%+3§1+§2—§3+4ﬂ1+27)2—2§12—2§23—2531—851’71'*'45123]
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One verifies that the e,;, ¢;5 thus determined are a pair of mutually ortho-
gonal idempotents satisfying the conditions

2 2
€11 = €115 €5, = €32 and epye;p =0.

We now go on to resolve the two-sided ideal 2, into minimal left ideals
following the same procedure as was adopted for 2;,. We have from (18)
and (19) the following 9-dimensional regular representation M for £, :

~3/40 014 0 1/234—1)8 0
~3/40 01412 0 0 38 —1/4
340034 0 0 0 18 0
£,—~>| —340 114120 0 —38 12
~3/40 01/4 0 12 0 1/8 0
0 100 0 —1-112 0
\ 0 000 0 0 0 12 0/

0 0-10 1 0 0 12 o,

/

(—7/40 034 0 0 0 38 0\

-

—3/40 0 14 1/2 ~1/4 O 3/8\
—7/40 0 34 0 0 0 38
—3401/214 0 0 34 -—1/8
—3401214 0 0 0 18
—3/40 0 34 0 0 O 18 |
—3/40 0 14 —1/2 1/2 0 —3/8
-1 0 00 0 1 ©0 O 12
\0 0 1-10 o0 0 -1 1/2/
0 0 00 0 0 0 0 12

- o O o O

0 0 —3/4 0 12 14 —1)8 0 3/4
/ 0 0 —34 12 0 14 38 -—1/40
0 0 —74 0 O 34 38 0 0
0 1 —3/4—1/2 0 14 =38 1/2 0
&=l 0 0o —34 0 12 14 18 0 0O
0 0 —3/4 0 0 34 18 0 0
0o 0 0 0o 0 o0 12 0 0
\o -1 0 1 o0 0 12 0 0 }
1 0 0 o -1 0 12 0 -1

(30)
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The reduced representation M* for Q, can be taken to be:
1120 0 0 0 0 0 0 o0 120 0 0 0 0 0 0 O
(01/20000000 0 -1 -10 0 0 0 0 0
0 0-320 0 0 0 0 O 0-340 0 0 0 0 0 O
00 012 0 0 0 0 o O 0 012 0 0 0 0 O
s> 00 0 012 0 0 0 o0 |»é&>lo 0 0 0 110 0 0
00 0 0 0-320 0 o0 0 0 0 0-340 0 0 O
06 0 0 0 012 0 0 0 0 0o 0 0 0 12 0 O
00 0 0 0 0 0 12 o 0000000-—1—1/
60 0 0 0 0 O 0-—3/2) 0 0 0 0 0 0 0 -34 90
/——5/6 -1/2-1 0 0 0 0 0 O \
—4/9 1/3 -3 0 0 0 0 0 O
—2/(3 —1/4 © 0 0 0 0 0 0
0 0 0 —56-12—-1 0 0 0
> 0 0 0 —49 13 -3 0 0 O
0 0 0 —253-—-140 0 0 0
0 0 0 0 0 0 —56-—12—1
\ 0 0 0 0 0 0 —4/9 13 -1/3)
0 0 0 0 0 0 —2/3-1/40 31)
Using (30) and (31) in (20), we obtain after a considerable amount
of routine work the following 72 relations among the 81 matrix elements
ty (5,5=1,2,3,...9):
11, sp41 = —&ls, spe1 300, sprs b1, 3p42 = Bls o100, 3043 U1, 3p48 = §ls, spe1—$ls, 3011
ts, sp41 = dbo, spp1+ 380, spes B2, pi2 = §ls, spe1— 3y, sp+1} ts, sp48 = ils, spy1— 3o, 3p+1}
I3, 3py1 = dts, spe1—4%0, 3041 ++'5%9, 3p43 — o, 3913
+349, 3p43 } ts apr2 = Bls, spr1-F3lo, spes I3, 343 = s, spr1— 3, 3p+1}
le, spp1 = —ls, spr1+ 8o, 3548 L4, apre = §ls, 3941 435, 3p43
fs, sps1 = 3f9, 3pas b5 spez = Bs gpe1 3, spes B spes = ils, spe1—3o, spa (32)

te, spy1 = —3bo, spp1t+3lo, 3p4s
tr, gps1 = $t8, gpr1+4ls, sp4n

with

te, spp2 = 3ts, sp1Hi, 3p+1}

+ 4%, 343
t7, spre = Bls, spa1—lo, 3p+1‘§
—4bo, 3p43
I8, 3p4e = —lo, 3p18
ty, spre = —4ls, 3p43
p=0,1,2

ts, sp+s = ls, sp1—3lo, sp+1}
—tg, 3p4s

te, sp+8 = 478, 3p+1— b0, 8p41

t7, 3943 = —lg, app1+3le, spes

tg, spys = 0

The choice t81 == 0, t91 = O, t93 = 1, t84 =1, t94 = O, t% = O, t87 = 0, t97 =‘ ].,
teo=10 of the 9 arbitrary parameters in (32) leads to the following
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non-singular transformation matrix:

2/9 -1/6 0 ~1/6 1/8 34 0 0 —32
(2/9 1/12 ~1/6 0 98 3/4 1/6 —1/2 —1/2
28 14 12 12 38 14 —1)2 0 —1/2
23 0 0 -1 38 14 0 0 -12
T=[23 12 ~1 0 38 14 0 o0 —12]... @33
29 13 0 0 38 1/4 —13 1 —12
0 —-1/2 13 13 12 -1 13 -1 0
0o -1 0 1 0 0 0 0 0
\0 -2 1 0 o0 o0 1 o0 o

Using (33) in (21) we get, as before,
w;1 = jw, 2+ wo+%w2+3 2+3 2+9

w;2 = lw2+“ 2+‘,E(:)Z--I—éwz-l-1w —-%w —w -—%w

“’;3'_‘ "%‘”2'*‘%“’2_‘”2 3 2+‘"2

oy = —doptley—oj o))

w;5 = %w;_;_z 0243 g+%w4+a §+%w§+%w7 . (34)

7

wzs Iw2+iw +%w2+i‘”2+%w2+zw
;7 = %“’2_%“’2_%“’24‘%“’2"""2

*8 2 6 7
w, = —A}w2+w2—w2
*9 1 2 3 4 5 6

w,

One can check that (o}, @7, w,), (@5 @3 wy'), (wy > wy's wy’) form three mini-
mal left ideals Lyy, Ly,, L23 respectlvely in £, each of which gives rise to the
three-dimensional irreducible representation used in (31). A convenient

choice of basis (1211, I 15) of L1, (s Tops 1) f Log, (g, U, 12,) of Lsg is the
following:

ll =w;‘1 = §wy+w;+30p+30,+30; +ag]
=y +1e;” = [~ w0yt 3wy 20— 20 —6wy]
13 =0 =3[~ +3ui—6u]+20;+6u]]
l;aw -—%(w*"’—%w ?) = # [y —2u;+2u;
=0y, —f’ =[—wl420]] . .. (35)

b=y 30, = w430+ ]+ o) +al+of]
23""’ +‘} = }[~w;+20;]
=y’ =} —ej+20)~20]]

*0

1235“’2 = —1}[3w;+w§+wg+w;+wg+wg]
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We determine the idempotents e,;, ey, €gg generating the minimal left

ideals Ly, Loy, Loy, respectively, in the same way as we did for £2,, taking
them to be linear combinations of (3, 17, %), (g 00 1,), (22 £,0) and

making use of the condition

€y == 621+622+623. . .o . (36)
We obtain, using (19) and (35):

enn = — iy = — $(wp ) +30)+ 3w, +3ul+uf)

= —as[ =3 =86, =34, 45,4+ By + By — 3, + 26 1, + 26 m, + 269,
eap = — o= gy = —a(0]+ 90+ 30} + 30+ 30+ 30 +40))
"?1?['—§“3§1+9§2"'§3+2’71—2’72+6§12—2§23_2§31"451’71
+86,m, +4£ ]
ens = — g 1oy = —5(90;+ )+ 3w+ 3wi+ Bl + T —da)

= —zs _%+9§1"352—53—4’71+67)3_6§12+2§23+2531"'851"71—4‘52’72

+4&5m, 48,551,

37

One can check as before that the ey, es5, €53 given by (37) are a set: of mutually
orthogonal idempotents satisfying the conditions:

2 2 2
€1 = gy €9y = €ypy €9g = €y
and 91692 = 0, egg€9s = 0, egge5; = 0.
CoNCLUSION

The linear associative algebra A generated by the three symbols ¢,
(r=1, 2, 3) satisfying the relations

{ff) {ff: gs}} = gs

[6r, {6, &3] =0 (r£s520)

&=1-¢,
is resolved into a direct sum of minimal left ideals. Such a resolution for
the Dirac algebra D generated by three symbols is already known. Since
the enveloping algebra £ of the Lie-algebra of the rotation group in four
dimensions, with the infinitesimal transformations I,s (r 3% s) satisfying the
quartic

I+ =0,

is the direct product Dx 4, the problem of resolving £ into minimal left
ideals is thus solved.
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