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Here an attempt has been made to solve the problem elaborated in a pre-
vious paper by the author (Deka 1963) without the Oseen type of approxi-
mation for all Reynolds numbers. Calculations were carried out only for
high Reynolds numbers and the results were compared with those of the
momentum integral equation, Qualitatively, good agreement was obtained
between them.

INTRODUCTION

1. Ina previous paper by the author (Deka 1963) an attempt was made to
study the effects of weak swirl on laminar pipe flow under the approximation
W, = 2/3 in the convective terms of the equations of motion. Here we
have tried to study the same without that approximation. The mathematical
model is the same; but we have considered case (I) only. Attempt has been
made to solve the problem for all Reynolds numbers; but for purposes of
calculation only high Reynolds numbers have been considered.

2. Mathematical model and the governing equations in non-dimensional
form in cylindrical polar co-ordinates are respectively represented by
Fig. 4 and the equations (1.1), (1.2), (1.3), (1.4) of the earlier paper. We
have tried to solve the first perturbation, the swirl velocity V;, and the
second perturbations U,, W, P..

3. The equation for the swirl velocity V; and the boundary conditions
are given by (2.1) and (2.2) of the earlier paper. We change from z to « by
the relation z = Rx and use two-way Laplace transform :

- +
Vl =pf B-MVIdx

— < Bp <0,

where c; is' the least positive eigenvalue, so that the transformed equation
reduces to

13 p? 1] 5
[-a—;é-*-; §;+% ~p(l—r2)— ;i] Vl == 0. . .o (3-1)

This equation is to be solved under the following boundary conditions :
Vi=—=latr=1,

and V, and its derivative are continuous at r = 0.
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Solution of 71, as shown by Talbot (1954), is of the form

V= M H-rB
#a, 2; p)
where
p=4—p, o =1—(p2/R*—p) /4y,

and é(a, 2; ur?) is the confluent hvpergeometrle funcmon
Hence

dp, .. .. (32

2mi

e L f“’"“ Ba 25 prd)retborh
200 ) i pela, 2: 1)
where
—C) < ¢ <L 0.

Integrand of (3.2) has no branch point at the origin and has no singularity
except the origin and the zeros of $(e, 2; u) = 0, which are real.
The eqn. (3.1) suggests that for high Reynolds numbers p?/R? can be neglected
in comparison to p for

» < O(R?),
x> 0(R™2)
Hence to get an expression for I} for # > 0. we neglect p2/R* and have

v L[ 8l 25 prt) rebar

2m ) . pd(b, 2; ©)

1

Fdp, .. .. (3.3

where
b=1—u'4.
Lawerier (1950) has shown that the zeros of ¢(b, 2; u) are given by
p=p =4n+}) n=123, ...

We perform the integration of (3.3) along a large semicirele with c¢—ico,
c+1to, as diameter. The integral on the curved path vanishes by Jordan’s
lemma and we are left with the residues at the poles and hence

Vl=r, x <0,

_3,2{1.
S, Bz 80 25 Byre 0 3.4
= Z re ﬁiR” , x>0, . _‘ .. ( 4)

where
d
Bu= =g [ 805, 2; ")},@ﬂ,
It has been found in Appendix I that
~1\" Bnl’2 BRVE
= (1) THe (1+08,”"). .. .. .. (35)

(4pn)] /331/6#1‘
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Hence after substitution from (3.5) we have
Vi=r, <0,
9bi3g1/6 & B2z

=5 (=18 e ™, 5>, S . (38)
873

where .
() = re P 240, 25 B r9).
We have investigated the solution of (3.1) for x— 0 in Appendix II, and it is
found to be

1

: " —r2)3 1

where I'(a,2) is the incomplete gamma function. The solution (3.7) shows
that for x— 0, there is solid bodyv rotation outside 1—r2 ~ O(zt).
Hence

Vi=r, <0,

5/31/6
_ 273 3 Z (-1) nt1 1/34,”(,,) 2> 0,

1—%3 (;, (1~ ’) ) (14024, r >0, 3~ 0 (%) .. (38
The curves of ¥, from the expression (3.8) are shown along with the curves of
Gortler (Colatz and Gortler 1954) in Figs. 1 and 2. The figures show quite
good agreement.

== -

4. TaE PrrTURBATIONS U, W, P,

The differential equations determining the second perturbations are given
by the eqns. (3.1), (3.2) and (3.3) of the earlier paper. Using stream function
Pp = rX these equations can be transformed to

V2
[Vf~WoR%Vf]X=Ra%(TI)’ . .. .. (4D
where
2 19 8% 1
vi= rz+rar 92 2°

Now eqn. (4.1) is to be solved under the boundary conditions
7]
x(1,2) = a_r‘x(l: 2) =0,

X(r, z) and its derivatives continuous at r = 0. (4.2)
Changing from z to z by the relation z = Rx and taking two-way Laplace
transform for Green’s function Xg(r, p, £) at x=¢, r =p, with the force

function
V2
o, 6= 2 h),
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we have the complete solution :

- 7o02(1 —n/B2)e ¢ (7 1
x, = — "2 (116 j’(/p )~)"’ [Yl(ar) jOOJl(aO)x/;(H) d9+J,(ar) f Y 1 (28)$(6) dO]

1 P
X {:/J(P) J Bu(B)J 1 (x0) dt‘H—u(P)f 6\ (x8)(8) dG}
p 0

” - 2 -p¢ 4 p
er{1 =g/ )ulple [Yl(w) f 64(6)]1(x8) B+ (ar) f 0¢(0)Y1(a0)d0]
0 r

w - i - '
+ PP?(I p{g )‘MP)C Jl(“r)J 0u(6)Y ,(«8) db, r < p, . .43
p
7pp?(1 —p/R%)e”

4 1
- T64(p) [Yl(ot'r) J‘O 6J (x8)4(8) A0+ (ar) ‘[‘1 0Y ,(x0)4(8) rIB]

"1 P
x{.p(p) J 80(6)T(x0) d0+u(p) f 0., (a8)y(6) d@]
e 0

- —p/RY)e~1€ ’ !
Lmertl p{g Je"4(p) [Yl(w)f 6u(B)T, (x6) O, (ar) f 6u(0)Y1(m0)d0]
P r

+np172(1 —p|R*)ePéu(

p
o Dy (ar) f 67, (00p(0)d0,  r>p, .. .. (44)

0
where

$(0) = Oe-n0®24(a, 2 ; 16?),
u(f) = Be~16*2W (a, 2 ; 162),

Ap) = f 67,(a6)4(0) d6, o= p|R,
0

and ¢(a, 2; z), W(a, 2; x) are the independent solutions of the confluent
hypergeometric equation given by Archibald (1938).
For

R — o0, a=%—+0,

provided
lp| <R, z>O(R)
Hence making this approximation in (4.3) and (4.4) we have

Yl L Y ” " o) d "o GdG]
o=t | [ s ante [ woras) v [ duw dotuir [ oveo

r
_ pPeulp)e PE 1 'az.p(o do4r [ wi6)do
15— | [ Fe@atr [ v

2 -p€  pl
-—p—’—"p—(l%)—e——rf u(6) db, r< p, . e .. .. .. (4.5)
P
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_ pPpre »é
16B(p)[ f P4e) ‘w”( ¥(6) ‘w} [W f 6%u(6) d0+u(p) f 6%5(6) de]

ﬁ’i‘ﬂ%ﬁf’_ [T f 6%u(0) d9+» f (o) d0]

2 o~ VE .
lﬂ(l%——ifal/‘() ., T>P, .. .. .. .. .. (4.6)

where
1
B(p) = f 6%4(6) do.
0

Actually (4.5) and (4.6) represent the solutions of Green’s function of the
parabolic form of the eqn. (4.1).

5. EIGENVALUES

Eigenvalues of (4.1) are the characteristic values for the non-zero solution

of
02 1 10 p? _ =
[ar_+; S =pl1-m ] ) {aﬂﬁ e R R
under the boundary condition (4.2).
We write (5.1) in the form
3
[1)‘*+21”it D’+p p(L-m)D*— 2 (1—r2)]¢ =0, . (52)
where
?° 19 1
2 ——— —— —— ——
Smtra e

Multiplying (5.2) by ré, where ¢ is the complex conjugate of ¢, and integrating
between 0 and 1 we have

1
fo r$ [D4+2Rp2 D2+p p(l_rz)D”—%z (l—rg)]Mr =0 .. (63

It can be shown that

1 1
f r.fD‘gb dr = f r ' D% { *dr,
0 0

[
1 1
[rsar =] g

f (1—r¥)r dr = flr(l—rZ)gcﬁg?dr,
0 0
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and

[ ramptoar = — [ ra-m|%st| a2 | 4%

0

where i = r¢ andf ¢: '/'d'r is zero.

Writing the eqn. (5.3) in the form

apt44bp346cp244dp+e = 0, .. .. .. (b4)
where

a

=—1§i_—R§ rlcﬁ]?dr,
b 1

b=——R§= Eéf 7‘(1—7‘2)‘95 er
1 | ¢
T TR 3R f "\ dr ‘dr

I dé 412
d=4d --Zf r(l-—-r?)‘zl—’:-f-;l dr,

0

)
e=¢ = f r| D% | 2dr,
0

such that a’, &', ¢/, d', ¢’ are all positive real numbers each of O(1), we apply
the condition that (5.4) has all its roots real if

A =I-2172>0,
where

I = ae—4bd+3¢*

J = ace+2bed —ad®—c® —eb*.
Expressing I and J in terms of a’, b’, ¢/, d’, ¢’ we have

? l, 36,2 8 1
I8 — PP LA el AP _—)
RS [ T R®

2_1 Iy 7472 112 c'3—a’'c'e"]? 1
J _E—s[%cd —dd ey ~0(58).
Hence for large R, A > 0.
Besides, if the roots are all imaginary, say p = ik, then we have from (5.4)

[ ] o

R?

which shows that & = 0.

So the eigenvalues of (5.1) are all real for large R.
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Now (4.5) and (4.6) represent Green’s function for the parabolic form
of the eqn. (4.1). The force function A(p,£¢) vanishes for negative ¢.
Therefore the disturbance prevails on the positive side of £ only. Hence Xc
will have non-zero values on the positive side of the axis of the pipe. Conse-
quently or otherwise it follows that the eigenvalues which are the roots of
B(p) = 0 are all real and negative.

Let us take the roots of B(p) = 0, as given by

p=—t m=123,...
Now B(p) = 0 can be written as

1 N

- t
f ze tmz/2¢(1__i£’2; tmx)dx=0‘ .. .. .. (b.5)
0

Using Tricomi’s expansion

LT

B, b; @) = Tbe" *(kw) ™% > A4k, 3b) (f,:) " Jainr 2V ),
0

where An,(k, 4b) are the coefficients of 27 in the expression
k(1 =2k OE(L42) kb2 = > 4k, §b)en,
0
and k = 1-—a, jz| < 1,
eqn. (5.5) can be simplified to

Z Anlk, DI poltm) = 0. L (59)

0
It will be recalled that the eigenvalues in our previous paper were given by the
first term of (5.6) as

Jo(lm) = 0.

As the series (5.6) is not convenient for the calculation of fm, we break up
$(1—tm4, 2; tx) in series and convert (5.5) into a series of incomplete
gamma function »(«, x) such that

Wtmf2s 2)+buvlm 2, 3)+9'2(§;";1) 2y(tf2, 4) ... = 0

where by, = 1~1,,/4.
Using the tables of incomplete gamma function we have by graphical con-
struction the first five roots as

!1 == 5'7. tg = 9'8, tg = 13‘8. t4 B 17'9. ’5 = 22'1. . (5.7)
This graphical construction shows that the roots are large and are symmetric-
ally located with approximate difference of four. Hence we try to find the
roots by an analytical method.
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Now
 Ffu=1)""
ctim e —_—
1 (u 1)
xe_éx¢(b: 2; %)= m fc—im "TW-’.I)—Z—“ du,

where b = 1—%, Real ¢ > 1.

The eqn. (5.8) holds for all  and b. We integrate (5.8) with respect to x
between 0 and ¢, and put b = by, so that
tm/4d
$utm 2'___1,)
(u+l

tm 2 c+i0 @
_ix 9. I = — ——e

fo e~ ¥ (b, 2 ; ) dx o fc-;w W= du. .o (5.9)
We have evaluated this integral in Appendix II to get the values of ¢,, and it
comes to

8 tm , 41/30% . 2*° b | 2 -
_[5 cos %”+j;ﬁay— cos (’—'41‘+—3Z +0@ . .. (5.10)
m

For large ¢ we can approximate the zeros given by cos ntm/4 = 0, neglecting

terms of O(t"").
Hence

tm = 2(2m+1),

m=1,2,3,...
This gives

f1=6, by =10, t5 = 14, t, = 18, t5 = 22
and graphical values are

=57, by = 98, t5 = 13-8, t, = 17-9, t5 = 22-1.
Actually the first root is not corresponding well. If we take into account the
second term of (5.10), we have ¢, = 5-94, and perhaps it is not possible to get
more accurate values than this from (5.10). For our calculation we have taken
values of t,, obtained from (5.10).

6. AXI1AL VELOOCITY

Now (4.5) and (4.6) are single-valued at p = 0 and have no other singu-
larity except at the zeros of B(p) = 0. So we take the Bromwich integral
along a semicircle with the line c¢—ioo, ¢+4400 as diameter, —I; < Re.
The integral on the curved path can be shown to vanish by Jordan’s lemma.
Hence

® 2 _t?n(x—'f)

Pt y
Xglr, P 2 =) = = > —ﬁ%G—R—M [%f 6% m(6)d0+r f 1 sbm(")d"} In(P)
1 m 0 r

x—£>0a
=0, z—t(<0, .. .. .. .. (6.1)



SOME EFFECTS OF WEAK SWIRL ON LAMINAR PIPE FLOW 301

where Ry = residue at the mth pole
0
=3 B(p)]
[32? b2

1 P
Im(P) = ¢ (P) f 6% (8)d0 — wy (P) j 02¢m(0)d»9.
p o
It has been found in Appendix IV that

Rm=('2ltlm+l[§ ,:/:l;,ﬁ (,;““)} L (62)
Now

x(r, x)=ffx6(r, P, x—EYh(p, &) dp dE
and e

Walr, z) = 4 X,

Therefore to get Wy(r, x) for x > 0 we cvaluate A(p, £) from (3.6) and get

. . 1
1)1+m+n+1t?ﬂf ¢m(0) d@

4.6} = & < , 302
Wil 9 = =y 22 Z - 3723 (B.2) (B4 £)
3 1 i 1 (.3 -— W)
e»l r— (82
RV f $P) (P m(P)dp, 2> 0. o (6.3)

But it has been shown in Appendix V that the values of
1

f $,(P)4, (P) L m(P) dp
0

P 43¢ 10 1912 iy
— g I:(—_l)rw)-t (l+f2(—)) i._(_l_ﬂ_zv_:;.)_][l—f—Oﬂ‘ﬂ,.)] >

n B(8,8)"
8 8\ 1 20\ 6Y3(I'2:3)" g .
T [(1 +t_€) E§+ (1 +;2~) w28 [1+087"] =i

Hence W(r, x) comes to

. e—tf”x (ﬂ +ﬁ") (— 1)m+1 j ‘/] (6)d9

#t

BB~ (z W”ﬂﬂ
3

- 94132/
”

8\ 1 20\ 6*5(rg/3)y’ 5
x{{(l-{- )B‘+(1+t,,,) (o

B 6*%(I2/3)* ) Y
+(1+7)(1+E)W s z >0, - e )

Il

|
—_—] W
Oj |
Sle
_Me
-8
~[\]s
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where 8,5 is the Kronecker delta,
1

Again in (6.4) f $,(0)d8 can be calculated numerically, otherwise it is found
r

in Appendix VI that

! 2 6°°I2/3 |t
f ‘/’m(e)de =3 (—1)m+1 2/3/ +e tur*! {$(bm, 1; tpr?)
. t, 2mt

+ 3tmr?P(bm, 2; tmr?)}

- ZAn(k, 1)1-"+2J”+2(tmr)}[:1 +0t74]. .. (6.5)
0

The eqns. (6.4) and (6.5) give the velocity profile of Wy(r, x) for = > 0.
We have drawn the profile at z = 0-02 in Fig. 3. Besides, we have calculated
the values of

[‘»’ ‘tilx—- e (ﬂf+ﬁi)x] (="'

(=1)"t6*°r2;3
o2mt®

(48—, [1 ;

(o) o)
\ |

2 |t 2 373
tm ﬁ” tm 1725"

1

x l
x 3Y°rg3
3 oifEns

m

2 4/3 a2
i 6 / >
+(1+B_2) (1+?§) __2£2L3]./).3], x>0, .. .. .. (6.6)
ﬁn tm m (Bnﬁz)
=002
02k ® Momentum integral
x  Exact Solution
0.1}
W2(rX) 5% X 26 o8 1.0
T —>
-0.1
-0.2F

¥ie. 3.

for different values of z and it is shown in Fig. 4. Since (6.6) is not suitable
to calculate Wy(0, ) for  — 0, therefore we have calculated in Appendix
VII an expression of W,(0, )
__ 3%RE ( 038473
28T 3)° .
=0, 2 =0, R (: % )

) (140z}), z>0
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where

303
E= [ §(rie) +?"/‘T H..m/ Z T'(n+1+1/6)
n! (2n+1)2n+1+1/6
Vo Tn+145/6)
e an (n+141/6)2mF1%506 |

Both branches (6.6) and (6.7) meet near # = 0-01 and these are shown in Fig. 4

x  Exact Solution
© Momentum inzegral

1
002

1 Y
0.8
X ——

Fia. 4.
7.

MoMENTUM INTEGRAL EQUATION

We transform the momentum integral equation (4.1) of the previous
paper from z to z by the relation z = Rx; and by following the same procedure
we arrive at the equation determining a(x) of Wy(r, x) = a(x) (1-6r2+5r3)

1 r 'V2
§di‘+15a 4 f rdrf La .. .. .. (1D
Q 0 ¢
In Appendices VIII and IX it is shown that

1 D% 10/391/3
?—f rdrf Lt = _r3
ax & it t

) ii (_1)m+nﬁzsﬂ:/ae'(ﬁi+ﬁi)x
1 1

6*’*‘(1’2/3 0y 2Bt (

_1)7”‘\"716413([12/3)& }
27%(B,8,)""
2 0 ' (7.2)
X 1+f3_2 s z >0, .. .. .. ..
and
9.2”635’61‘11/6( oy 23 8,3) ( 2437 )( oy B S,3>
= e | B +{1.5———r—— ) [B"— 3B
24/ n(I'}) Frg? 4.25%r1)? 8
x[140@h)], =z—>0, .. . .. .. .. .. (1.3
where
B=sin?%.

8
6
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Introducing (7.2) and (7.3) in (7.1) we have after integration
63.2"° ._35/6F11/6 ( gers 23 B8/3) i
4/ m(I'})’
[ 162 =
4. 2%y’

ax) = —

4

(- 38’3)][1 e [140@Y)], 50,  (14)

2
7.9 &S P gene [y 6IYRR
=~ g 2 gmag \ Rt 2 | Babe
3y 44 35-28, B, 2B,

2 n
+(=T1ymtn BB g 1/3 1/3(1+B )( +(_1)m+ 64/3(F2/3)2)
2 m Mn 2 2/3 ?
35_an—ﬁn Bm 2 (ﬁmﬁn)
€>0. .. e ee e e (1B

Both branches of (7 .4) and (7.5) meet near = 0-005 and we have shown them
in Fig. 4.

ArpPENDIX 1

Here values of B, given in (3.5) are found.
We have

o (u 1)“,4
. 1 ct100 u 1
pe~HEg(b, 25 K) = ;;J. (uz—-—*-l)du’

Re>1. .. . .. (@b
Differentiating (I.1) with respect to p and puttmg po= ﬂ,. we have

¢—100

Be” Bnlz ¢(bn,2 Bx) =_f ePrl( “’f- ) . . (L2

where

fw)=u+1log (u—1)—4% log (u+1).
Now By is a large positive number. Integrand has branch points at u = #1
and f(u) has a saddle point at 2.
u=0.  We take Lawerier’s 0, +3 AL
path represented by (A) to
evaluate the integral.
The path ¢—ic0, ¢4-4c0 can be
converted to the path (A) with a
branch cut at u = -}1 having
arguments of u—1 as —«¢ and
4+t below and above the cut 2 . @
respectively. 00— 3T
Since the main contribution to the integral is obtained from the neighbourhood

of the origin, therefore we express the integrand in increasing powers of w,
6B

u-1:-g ettt

w-1=(-u)e"t%
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such that
flu) = Llog A—u)—}log I4u)du~ — %f”

(u2—1) " 1P/ I2 oy —(fulusd, . Je B .. (L3
Hence (I.2) becomes

1 [(° § - \
omi [f (I 4uZe-tmd ) (%—.{.7;2"__’_ ) =¥ =iBumi=imi g,

ud i

+f (L4uetimi4 .. .) (— -5t ) e~ tBnSeifamtini g,
. 373

! 7 ud
+ (I+u2+ ... ) ( e + ) e‘iﬁnm‘iﬂuﬁ du

G

Q
+f1(1+u2+...)(—ﬂ+u+ )Hf’"’”’"*ﬁﬂ“”du]. o (14

For gy —> oo, the upper limits of the third and the fourth integrals can be
extended to infinity and hence we have after simplification (I.4)

ry.e"
=1 [cos {7Bn—cos ( Bn+ ~)] 3§ ; [14+0(8;%)]. .. (L5)
Putting the values of 8, we have

(=1)"T'}

[14+0(87)].

d
Bre B2 “d_ $(ba, 25 Ba) = W

AprrENDIX IT

Here an expression for swirl velocity for small z is found.
Expression (3.2) for ¥V, can be written as

o 17 a H¢(a 25 ur?) px
Vl-v-2m;f\ 7@ 2 ) e dp, . .. (ILL)

where the path N is along the imaginary axis indented at the origin.
Now, with the substitution

oA12
Yy = dla, 2; )
equation (3.1) can be transformed to

d ( ) RA
°Y, +29 o, R ¢ 8
7 b % (1L.2)
where

x I:’ §=m?=ud.
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Following Erdelyi (1954) we have the asymptotic expansion of (IL.2) for

)\—->w,0>0,a,S
’( 3 ( ), . . -.( -)

where A; is the Airy function of first kind,

K(0) = —(3/2)"8%,
01/431/6
(1—6)?}’

(K@) = (3"

= [cos‘l'\/é-—\/ﬂ—-ez] Ay %(1—0)3/2-

Hence

91/4 1/6 2/8 B
’“(1_‘2)1,4 [(?1%@) ][1+0(A Il

y= (%)

1

F2/3 37/3 []-"i"O(A 1 ] 0 = 1. .. .. ‘e .« (II.4:)

Introducing (I1.4) in (II.1) and expressing A(z) in terms of K (%42%%) and
K (%) in its integral form we have

1‘2/3 32/3 3/2)1/6ﬂ] 6 1 epx Le's) _Aﬁt 2 —{),/6 _
_,,.g)i‘ 1}]‘11/6 31/6 Zm NP dp J ) € (t '—1) dl[l +0(/\ ])].
. (IL5)

We change the order of integration in (II.5) and integrate with respect to p
with the result

Vl = ) —_—

T2j3.3%"" ® o | -5,
wril—r2)i2irye J ¢~ rf d' [1+0@5). (L6)

Again expressing erf in its integral form and integrating directly we have

I'2/3.3%°g" g?
T 2ar(1—r)igh F (%m) [14+0@"3)], .. (IL7)

T

is the incomplete gamma function.
Substituting the value of B, (IL.7) can be reduced to

where

1

Vi=r— o (g,(l ’))[1+0(z&)], r>0, x~0(R) .. (IL8)
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ArrENDIX IIT
The complex integral in (5.9) can be written as

2 c+io % tm/(“)
. (OL1)

wi)

where
flu) =u+%tlog (u—1)~4log (u-41), Re> 1.

Integrand in (I1L.1) has a pole at « = 0 and has branch points at w = +1.
Again it has saddle point at w = 0. 2.

For {m — oo, main contribution to 5 + In

the integral comes from the pole
and from the part near w == 0. So
we take the path (A) in the form
(B) indenting at the origin by a
small circle of radius ¢ such that

in
(u.-x‘)ﬂ(x—u)e+ L,

(U-1)=(-wye

e—> 0.

Expressing the integrand in in-

creasing powers of « as in (1.3) we P
have (IIL.1), 00,=3M

—_—— —y—ud...}du
v )d (u—ue 3m

-5} b3 Ly i
" e'T+T’ —_— —g—u3 ... ) du .
. 1 K2 4= yetETE
1 LogtiS b 1
+f e O 4 (-—i—‘—u—-w...)du
€ L3 1, 1
—— e e
+fe 6 1 (—a—u—uS... du

0 ’m ] !m‘m
+ J. —idoe” + + f -id0eT]. .. .. .. (I1L.2)
23 a

For tm—> 0, e~»*"/6 is asymptotically small and hence the upper'limibs of
the third and fourth integrals can be extended to infinity. Making ¢~ 0,
after simplification, we find that (II1.2)

mtm  44/302/3.2°° (wtm ) +0( =),

] co8 — = ——————— CO8
4 * 2’3 4 m
7.3 v,

PO X
== 3
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APPENDIX IV
B
- [22]

2

p=—t,
can be expressed as
4‘?,, ), , 25 #=tm. .. .. .
Differentiating the relation
1 c+ico
9 ebuf (1)
1z . =2
fo ze ¥ (b, 2; z) dx > fc_m wE=T) i) du, Rc>1,

with respect to p and introducing it to (IV.1) we have

1 l c+iw etgf("f( )
u
Rm=_273n§-ﬂfc_m D@ . (VY

where f(u) is given by (ILL1). Bromwich path in (IV.2) is broken into the
path (B) and the integral is evaluated like (II1.1) with the result

(="' [r 3¥.r23
Y 37 9l ;2/2 +0(t,") ] : - (Iv.3)
APPENDIX V
Here
1
f b (p)d () L m(p) dp
0
is evaluated. '
In(p) satisfies the differential equation
a2 1 8p
|t L vz 2] 1 = = (v.1)

Asymptotic solution of (V.1) in inverse power of t,z,,, within the range 0 < p < 1,

is of the form
8 p 8p
Inle) = [t A=) i d—pD ] V2

Introducing (V.2) in the integral and using the orthogonal property of yi(p)
such that

1
[ sa-rpep@ra=0  nsi
1)

= ¢ Png) (b, 2; B)a“” (6w 2; B)  n=i
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we have after simplification

1
fo ¥, (P)(PYm(P) dp = -:—:—5 (1+§§+ . ) fl P (PW(P)dP  mEi

m

8 8 —Bn 4 ny <5 Pn
= [(1+;2~+ . ,)e b (ba, 2 mﬁ@aﬁi@

+2(1+?—29+ . ) flpwn(p)tﬁl(p) dp], n =1, (V.3)
0

m

T

1

Again to evaluate
[ 000100
0

it is converted into the complex integral
uﬁn

Bn lLB; Bi
; ¢ +im u—1 s (v—1\T
i 1 e ( ) e” ( ) 4
L _L [ 4 - \utl . v4-1 du dv
2mi 2mi J . ﬁiﬁn uZ—1 21 / ”u-}—B v

-1 cl—i

Rc and Re; both > 1. .. .. .. .. .. .. (V.4)

Since u and v are completely independent, therefore we consider u-integral and
v-integral to be separate integrals, one containing the other variable as a para-
meter or constant having its modulus exceeding unity.

Let us consider

B;/4
+tao zﬁt_(’v 1) i
1 v41 v
Zri | @-D)(guthD)

[ )
1

(V.5)

when B4 > Bi. Now u can be considered to be some constant such that

fw|> 1. So, for pi— oo, the integral (V.5) can be integrated along the path

(A) by expanding the integrand in the form
R N

B nu ,B,Z,u"Z ﬁ »u

and investigating the main contribution in the neighbourhood of the origin
with the result
(__ 1)f+1r2/3‘81'/362/3
2rrﬁiu2

[1+087*7]. .o (V.8

8,/
i+ o pl/802/3 i €2 (7(-—- ) o
(=1)"*7.4.72,3878% | povin T ,._3_'_'_*_1,__,
| 2mi u?(u—
C-10

 2'pB,

Hence (V.4) reduces to

du[14+087*7].  (V.7)
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Again, we integrate (V.7) along the path (B) as in Appendix III and take into
consideration the main contribution at its double pole at » = 0, and in its
neighbourhood so that

1 oo e ,,/2( +1) Pl

o _ n+l g 43
2ni oic u(u2—1) du = (— ﬁn % 6 (1 Oﬁ ) (V.8)
Besides
’ 1
b, (bns 2; B,) = E;¢(bn, 1; B)
is evaluated by the same method as in Appendix I to
(=1)"ePa/ %62
( ) € /3 (1+OB,:413) . . . (V.g)

2np
Henece (V.7), (V.8), (V.9) give

.1 8 2 (_1)n+t64,f3(F2/3)2
J ) (P3P (P)dP = i;:—l (1 +'t‘2;+ ) 772183(Bn5i)2/3

_ 8 6*3(I2/3) 20
—tm[( +m+ )B3+ 7'Blno +t2+...

x[1+08;**]  m=i.

[14087*], =n>i,

ArPENDIX VI

1 tm tm'2
1 My, 4 (y) M, 4(y)
& (r dr=—~U RV gy — =23V g,
f, nl’) ), Ty Y7J, y

where M ;(y) is the Whittakar’s function and
= lm
k= i
From Whittakar’s differential equation we find

1 [»M d
.2_5;[ _L%?LQ f¢(r)dr_z[ ;dyMki(y)} ']...(VI.I)

Aga,ix}, if we put b = by, in (1.1) and differentiate the relation with respect to u
and integrate along the path (A) as in Appendix I, we have

d 2 6°°r2/3 3
[@Mk,i(?/)]yﬂm = (-1)" 2 ong 2/3 (14017,
80 that "
1 9
2 w1 6°02/3 4
fu by r) dr=52— [1+(-1) + P ][1+0tm4"’]. .. (V1.2



SOME EFFECTS OF WEAK SWIRL ON LAMINAR PIPE FLOW 311

Again

al 2

t, 12
™ M,y (y) _i[ {i 1 [
| L g M ]

tm
Expressing M; 3(y) in Tricomi’s expansion we have after simplification

2 6%°r2/;3 2 pitn?
f '/}m dT = (— 1)m+1 Zlé + 2 o {‘ib(bm’ 1; tm'rz)

[~a]

2
+ b2 lom, 25 tar®)) = 5 D> Aalk, Drot i),
m 0

ArPENDIX VII

Here an expression for axial velocity for small z is found.
We take two-way Laplace transform of (4.1) and solving for X under the

boundary conditions (4.2) find

- x X
Wa(o, p) = [5?"7], .

in the form

1 1 7

. - - dat

Walo, p) = g%f pb(p)h(p, p) f T (%—”) $ln) f g
Q

: : 7. (2 stor
_.;_’%J PH(PIA(D, P)J 1y (%3) ¢(n) J dtt;:’(gf l R) , (VILY)
' Py
0 ’ f o7 () vtosin

where

2

+ 2
B o (V) ..
imnmn| 2 (D)

(3.7) shows that A(p, p) is asymptotically small outside 1—p2 ~ O(p~%). There-
fore the integrand in (VIL.1) can be approximated for p < 1. Using multipli-
cation theorem for J, (‘%’) and Y, ( R) for 7 > 0 and expanding asymptotic-
ally the Airy function in (IL.4) in the form

/

2% 12 VIL2
‘/‘(7)) - 2\/ 31/5 1/201/6[ +0P' "]y .o . . ( . )
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we integrate

f:nJl (%") P(n)dn = 20 [\/77J1 (1%) - g%rmJ; (%)+ . ]

2v/7(3p)*

x[1+0p7¥, .. .. .. .. .. (VILY)
Topl 1/6 \ 2/3
~ 2 =_2__*[ cy (2)_ 8" p (P ]
f O”Y‘(R)”“")d” 24/7(3p)} vt (R) ot B0 (R)+"'
' x[1+0p ™), .. .. .. .. .. (VIL4

1 Ui -
P dtdn _ /= ) : 2 7 (2
f anl (f) b(n) S ey [(2&9 erf 617 —2 erfi %) J, (Tz)

B p (o) [ o 5 2 }
+2_p*l—RJ1(R e’1 . e 6d9+2J1(§)016 terf 6,
-0,
— %JZ(%) J eee”“de] [140p 1], .. .. (VIL5)
0
and

1 - A7 - \
P didn Vi 29 2 2 P

2I3 01 v .
+E.- ; -2 Y; (2) e*0 f e"’()l’(’d9+2Y1 (Z}) 0'1“)"39,291 erf 9:'

2pPt ET1\R 0 E
01
- % Y, (1%) f e001/6d0}] [1+0p7%], .. .. (VIL6)
0
where
PO et KPS (0 . i
3 2 3 >
and
PtV
erf—g A g

Substituting the expressions (VIL2), (VIL3), (VIL4), (VIL5), (VIL6) in
(VIL.1) we simplify W,(o, p) with the result

Wz(o, p) = V"

2 /0p, ()

12 91/6 —r (P
37=.2°R \/le(R)- 2Rp +...
1

f PH(P)R(p, P) [32/3F 7/6 (*%erf 6t —erfi 61)
0

3'/ 7 42 6 0
+52 7§ —eth f e~ 064do+ f eeﬂ*dG} dp[1+0p™*]. (VIL7)
0 0
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Again, if we put V, = r—V,, such that

1 v (L=
V() = F%T”Z‘l— (%, 362 )[1-‘-0:&‘] ,
then

-+

I, p) = —-2]]J [%2_0— Kf%]ﬂ"dx. . .. (VILS)

-

Using the result of Laplace transform for the product of two functions and
expressing

— 2(1_,«2)1/2],1 it p] 2(1_72)3/2 ,

in its integral form (VIL.8) can be reduced to

Rr. p) = 2p [ _ <11;rj>lﬁp K, %pl'/2<13—r2>3f’2}
o Yo erin -‘1":'3'2(55r+~/ﬁ0>
+WI%*%-)§J.I (12_1)—5/‘“;1;J1 (gs_l)-:»«xdo%mjf‘,:xe : db}
x[1+0p~*]- A 21 )

Performing the integration of s with a branch cut along the negative real
axis and taking the pole at the origin into consideration and putting s = pu,
we have (VIL9) in the form

. op | 3.67°0K 4(0) 2V%¢*° { 353g>" P e 16
h{r. p) = — e — 1+ =4 ... f w (Y +u)
doarp™ ap'” .
d }
<K VT V% 0] g
where ’
g PPI=r

Again, expanding k(6y/1+u) asymptotically for 6->co and putting
é = 64/1+u, the integral in (VIL.10) can be simplified to

%%f”e*éJg({¢2:gi)¢5!ﬁd¢, ... (VILID)
0 (¢°-0)
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Since 6 is large, the integrand in (VIIL.11) will be asymptotically small for
$—6 > 0 and hence we expand J1,3(¢2—02)1/2 in series and perform the integra-
tion in (VIL.11) and introduce the result in (VIL.10) so that

_ 3\/,;25/62%3-001/6 35/30213 F§01/362/3
h(r; p) - - (1‘%)27’1/2 4p1/3 - 4 2*})% + . (VII.12)

After putting the values of (VIL.12) in (VIL7) integration is performed with
the result

(3p)°E,
R.2V8(I'yy%T, (%)

W0, p) = — [1+0p-1],
where

34/ 7 I'11/6 — I'(n+7/6
By = [ (I"7/6)° +_\£_._L F7/6Z—1;!—(£+—1§2)ML——%

n' n+7/6)2ﬂ+11/6

'\/wz I(n+11/6) ]

We now expand
1

Z@)

in series and take inverse Laplace transform so that

jnz
/ o € e?$™® dg
3R 113 fo 4
Wglo, ) = — == | 62'7+ L [140z%] z>0,
2 21/6([1%)3 21: JO(J")(RJ")II3

=0, 2=0. .. .. e e .o .. (VIL1Y)
For J 2z —> o (VIL.13) can be written as
3%y 38479 s
Walo, 2) = — 1(6 (1402"®), =z2>0
2(ryy’
=0, 2=0, .. .. . o .. (VIL14)

where
- 1
— = — 38479
ZJ"JO(]n)

ArpENDIX VIII

1 r 2
14

—‘Zf rdrj Lar
ox J 0’

Here an expression for

is found for z > 0.
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For x > 0, using (3 6)

10/3 l/3 % 2 2y
j rar f ldT = P%f; zZ('"l)mmlg:fﬁ;/ge—(’gm*'ﬂn)@ flrdr
1

1 0

¥ mo n
xf Ym( lef ) 2 . (VIIL1)
But
m(8)n m\0Jn !
frdrf P *l‘ Im(O¥u(6) , fmdg lf han(Pin(r) dr.  (VIIL2)
0

Using orthogonal properties of $,(r) and (V.4) it can be shown that
(—1ym+n3 6'3(2/3)2
72, (BrBn)™*
1 3.6%I'2/3)2
= _”+_‘”.W_
B, =B

To evaluate the first integral in (VII1.2) we use the relation

f Fm(r Wl = [14+087°],  m>n,

[14+08;*"], m=n .. (VIIL3)

410 ﬁn/4
. 2 il 1 ’ u— ) 1/2Bass
How 2B = =g Vam ) agt) ot Rk

and convert it into a complex integral of the form
— A,_L i . 1 e (u-l)ﬁn 4 v—l)ﬁmh du dv
BmPn 2mi | 2mi ¢y-iw \UF] v+1 Bmt+Bau

4 1 c+1oc 1 c,+iw I(—-l‘ Ba's r—1 B4 e(ﬁnu+ﬁmv){:}
o (__.) (___) du dv.
BmBa 2771«_{ i 277@_[, i \U+1 r+1, Bt +Bntt
(VIIL4)
For Bm > Ba the first integral in (VIIL4) can be shown to be 1/% and the

m

second infegral can be evaluated in the same way as (V.4).
So that

mtnnpd, 3
f‘/’ Ol o, ..B«+(" ) 2/333/35/1;2 B 14087, m>a (VIILH)

Inserting (VIIL.3), (VIIL.5) in (VIIL.1) we have finally
d t ’.’ Vf 210/831/3 -~ m+1i 113 1/.3 (ﬂ +B2>x
— —_ — 1 mt P
= fﬂ rdr. 7 dr E E (=178, e

(ry)?
1 6*’3(1"2, 3)%\ 23 265
K TR 2%’3“ o
_22 m+v164/3([v2/3) ) ]
g wﬁﬁW §1
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APPENDIX IX
Here an expression for
1 ry?
i f rdr f —Ldr
ox 0 o T
is found for z— 0.
Let
PR v V‘?
I(x) = ix— f“ rdr fu ’r—dr. P N . (IX.].)

Taking Laplace transform and simplifying it can be reduced to

1
I(p) =} f (L—r2)h(r, p)dr, .. .. .o (IX.2)
0

where h(r, p) is defined in (VIL10).

Introducing A(r, p) from (VII.10)in (IX.2) and putting asymptotic expression
of Ki(O\/ 1+4u) for § — oo, (IX.2) can be transformed to

2v€cwf”fm s )0y [V (0 ) an-

W (t —].) dtJ . e 4p1/3+ ... 1de /\/:‘Z—(Fé)z

o VI3 e _ 58,76
Xf __d“__f e—wl+u,7§(e\/u)(e*+3zi-»+...)de. - (1X3)
0 w1 4u)TEY 0 ' ?

In (IX.3) integrand is asymptotically small for p — o, so that the integral
can be transformed to real axis with the upper limit extending to infinity.
Performing the integral with respect to 6 and ¢, (I1X.3) can be reduced to

3 6p)*\/7 J~°° du [ I'11/é P-1/3(1+y)1,:2
w8
0

1

2 /)’ 14+u) 72 | (T4+29)%3 " 12 |11 oy
3°°T5/2 IETRY
+'—;—JEP7/6 (11—2?7)4- , .. . . .. (X4
2p¥(1+2y) 1>

where P, #(f) is the Legendre’s associated function.
Again, using the expansion

P ¥ (cos §) = 1

(=
+oaduni@|+0 (sm )},

where a == (2v4-1) sin (6/2),
for small 4, and raising the integrand in power of « where

P@mm—@ﬂw

*}-; { J#(a) +Sin2 g 6

2

=483
cos2f = 1+y

1+2y°
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and performing the integration we have

_ 9.2Y%3p) 3/ =I"11/6
O

0 2 o
(52“+6—i,98/3+ .. )

3 243n HIER -1 =
+2 4. 25/(;(11%)3 (B - glg o )} (1+0p ) . (IX.O)

Taking the inverse transform we have

9.2" 391116/ ,, 28 .,
Iz ={—-———~*————; 5 B Sty AL
(@) VeI (ﬁ +egh)
- 243 T B
+1~U"‘Z“§T;j:u(7}j3 (B' —gﬁx ~~-)}[1+093§],
. 5
where
ki
ﬁ=sm§.

CONCLUSION

We have made an attempt to study the problem rigorously at high
Reynolds numbers. If we change swirl velocity ¥, to r— ¥V, we have the solu-
tion for case II. Figs. 1, 2 and 4 show that there are some discrepancies
with the previous results of Figs. 1, 2 and 3. It is, perhaps, because of our
Oseen type approximation used at high Reynolds number. However, to
study this simple-looking problem at all Reynolds numbers is a good task.
We expect to study further on this topic which is quite new in the line.
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