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In this paper an alternative method has been suggested for evaluating source
term in an n-layered elastic medium. The results of the present paper can
be utilized to find the displacements for different types of force system at
the source representing point source and also line source.

INTRODUCTION

The source problem in an n-layered elastic medium has been studied by
Haskell (1964), Harkrider (1964), Ben-Menahem and Harkrider (1964).
Harkrider (1964) also evaluated surface displacements associated with surface
wave produced by a vertical line source by spatial integration of the solution
for a point source. All the previous authors have followed Haskell’s matrix
analysis in their works and introduced the source as a discontinuity in stress-
distribution at the source. In a recent paper Roy (1965) calculated the
displacements in a semi-infinite medium associated with a general force system
and showed that the displacements in the medium could be separated in two
parts, one associated with incident wave and another due to reflected wave in
the medium. By analogy, we consider the solution of the wave equation in
the source layer in n-layered medium as due to incident wave and reflected
wave and utilize the boundary condition in the usual way. Xnopoff (1964)
gave a different matrix method for an n-layered elastic medium in two-dimen-
sional case and considered the contribution of incident wave in the medium.

Basic EQUATIONS

The displacements u at any point in the medium, consisting of n-layers,
satisfy the equation
8. = - -
-étl; = pF+(\+2u) grad div u—p curl curlw, .. .. (1)
where pF are the force per unit volume which will be zero except in the layer
containing the source.

The displacements u, at the source layers can be written as

I A

Ug = u,1+u32, .. . .. . (2)
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where —z:u are the displacements associated with the reflected wave, satisfying
the eqn. (1) without the force term pF'; in other words, they are the general

solution of (1); and —;,2 are the displacements associated with incident wave in
the medium satisfying eqn. (1) which, in other words, may be regarded as a
particular integral of (1). Therefore (2) is the most general solution of
eqn. (1).

For the displacements associated with the incident wave we can directly
utilize the results obtained for the semi-infinite medium. If we assume that
the forces can be represented by the components R(r, z) cos l$ exp (iwt), X(r, z)
sin l¢ exp (iwt) and 2(r, z) cos lp exp (iwt) acting in the region k; < z < Ay the
displacements associated with the incident wave can be written (Roy 1965,
eqns. 28 and 29) as follows, suppressing the time factor exp (twf), for 2;_,
<z<h,

u(r, ¢,2) = — {(R2a>+x2rx5+X2aS_R2aA)k2+2Z2aakpuS§

Jo

4w?p -

exp (Z’g )
4‘”2173 {(Xgﬁ +R>ﬁ +X2f3 —RvB )pﬂ +2Z23 kpB )}

exp (Pp?
X i{.la(—rki) dk cos l(}S— f ( ﬁs )( -—R')ﬁ —Xoﬁ ——Rzﬁs)

wgpﬁs
("’) dk cos I
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4 . exp (pa Z) \
u¢(r, ¢, 2) = J [ Lot . ((R“a +Xo0, +Xga —Rh )k +2Z7x I»poc .5

Q

exp (P57) ¢ ) ' C\eZ 197 . )
T (Rop, Xop, +Xap, = Rag )P, + 2205105,
L (k - exp (P?)
D gt sin 14+ J “iotm, | (Xop, ~Fap, 2, B, ) §
x 2 a‘]g("' dk sin Ig ;

exp (Pa )

u:(": ¢, 2) = [ (R21‘+X2as+x2as—R2m8)k+222cx.spas}
,xP

B)

{(Rgﬁ +X958+X23 —Ryp )k+2225 k*/pp, 5]

x kJi(kr) dk cos ¢ ; .. . .. .. .. .. (3)
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and for by << 2 < 2

© [exp (—p, %
U (73 ¢, 2) = — f [—L%é}%) {(R2a +Y2a +X2oc —R2oc )k 2Z2cx kpa }
o

exp (—pﬂs
T detpy {(R‘é’ﬁ,ﬂzﬂ +Xap,—Rop, )k, — 2% 5 kpg }]
o y(kr) ® = — _ exp (—Ppsz)
or dk cos l¢— o (Xzﬁs-‘Rzﬁs—R2ﬁs_X2ﬂs) W
&Mdk cos I ;
g S

. * exp( paz) ~ o o-
Uy (r, ¢, 2) = fn [—_—Ms— {( +X2a +X2a —R,, )k‘-Zzzaskpas}

exp (—-pﬁéz) - _ L » 2 ?
—_ mﬂs— {(X2ﬁs+ R2BS+X258—R283) pﬂs—ZZ.lﬁstﬂaS
lJ (lcr) * exp ( “Pﬁ w?
l dl‘ l¢+f dw 2PB— - (X253_R263—R)53—.X2ﬂ5) B——
oJykr) . . ..
_ar— dk sin l(ﬁ 5
” exp Py 2
u,(r, ¢, 2) = f [_\z(ruﬂ_a_) ((Rm +Xgq, +x2a —R,, )k 2oy p%}
0
exp(_pﬁ z) _ _ P ¥ )
- —”sz_s“— {(R2ﬁs+xzﬁ,+xzp,—Rzps)k—22258702 / Pps}]
X kJy(kr)dk cos ip. . . .. . . @)

For any point %, < 2; < ks, the displacements associated with the incident wave
are given by

e

Uy (T, ¢: zl) = u:(l)('r; ¢, zl)+u:’(2)(r’ ¢9 21)
Ug I (r, ¢, z1) = u;” (r, b, z;) +u;;(2)(r, é, 21) 1 .. .. (H)

/

w, (r, ¢, z) =, (r, &, 2) 4, (7, , 21)
where u:m(r, é, z,) is obtained from ur(r, $, z) in (3) by writing 2; for 2z and
(Writing the force system, for example, E,, with a superscript I, namely
) "®(r, ¢, 2;) is obtained from u (r, ¢, 2) in (4) by writing R:% for R,,
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and z; for z where

R, = Rk, 2) = f R(r, 2yrd 11 (kr) dk X = f X(r, 2)rd 1 (kr) dk
0

O

R =R (k 2) = f B(r, 2)rdy_1(kr)dk X = f X(r, 2yrd _y(kr) dk
0

1 i 1
v o

x

Zy = Ik, 2)= f Z(r, 2yrd (kr) dk .. .. .. .. .. (6)
and ’

R, = f Bk, z) exp (—p2)dz. .. .. .. .. . oD

i
Similarly R, Z, X,, etc. are defined.
Rf is the transform defined by (6) and (7) on R(r, 2)[H(z—h;)— H{z—=z4)]
and R'_:: that on R(r, z)[H(z—2;)—H(z—h.)]
R2ot“y = Ry(k, p) ‘p:pms R2ﬂs = Rk, p)}p:sz

R2:ls = Rz(k, p)}P _ 'Pa Rzﬁs = Rz(k: p)!p=pﬂ
& s
p, = JE—otlal =k [1—c? of = ikr,

Py = JE—otiB =k [1—c2if = ikrg .

Similarly X,, X‘,zas etc. are defined.

It is easy to verify that the egns. (3), (4) and (5) satisfy the eqn. (1).
The conditions of continuity of displacements and stresses at z=2zm_,
can be expressed in vector form following Harkrider (1964, eqns. 9a and 9b)

as
BRm(zm-l) = BRm—l(zm-])

BLm(zm— )= Bl (Zw-1) .. .. .. (8)

~m =1
where B &, %) are the column matrix with elements (c"dRm(z), ¢l (2), op, (2):
7, (#)) and B, (2) are the column matrix with elements (¢7'0, (2), 7, (2)). Com-
plete expressions for B Rm(z) and B, (z) are given in Harkrider (1964).
Also we have for the mth layer
By (2m) = DRmE;;BRm(:,,,_l). .. .. (9

The elements of the layer-matrix

a =DR“E;; .. .. .. .. (10)

R

™
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are the same as given in Harkrider (1964). For the source layer, the conditions
of continuity of stress and displacements at z = z;_; and z = #z; take the form

By (@-1) =By (2-1) = By (34-1)+Bp (#s1) - .. (11)
(%) = By (2) = By (25)+ By () S (1)

where Bg,, is the part associated with reflected wave and hence satisfies the
condition

BRSI(z,,) = a,RsBRM(zs_l) .. .. .. .. (13)

Bg,(z) and Bp(z) are the parts associated with incident wave.
By a process of iteration we have

B (#s_1) =@

a e
Rs_1 Rs_1 Rs_g

alBRI(o), .. .. .o (14)

where By (0) are the column matrix with elements (c~uz(0), ¢ twg(0), 0, 0).
Similarly

By, (1) =a @). .. .. (1B)

Rn-la’anZ T aRs+1BR8+1
We define a new column matrix Cy with elements (W, X, ¥, Z)
Cr = A,;;BR8+1(zs), . . . .. (16)

where

ARS = aRsaRs_l e @y, .. .. . (17)
Then on utilizing (11) and (12)

Ox = Ag By (2)+A4L B, (2)
-1 17
=d;'a, B, (2)+ A, By (2)

=A4; a B, (z)—A'a, B (23_1)+A;;B;s(zs). .. (18)

Ry~ Rgy Rg“RsTR

Assuming a force system distributed over a finite domain of depth hy—h,
and independent of z, we can take

R(r, 2} = R(r)[H(z=hy)—H(z~—hs)]
X(r, z) = X(r)[H(z—h,)— H(z—h;)]

Zr, 2) = Z(r)[H(z—h,)—H(z—hs)].
It can be shown
B'Rs(hl) = B M .. .. .. .. (19)
and
B;es(zsv]) = D;eSM , .. .. .. .. (20)
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where M is a column matrix with elements (P, —P, P’, —P’') and

_ (Br+x, +X; ’—R;) +2iZ,1y,
do®r?

73

P (Bi+x +X;—-R;)irﬁs+2Z1

P

[exp { —ikry(hy—h,) }—1]

[exp {—ikrg (hg—P)}—1]

44y43 o2
) 7’3 1830
/G. 2 2
Y b | Os . . .
(c) cos Py, —-z(;) sin Py, "Ys"Bs cos Qs —1i¥,rg sin Qs1
5 ,
o) . AL . .
t('c—) T, 8in Py, — (?5) o, €08 Py ¥Y, 8In Qg Y, €08 (s
— 2 — q y 2 i 2 i : i
P (Y,—1) cos Py Pz (¥,~1) sin Py —psczy;rﬁs €08 gy —zPanrﬂs sin Qg
.y . 2 . .
| iPg Y, T sin Py, PXTa,Y, €08 Py —1P 2y, (V,—1) sin @5y —pe?V (¥, —1) cos @y

Py = k”a&(hl—zs-l) Qs, = k",gs(hx—zs-l)-

From (19) and (20) we get
B;gs(zs—-l) = D;QSE;;;BEQS(M)-
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(21)

Using the relation (a,;:)jk = (—1)** (“Rs)zp (Harkrider, 1964, eqn. 29), where
l=n+41-k, p=n+1—j and ag, is a nXn matrix, it can be shown that

- -1
DR,ER8 =a,".

81

Complete expression for a;:, has been given in Harkrider (1964).
In a similar way it can be shown that

B, (z) =D, N
B () = B, I,
where N is the column matrix with elements (@, @, €'. €') and
(Bi+X1+X,—R)) —2iZyrg .
Q= - [1— exp {skrq(hs~hy)}]

= ™
4(137'%

. (B1+x +X;——R;)irﬁs—221

4ickyry

[1— exp {ikrﬁs(kz—kl)}]-

Therefore
. . 1y
BRS(Z") = DRSERSBRS(}I‘I)

= aRs‘zB;s(hl)’

gy, BTO defined similar to Harkrider (1964).

(22)

(23)

(24)
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The equation (18) on utilizing (14), (20), (21) and (25) reduces to
CR = ARs Ry 1\ 1t dlB (0) AR Ry R .B (hl)

+A_;‘aR82BR (hy) .. .. (26)
utilizing the relation

ARs =apby .01 A;;AR'g =1 I == unit matrix
-1 -1 -1 -1 -1 _~1
Ar, = Rg_19Rs TRy = OrsgRsy VR = Vg "Ry
we get from (26)
Cp =By ()—Ay' apla,a,! By (h)+dg' ag'ay By ()
— -1 -1 -1 -1
—BRI( )= g, RstR( DA, 1“1"31“1%2 Rgy Rs(hl)
= B (0)+ 4. (B ()= B, () e e ..oen
or
¢ c
“bR -1 “bR
X!= ~c~°-+AR3l 8(7") .. .. .. (28)
Y 0 Sox, '
z 0 7R,
where )
-1 -1 4-1 1 YRy tig(o) PRy _ Py
Ay = Arg_y Ay = OF0sy o) 5 P =T =

’

. (uj_) b)) (f‘;) _ nh) _ onh)
[ c

c c c )

S0, = or(ha)—oxy(hy)  Orx, = TR, (By)—Tr(hy).
Also if %y denotes column matrix with elements (’A;+ A,m A;—A; @ —é
cﬁ:,+a3;) we have, following Harkrider (1964),
kn = Bz, Br,(2n_1)

- -1 -1

= ERna’Rn-l cne aR8+1BR8+1(zs) = ERnaRn—l v a’Ra+1ARsARaBRs+1(z5)

= JCg, .. . .. .. .. .. . .. .. (29)
where

J = Era ax.. Ag. = Er.a a; = Ex A
n*Rp_y - ORgy (AR, = LR, AR v %1 = HRp AR,

n-1"
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The boundary condition at the half space requires
A" =0 and J)n = 0.

Thus evaluating W, X, Y, Z from (29) and substituting in (28), the
surface displacements can be easily obtained replacing A;:l by' their Ag,
equivalents.

The components of surface displacements for the jth mode Rayleigh wave
are given by

UR 1 d
u, (r ¢, 0) = ——m( co);,% R k g H (k,\»].r) cos l¢

u:('r, b, 0) = m (uko) ! (kRj ) sin I

c k""R kR r
r - Wr, i
w_(r, ¢, 0) 77( p )A ="R] LR (Ichr) cos l¢, .. .. (30)
where Ky, are the jth mode or root of Fy = NK—LM = 0 and
@r, GN—LH
¢ T oFz [8( )( (ARyy )2~ (ARsl)u}
ok

K
b7

+5 (%'3)2 ~(Ary)) ot T (g )ay }+80R8% (A5,

K K
A (Argy)a ;’*‘STR, : _(AR51)12+Z (A& )11 d

B M ) TN
oF; c l W o/l o
K] c o Jn

d’s(kl)} . [“": (hy)]
+80R8 [' ‘{L‘,‘O“‘ Hj+287'RS -‘-d'To—“‘- . . . .o e (31)

using homogeneous solution notation following Harkrider (1964)
) L) w
_R.Q._!‘__ﬁz-sz_ o *= N * Jf*
: _L(c) L*( Fl = NK+L*M*,
In a similar way we can find the surface displacements associated with
Love wave components in the following form :
0 IH{(K 1)
L _ _ig) L
u,(,-, ¢: 0)_ "'77( c K:I\'L. KL.T COSM

ug(r, ¢,o)-n(vL°)h , AL LXK, p)sinlg, .. (32)
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where K, is the jth mode or root of FL = — (A );sunrg,—{A4.), = 0

) 1 i oL
- = T oF, _"(ALn)mB(_cj)+(AL“)1187L‘]
() =
. o, \ [77 (k) b
Ar) oF, ¢ o T
(A)y 35 | ¢y By
o\ O (k) by (k) . :

F, = (AL)g, +(AL)11l‘n";n~
For force system given by

pR = f(r) cos ¢p3(z—h) exp (iwt)  pX = —f(r) sin $3(2—h) exp (sut)
or

pX = f(r)8(z—h) exp (iwt) pY =0,

pX, pY being the components of forces in the direction of ¢ = 0 and ¢ = =/2;
if we replace f(r) by a 8-function such that

f f(rird o(kr) = L[2n,
0

L being the strength of the source, we get the case of point source in the direc-
tion of ¢ == 0.
In this case

_ _ % w v 4
S, =ikL[2m, br, = —kL2m, 8(—2) = 0, 5(—¢) = o, s(-i‘).:o,a —’ﬁ’)-.-.o
Rg Ls ! ¢ c ¢ ¢

and surface displacements as obtained from (30) and (32) agree exactly with
those for Harkrider (1964, eqns. 134, 137).

Similarly a force system given by
pR =f(r) cos ¢ exp (iut)  [H(z—hy)~H(z—hs)]
pX = —f(r) sin ¢ exp (twt) [H(z—hi)—H(z—hs)]
such that
f frwdo(kr) = Lj2a ah, Ah = hy—h;
0

corresponds to a vertical line source of total strength I, pointing in the direc-
<tion ¢ = 0,
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In this case, we have, from (21) and (25),

Ry L 1
8(—6—") =m < (1— cos APg)+{1— cos AQS)]

Tay
11;R 7, . ..
5(&.5)____ z sin AP5~sm JaY 22
c 2mp PNk Ta, rg
§
L 1
80"’3 = M{(Y8~I)E(l— €08 AP;)+7,(1— cos AQ,,)]
'S
iL sin AP, sin AQ
Sr o= SI S (V. s
TRs 217Ah[ § Txg (s—1) g
A

?}Ls\ iL sin AQ, L{1—~ cos AQ,)
-2 = SoAh or, = 5 7
c TA rﬁs 8 np.SrBsA

APs—_—k"ozsAh AQs=k7'BsAh

and surface displacements as obtained from (30) and (32) agree exactly with
those of Harkrider (1964, eqns. 141, 144, 145).

For a force system not in cylindrical system, one can directly use the
incident wave given by eqns. (28) and (29) of the author’s previous paper
(Roy 1965) for finding displacements representing point and line sources.

CONCLUSION

Burridge and Knopoff (1964) had given an explicit expression for the
body force that would have to be applied in the absence of fault to produce
the same radiation as a given dislocation. Roy (1965) calculated the dis-
placements in a semi-infinite elastic medium produced by body forces acting
inside the medium. The present paper gives the surface displacements
associated with body forces of all types acting inside an n-layered medium.
Therefore by calculating the body-force equivalents of any dislocation in a
fault, following Burridge and Knopoff (1964), one can find the displacements
on the surface for all types of dislocation in an n-layered medium by utilizing
the results of the present paper.
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