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An explicit analytical solution has been obtained for the plane strain problem
of an elliptic inclusion undergoing spontaneous dimensional changes in an
infinite orthotropic medium. This infinite medium is under the action of a
uniform tension in a direction inclined at an angle a to the axis of the ellipse.
The solution has been obtained by using Castigliano’s minimum energy
principle, along with complex variable methods and superposition principle
of linear elasticity. Many particular cases, such as when the inclusion
material is either eubic or isotropic or rigid, different from, or same as, that
of the matrix, may be derived from the solution. Further, the inclusion
may be & circular or a straight line segment which may be used to obtain
the solution of & crack problem.

INTRODUCTION

Inclusion problems were first studied by Mott and Nabarro (1940), and
by Frenkel (1946) for some simple cases. Eshelby (1957, 1959) introduced the
concept of point-force to solve inclusion problems and it was extended to
ellipsoidal inclusion by Sneddon (1961). This method was used to solve some
two-dimensional problems by Jaswon and Bhargava (1961). Bhargava (1961)
introduced the principle of minimum strain energy for such problems of
circular and spherical shape. This principle was successfully applied by
Bhargava and Radhakrishna to solve more general problems of inclusion
(Bhargava and Radhakrishna 1963a, b).

The papers cited dealt with only isotropic materials. Bhargava and
Radhakrishna extended the application of minimum strain energy to inclusion
problems of orthotropic materials (Bhargava and Radhakrishna 1964). The
materials of the inclusion and matrix were assumed to be different by them
(Bhargava 1961; Bhargava and Radhakrishna 1963a, b, 1964). Radha-
krishna (1964) solved the problem of circular orthotropic inclusion in a stressed
infinite matrix. In this paper the more general elliptic inclusion is solved.

Statement of the Problem

Inclusion, as defined in the papers cited, is a region capable of undergoing
spontaneous dimensional changes within an infinite medium called matriz.
The elastic properties of the materials have been assumed to be different and
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orthotropic in symmetry. The matrix is under the action of a uniform ten-
sion T at infinity, inclined at an angle « to the axis of the ellipse. The pres-
ence of the inclusion changes the elastic field due to tension in the matrix
at infinity. Further locked-up accommodation elastic field is developed in
both the media due to the presence of inclusion. To find the elastic field
everywhere is the problem of this paper.

Brier Review

For a brief review of the theory and notations used, the reader is referred
to Sec. 2 of our paper entitled Elliptic Inclusion in Orthotropic Medium
(Bhargava and Radhakrishna 1964). Suffice it to say that the stresses and
the displacements depend upon the two functions ¢(z;) and §(z,) :

p,, = 2R{a$'(z) +aj ()] |
Py =2Rf$@)HiE@] - . . ()

p,, = —2Re[a,d'(21)+ oy (22)] |
and
Ug = 2Re[my¢(2)) +maf(z2)] |

.. (14)
uy = 2Re[n,$(2:) +n99(25)]
The quantities a4, as, a5, a, are the roots of the characteristic equation
1304+ (20015 g)a% +2gg = 0.
The governing equation is
g 24—;+(2¢12+166) af%axgﬂ+¢u g; =0, e (2)

ay, g, @3, a4 are complex (Green and Zerna 1954; Savin 1961),
21 =2+ a1y, 2¢ =+ agy
€z = 011D, + %120y, ’
Cyy = QgD+ 18D, j '

Cry = %60y,

3

For simply-connected finite regions, these functions may be determined com-
paratively easily. For infinite regions, however, the internal boundary and
the region is mapped by a suitable mapping function
z = w(l)
to the boundary and interior of the unit circle in the {-plane. In addition
the z,, z, planes obtained by an affine transformation
2; = T+aY, %2 = T+ Y

are also transformed to the {-plane. These transforming functions z; = wl(‘l)
and z, = wy({) are found by evaluating the boundary values of z; and 2z In
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the ¢{-plane by making use of z = w({) and eqn. (1). We write
¢(z1) = ¢{wl(g)} = F(l) } . . .. .. (4)
h(zs) = Plwa({)} = G(0)

The boundary conditions when stresses are given, are
2Re{F(0)+-G(o)} = fi(6) )
2Re(a,F(0)+a,G(0)} = [(6) )

and when the displacements are given, they are

2Re {myF(c)+meG(0)} = uz(o)
2Re {n F(o)+nG(0)} = uy(o) }

where o = ¢if) is the boundary value of {. Application of Schwarz formulae
will enable the determination of F({) and G({).

The problem is solved by the following imaginary operations: First the
inclusion is removed; then the matrix is stressed at infinity. An elastic field is
created everywhere and in particular a displacement at the inner boundary.
This has been named as the free state of the matrix. Analogous to matrix,
the inclusion is allowed to attain its spontaneous deformation which, however,
is not elastic. This is the free state of inclusion. Next a state of equilibrium
boundary is guessed thus introducing some suitable parameters. Energy is
then caleulated in the matrix and the inclusion. It is then minimized. If the
solution satisfies all the conditions, e.g. the field equations, the constitutive
equations and the boundary conditions, then it is the solution.

The complex functions F({) and G({) for the case of an elliptic hole in an
infinite region under the action of tension 7' are known to be (Savin 1961)

(5)

(6)

By = B+ {2500 14 R 2y pe) !
- .. .. (D)
) = (B'*+ic'*){ —ihgb C_{_a+zk2b 2}_{_00(;) )
where
| 8|
B {(14+A2)+(1—E3) cos 2a;T
4(h,— )
o {(1+h?)+(l—-hf) cos 2«}’1’
4k~ 1)
% _ 1 8in 2a - (TA)
*=—
7 =T¢ o o .
oll) = B {ihk(ihy sin 2a-+ cos 2a+1)—a(th, —ih; co8 2a+sin 2u)}
Go(l) = ‘IzTIZ,—}p?—Zk*T;) {ih(ik, sin 204 cos 2+ 1)—a(ih; —ih, cos 2u+sin 2a)}



ELLIPTIC INCLUSION IN ORTHOTROPIC STRESSED MATRIX 337

The displacement components .., ., due to tension 7', at the inner boundary
of matrix are
"o __ sm z +,ymy .
= )’;ﬂ z +8my ( )
where

8" = oy 1{b(hy+hy) costa+a(cos?a—hihy sin%c)}%Y

8, = w-« {b (hihy sinZz—cos2a)+al(hy+hs) sm%c} b
. (8
”n (a+ bhg)(h1+h2)y sin 2o o411 T ( A)
‘)’a = 5 -
el b
" (a+bh2)(h1 +h2)x sin 20 %oy T \
Y= 5 27

We are writing superscripts m for quantities pertaining to matrix and i for
inclusion. For tension 7' parallel to z-axis, « = 0, and for that parallel to y-axis,
ki

o=,
2

Suppose that due to further action of inclusion, the boundary undergoes a
displacement given by

J

W = (=3 o+ (n =)y o
! = (=) s+ (e
Here we have introduced the unknown parameters e, e, ¥, ¥s, Which we
shall determine subsequently. It may be easily seen that the equilibrium

boundary between inclusion and matrix would be an ellipse obtained by
replacing x by z-€;2+¥,y and y by y-+eay+7, in the equation

2
_+3L

We may replace « by E:;j and y by %—l—z in the above equations.

b1
The function 2 = w({) = _‘1:_:_, :

into a circle | {| < 1. The corresponding transforming functions from z; and

2y planes are

a+iab tah 1
zx—“’x(l)""“*—l'c-f' 21 7

a+m2b§ a—iagh 1

2o = wo(l) =
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The boundary conditions, by eqns. (6) and (9), are

(10)

8" ‘ z(y,-‘r 1
2Re{m,F(o)+myG(0)} = — (“+;)a+ ( é)b}
/ \
|

SRelma B0 +ma0) = 257 (o4 ati(ea=17) (o= L)

By using Schwarz formula we may solve for F({) and G({). We may, however,
simplify these values if the coordinate axes are taken to be the lines of
intersection of planes of elastic symmetry of the material. In that case
ay = thy, ag = thy (Savin 1961); and therefore
O122—'01127?";’ “22—"1127’~_Za
hy T the
Also from characteristic equation ayih: hy = ags. Using these, the values of
F({) and G({) are found to be

=ik = —oghitayy; ng =
my = a=ph]+aje, Mg = —aphy+az; 7=

’ .7

. c;—ic, ¢ i ¢ Co—1¢, {

O=smaja ™ O=gm =y - 0 M
where

¢ = —a(aeg—amh;)hl(el—SZ')—bhlhz(am—-allh;)(eg—b‘:‘) '

C; = ahg(agg—algh?)(Gl—8?)+bhlh2(112—allhf)(Ez—s,b”)

02 = ahz(dzz—dlzh?)(el-s::)+bh1h2(a12—allh?)(€2-'8:') ]:' N .. (llA)

¢y = bha(ar—a1shs) (71— 77) —ahaha(are —20,h]) (Vo= ]) |
and d = O(llagz(hi"-hlhg‘*'hi)—a§2h1h2—2112122

The stresses in the matrix then can be easily found by substituting these
values of F({), G({) in eqn. (1).

To evaluate strain energy in the matrix, it is easier first to find the boun-
dary values of the stress components ], 7y, Py, and then to use Claperon’s
theorem (Sokolnikoff 1956) which states that the strain energy

wM = %§(P zuz'l‘Pnyuy)
Here
g = P cos (z, )+P"'b cos (y, n))

and - - e e (19)
P,, = ny cos (z, 'n)-J,-P_W cos (y, n))
(1), (9), (11), (12), we get
wy = % { a2(hy +ho) @za(e1 —8)) + ik iha(Ye—7])?)
+2ab(spp+o1hihe) [(,—87) (e2—87) — (Y1 =¥, ) (72 —77)]
+02(hy +ho) [w13hyha(e— 8))* +aze (1 —7])"]). .. (124)

Using the eqns.
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This gives the energy in the matrix.
We find below the energy in the inclusion. The inclusion undergoes

a spontaneous deformation, given by the displacements (Blz+v'y, ¥, 2 +8y).
This is the free state of the inclusion. In equilibrium position, its displace-
ment from this free state is therefore

'”‘l = (- 82)‘”‘*‘ (" —J’f,)y,

= (Yo=Y} a4 (g —8))y
whence the strains are

1

b1 1 ; : N .
ex:r = (€x-8a), e_vy = (62—82)’ e;y = (y1+y2_'y:{_‘y;}) *
The stresses, therefore, are .

(q —82)[322'—(62—-81)612

p.ix = - 5 >
Bnpzz"ﬁ 2
P =(€2—8t)ﬂ11"’(€1"‘8;)'812
vy ’
‘811'322_3?2
i ViHYe—Y
. Bos

where f,, are elastic constants of the inclusion material with the same mean-
ings as «;; in eqn. (3). The strain energy is

aab [ (1=8)) Byt (c2—81) B, —2(e1+8,)(e2—3,)8,, +(7, 7= =)
W, =71 = - .
2 511322"3;2 BGG
The sum total of energy in the inclusion and in the matrix is w,,+w; = w.

Minimizing w with respect to the parameters ¢;, e, ¥;, ¥;, i.e. putting

?_“i—_:a_w:i‘—'f=%ui=0,weget

{ab[8id+hyho (B, Byy — BT, 8. 1+ abB, o xap+x10hihe) (3, +57)

+oy1hhe(hy +h2)(52/3223,i +a2hhof, B,
—b[aB, ,(xge+a19h1hs) 4B, xprhiha(hy+ho)}(8,~87) |

T a4 (B, By — B+ 2008, (a0 arshhe) ’
4%, ook +hs) +b2:822°‘1 vhrkalhy +hg) }
ab[dS;;-}-h tha(BriBae—B.5) 3y |+ ahBys(age+ x1ohihe) (3,457)
+ayyhyhg(hy +ho)(a2hiheBy 13§,+b2l9225:) —~afbBog(cop -+ a12h1hs)
o= +0B15%gs(hy +h2))(5,— 3]

ab[d+ (81182 — B0 hihz 1+ 2abB1o(es+x15P z) + %P1 100e(h1 +hy) ,
+b2Bgey 1k ha(hy +hs)
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afauyy(hy +ho) +b(oyihiky +ar2) (¥, + ¥~ 77 ) + ¥ b[beyyyho(hy + hy)
Fa(oy1hihg+oyo+Bas)]

Y =
! (@24 b2hohy Yoy (hy + ko) +ab(2ey 1 hyhy + 2050+ Bag) ’
b[bayshyho(hy +k2)+a(°!11hlhz+0‘12)](7’;+‘}’f,'—)’;,”)+¢W;," [axy (b +5y)
v, = +b(e19+ 11122+ Pes )]
2 (a2+B2hoh )y y(hy +ho) +ah(20q 15 o+ 201 0+ Bge)

The solution has been derived from eqn. (2) which itself is derived from the
equations of equilibrium. Thus the solution satisfies the equations of equili-
brium. They also satisfy Hooke’s Law. It may be verified that the normal

stress pfm and tangential stress pi’,s at the boundary are continuous. They

are in fact
v _ —l(b+ah)er—(b+ahs)co]l +[(B—ahy)cy —(b—ahs)ey] cos 28
P = Sab(h,— hy)d

ab(y' +y,—y"—y)') sin 28
a1 (@2+ b2y hy)+ ah(2ay 1k Ry + 221+ o)
o _ —[(b—ahy(c;—(b—ah,)c,] sin 28
Ps = 2ab(h; —hy)d
ak(y:+y,—yr —v)) cos 28
" gy (@2 0% yha) (k) +ho)+aR(20 Rk + 2015+ Bes)
where ¢,, ¢, are given by eqn. (11A); and B is the angle between the normal and

the z-axis.
As regards the hoop stress in the matrix at the equilibrium interface, it may

be seen that it already had a hoop stress due to a tension T at infinity. Thus
the hoop stress in the matrix at the equilibrium interface is
i _ —[ b+ah)o,—(b+ahs)cs]—[(b—ak,)c, —(b~ahg)c,] cos 28
Pes = Sab(hy —hy)d
4 ab(y,+v,—v. —v}) sin 28
(@2 +0%hhs )y y (B +ho) +ab(2ey 1k ke + 2015+ Bes)

+ 2 { hl(a+h1b)c, _ kg(a+hgb)cg ~ %
ab(hy—ho)d | (141])—(1—K]) cos 28 (14hj)—(1—h2) cos 2B
2sin28 (  Mab—ah), _ hy(b—ahz)c,
ablhy—ho)d | (14-h)—(1—A%) cos 28 (1+A7)—(1—h) cos 28

while in the inclusion, it is
—[(b+ah,)e, —~(b+aks)oe] —[(b—ah, )¢, —(b—ahy)c,] cos 28
2ab(hy—hy)d
N ab(y, +7,—¥, —7;) sin 28 .
(a%4b2hyho )y (By+ ho) -+ ab(2011h1he + 20154 Bee)

b
P =
55
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It may be remarked that to find the stress field in the matrix, one has to

superpose the stress field obtained from the tension at infinity over the one
obtained by the complex functions F({), G({).

Quite a few important cases, and some of them physically important, can
be derived from the above results, e.g. when the materials are the same, when
one is cubic and another is isotropic, ete. Further, all the results derived by
Jaswon and Bhargava (1961), Bhargava and Radhakrishna (19630, 1964)
and some of the results of Eshelby (1957, 1959) can be deduced as particular
cases.
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