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This paper gives an extension of spinor analysis to n-dimensional non-
anslytic complex space. The topics for discussion are mainly those con-
tained in another paper by the author, ‘Generalized theory of spinors’, where
the treatment is restricted to two-dimensional non-analytic complex space,

INTRODUCTION

In a recent paper (Ghosh 1962) a generalized theory of spinors has been
developed in a non-analytic two-dimensional complex space S8, having an
auxiliary real space R, associated with it. It has been shown that there exists
a (1-1) correspondence between similar entities in S, and R,, the relevant
connection formulae being preserved if either S, or R, is specialized (Ghosh
1964). In the present paper the earlier treatment is modified so as to be appli-
cable to an n-dimensional non-analytic complex space S,. After discussing
the transformation properties of generalized spinors in S, under a general
coordinate frame one can introduce in S, a metrical spinor, metrical
affinities with the associated covariant derivative of spinors leading up to the
definition of curvature spinor in much the same way as in one of my previous
papers (Ghosh 1950) and can build up a generalized theory of spinors in S,.
The connecting relations between similar entities in S, and in the associated
real space Ry, are expressible by means of a set of two-index spin-tensors
with characteristic structure. As a special case in this general theory we have
considered a 2n-dimensional Lorentz transformation in R,, with its spinor
representation in S, having (1-1) correspondence,

1. NoN-ANALYTIC COORDINATE TRANSFORMATION AND
DEFINTIION OF GENERALIZED SPINORS

We consider an n-dimensional complex space Su in which a point is
located by » coordinates X*:

X = gt l4ip2-2(g =1, 2,...1), N ¢ 55 §)

where the z*¥’s are 2n real quantities. Associated with S, we have the real _
auxiliary space R, with coordinates z*. Let £, denote differential operators
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corresponding to (1.1) so that

_ 0 . @
fa=5m 'axzn-u)<oc=1,2,---n)~ o (12

To denote the complex conjugates of (1.1) and (1.2), we use the dotted nota-
tions X% and &;.

Let us next define the general non-analytic complex coordinate trans-
formation from the system X* to another system X'*. We set up a general
transformation scheme of real coordinates x* in Ry, given by the system of
reversible transformation equations

ok = ¢Fa0, 21, .. .atm )k =0,1,...20-1) .. .. (1.3)
and regard them as effecting a non-analytic complex transformation in S,
from the system X% to the new system X*. The differentials dX* are then
transformed {Ghosh 1950) as
dX* = dX*(¢,X™)
. s
dX'* = dX*(¢, X1
where the dummy index a« runs over the values 1, 2...2, 1, 2, .
We now define a contravariant spinor of rank one with 2n components

(%, z/;"“) and a covariant spinor of rank one with 2» components (g ) by the
respective transformation formulae

P¥ = y*(g, X*) (1.5)
4, = ¢ (£,X7) (1.6)

It is easily verified that coefficients of transformation in (1.5) (1.6) satisfy
the relations

=1,2,...m), .. .. {14)

g(a=1,2,...n; i,2,...%).

(EX")EXP) =8E, )
(faX'F)(ét;Xﬁ) —0. | .

Transformation formulae with regard to spinors of higher rank can be written
down following the usual rule. The process of contraction holds good in
accordance with the extended summation convention.
Infinitesimal transformation formulae in S, and R,, are all obtained
from the system of infinitesimal transformation equations
o'k = ak+eff(a0, 21, ... 220-1) (¢, infinitely small) .. .. (1.8)
following up the procedure in the paper (Ghosh 1962) with due regard to the
extended summation convention. Thus in the formulae of transformation
coefficients
£X" = Sht el B, £ X H =g F )

(e, p=1,2,...m) .. (1.9
§ XH = 5"‘—5§ F*, dX”" = —-GfaF"}

(1.7)
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we take now F¥ = fr-144f2"~# Fi denoting its complex conjugate. Infini-
tesimal transformation formulae of spinors and tensors of different ranks are
all similar in form to those already given (Ghosh 1962).

For purposes of developing an analytical theory of spinors in S, we note .
the following two modifications required in the transformation scheme (1.3)
in two ways:

First postulate all transformation coefficients like ¢,X* to be zero, the

set of transformation equations (1.3) then takes the complex form
X* = ¢HXY, X5, ... X"), .. .. .. (L10)

next postulate all transformation coefficients like faXl” to be zero, the set of
transformation equations (1.3) then takes the complex form

X* = (X1, X2 .. X%). .. .. .. (11D

Further development must proceed from these two sets of transformation
equations of which the first set possesses group property while the second
does not.

2, CONNECTION BETWEEN SPINORS .IN 8, AND TENSORS IN Ry

Let 4y, A1, ... Agy-1 be the components of a vector in R,, obeyving the
transformation law
A;=A,i”-‘,l—k(k, 1=0,1,...20=1) .. . T )
0X

and by, Py, - W5 Y By, - Y, De the components of a spinor of rank one in
Sy obeying the transformation law
4,"‘: (,l,a(g;x‘*)(m, p=1,2...n;1,2,...%). .. .. (22
Comparing the above for equivalence with (2.1) we get
b, = HAaei~idsna)e=1,2,..., 7). e (23

Introducing spin-tensors Tz defined by the 4n non-vanishing components

T°“1=%,T2".'°‘=~%,T;‘1=§, T;"‘“:%(a=1,2,...n) . (24)

we can express (2.3) in the form
ke
b, =T'Ay. R - X

To invert the relation (2.5) let us introduce spin-tensors S8 defined by the
non-vanishing components

8 1=18;

-3 2n-o

=i, 8 =1,8 ,=—ile=12...0) .. (26)

-1
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and obtain
Ay =8y, e
It is easily verified that the spin-tensors S and 7' satisfy the relations
SETE = o, wr =8, SiT;=0. .. ... (28)

For contravariant spinors and tensors of rank one we have the connecting
relations

= ShAh, AT = T (29

Spinors and tensors of higher rank are similarly correlated (Ghosh 1962).
We remark further that for any change of coordinates of the type (1.3) both
in spin-space Sy and in auxiliary space Ro,, all such relations will hold good,
the T°s and §’s remaining unchanged. We give below the formulae connect-

ing the coefficients of transformations under the general coordinate system in
Sy and Boy:

ozt oxt /
§p Szaa E Ak T;S‘k‘gy.xa}
- (2.10)
X" = Tisﬁ‘gxng; = T,87X" |

The equations of transformation (1.3) being the same in both &, and Roa,
in the present theory entities of a new kind occur which can behave either as
spinors in Sy or as tensors in By, with characteristic connecting relations.

3. MEeTRIC SPINORS AND METRICAL AFFINITIES

Let us now introduce in S, a Hermitian covariant metric spinor o
with components
Gup = Tgor Tgp =g = M 9,

, e 3.1)
945 = ©O0j §,p g“f? = C0nj Jyg |

@8
Making use of the Hermitian determinant

9i; iz -9 Jii--9in

9 Gag - Gon Gat-- T
91 Fi2- J1n gyi--- 915

Ja Inz 9o Gui* e Ini
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one can define the contravariant metric spinor gt satisfying the conditions
gﬂog""’=1,if,},=ia)
=O’if/";é"’jf' .. . .. (3.3)
938" =0 }

Raising and lowering of indices in a spinor can be performed by the metric
spinors according to the following scheme:

'ﬁu:gw‘/'”};x. OO . %31
$,=9,4")

In the auxiliary real space Ry, there will be a symmetric tensor fx which
corresponds to - in S,. The components of #x; are given by (2.7) as

T, = gWS';Sl". . . . .. (3.5)
Evaluating the above we obtain for values of ¢, 8 = 1,2, ..., 7
a1, 8—1=9upt9apt9ast9ap
ty—_1, 2n—B = Wap—iap+i0ap—19up
ton—a, B—1 = ap—¥sp—Wap+1uf
bon—a, 2n—p = —9up— 955 T0a8+Tap
Metrical affinities 1":,, in Sy satisfying Hermitian symmetry with respect to
the indices u, v will be defined by
IS, = 4 g +eg0—b00) - - - (BT

, v, o ranging over the values 1, 2, ...7n; i, 2,...%. There will be four dis-
tinet types of such I”s. It may be shown (Ghosh 1950) that the law of trans-
formation satisfied by I';, is given by

s = (E£X)(EX")+(EXT)(EXP)(EX ). @9
The analogue of sz in Ry is

vl
L,,=ro 88T, .. .. .. .. (39

m n o

The formulae for covariant differentiation of spinors yielding the definition of
curvature spinor can all be written down with an obvious similarity with
their analogues in Rgzs. The connection formulae discussed in Sec. 2 will hold

good with respect to similar entities in S, and Ry, their forms being preserved
for any change of coordinates.
2B
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4. REPRESENTATION OF 2%-DIMENSIONAL LORENTZ -
TRANSFORMATION IN S,

In the 2n-dimensional real space Ry, we consider a set of linear trans-
formation of coordinates defined by

o =Lk, 1=0,1,..,2m=1) .. .. .. (@4l
which leaves invariant an elementary tensor ¢,, with non-vanishing com-
ponents

€o=¢€11=...=€_3 1= —1 } t<m,
€t = €41 41 = - - - T €anal, 2021 =
so that the relation
mp = leLfnLi, .. .. .. .. (42)

is preserved among the coefficients L;. This Lorentz transformation in Ry
will induce a corresponding spinor transformation in the auxiliary spin-space
Sn. Referring to (2.10) we obtain the contravariant spinor coefficients ex-
pressed as

£ X¥ = YT+ I+ - 1)

" (4.3)
EXF )ﬂ‘[(L“ I—Lﬁﬁ'ﬁ)—i( i T+ 2»-&)}

Inverting (4.1) we write
ok = [ral, R % 3

where
L' =8
The covariant spinor coefficients of transformation are then given by
ex"‘ TS“ .. .. .. .. (4.5)
Corresponding to the fundamental tensor ¢, in Rgn we ‘have the invariant
épinor Puv in Sp connected by the equation

P =T T’eu O X )

The non-vanishing components of p,, are then
P11:P22="'=Pn=_% \L

P,+1(,+1)~=---=P,,;,—%

t%)
Peg = CODj pygs  Pio = 00D Pad}

The invariance of p,, under the spinor transformation yields the conditions
s

Py = PaglE,XNEXP) N )
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to be satisfied by the spinor coefficients of transformation. The associated
contravariant spinor p* is defined by the non-vanishing components

Pl p22 = ., = ptt = =2
prrLIHY) = | =t = 2 } “9)
with their complex conjugates, so that
p"”p“/\ =3, pi‘"’pm\ = 0. .. . .. (4.10)

The spinors pw*, p,, may be used as metric spinors in 8, in raising and
lowering of spinor indices according to the following scheme

W=y g =r 0 .. . .. (4.11)

We shall call the non-analytic spinor transformation in 8, defined as above a
Minkowskign spinor transformation. The spinor representation as obtained
here is in (1-1) correspondence with the 2n-dimensional Lorentz transforma-
tion Rgy.
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