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An exact solution for the problem of unsteady temperature distribution in
the case of a fully developed laminar flow through a pipe has been obtained,
The heat due to friction has been taken into account but the process of heat
transfer considered here is of forced convection.

INTRODUCTION

The exact solutions of steady temperature distribution for the cases of
Couette flow and Poiseuille flow through a channel with flat walls have been
discussed by Schlichting (1951). In both these cases, he had assumed the
temperature to be constant in the direction of flow and to vary only in a
direction perpendicular to the direction of flow. The heat due to friction
has been taken into account by him. The process of heat transfer considered
by him is of forced convection. In the present paper, the author investigates
the axisymmetric unsteady temperature distribution for the case of a fully
developed laminar flow inside a circular pipe under the same conditions. The
situation can be realized if initially the temperature of the wall of the pipe is
the same as that of the liquid and then the temperature of the wall is suddenly
raised or lowered and kept constant. The case of steady temperature distri-
bution has been obtained by taking the time since the start of the process of
heat transfer to be infinite.

ExERGY EQUATION

Consider a fully developed laminar flow through a circular pipe with
heat transfer taking place. Assume that the temperature is constant along
the wall; and let the initial and boundary conditions be
1=0:7=T7, for0<gr<a (1)

t>0:7T=7T, forr=a }’
where a is the radius of the pipe, 7' is the temperature of the fluid at any
time ¢ at any point in the pipe whose distance from the axis is 7.
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With the conditions (1), it is clear that the temperature will vary only
across the cross-section of the pipe. Hence, the equation for temperature
distribution in this case will take the form

oT T 19T\ ul6Uz2

PICS = (8r2+; 5)_*- at @

Here p is the density of the liquid, g is the acceleration due to gravity, ¢ is

the specific heat, k is the thermal conductivity, . is the coefficient of dynamic

viscosity and U is the average velocity over the cross-section of the pipe. All
these have been taken to be constant for the temperature changes.

SOLUTION

T-T
Writing ¢ = 7 Tl and r = au, the eqn. (2) after simplification reduces to
o—

ae k 2% 106y 16pU2u2
)+ (3)

at a‘&i ﬁ E‘L TU —Tl)az )

And the initial and boundary conditions (1) become
t=0:0=1 for0<u<1
. R 73
t>0:6=0 foru=1 f
By applying the finite Hankel transform, eqn. (3) can be reduced to

1 2
00 0“6 196
pge J‘oﬁ wJ o(pu) du = a—fo (6u2+u au)uJo(pu) du

16pU?
a¥(Ty—T)

where p is chosen as a positive root of the equation Jo(p) = 0.
Now

azo 1 ao

1
- f 5%( ;‘j)Jo@u)du
0

20 ! ' 20
- - —dJ du
= [’M 3 Jo(pu)]o P J'U w ou 0(1’"')

1
+ w3 o(pu) du, .. .. (B
0

1 1
a6 . 90 ] _
= —p J-Oua—uJo(pu)du, as [u%.fo(pu) . 0,
1 1
= —-p[w{,(pu)] +p f 8[J; (pu) +pud o(pu) ] du
0 0

1
= —pzf Gud o(pu) du, as [uOJ{,(zm)]:) =0 and Jo(pw)
0
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2

satisfies Bessel’s equation u? ,%TZ'*‘“ g%+ puty =0,

= —p20.
Next consider

1
f u3J o (pu) du
0

Let pu = ». Then we have

1
f udJ o(pu) du
0

vaJ()d
= — Jo(v
fz’ o

0
1 )
=— [{v2 . le(v)}f,’——f 20, vJ(v) dv}
p [t}
= S~ 20730}

= ;—4 [5871(p) — 20°T o(p)].

Substituting these values, we see that eqn. (5) becomes

df  —kp%0 16,02
pgca—t—.—_ P> (To'—' 4[p J1 ) 2272']2(1’)]

or

b kp®d _ 16uU?
dat @t gca2 pgca(To—T,)p? [pJ1(p)—2J5(p)}:

Integrating, we get

G = Ce” kptipgea®

16pU2
+m [pd1(p)—2J 5(D)],

where C is an arbitrary constant.
The first of the conditions (4) becomes

6= ﬂ“p‘) at t = 0.
P
Applying the condition (7) in eqn. (6), we get
) _ gy 16RU
P 0+k(T0.-T1)p4 [p71(p)—2J5(p)}-

Hence, substituting the value of C from eqn. (8) in eqn (6), we get

§ = J 11()1)) e—kpgtlpgcaz + 16uU2

E(_T-_T—)—Z [-le(p) 2J2(p)](1 e‘kf‘ t/Pgca )

3B

(6)

")

(8)

G
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Hence, by the inversion formula (1951), we have

- 2J1(D)  _stupat . 32uU2
o S ety

2 )
? J(p)
. v (10)
the summation being over the positive roots of the equation
Jo(p) = 0.
Substituting 6 _I-T, d . . .
g U= Ty, and 4 = r/a in (10) and rearranging, we have
pr \, -#r%ipece?
T—To _ l—zzJO(a)e
T,~-T, > »J1(p)
32uU2 U | 2J4(p) ! )
+ 2 - kp2ipgea’ pr
[lc(Tl-To) - (3] 1(p) p4J2(p)1( —e 50"} (;}]. .. (1)

Writing k/pgc = o (the thermal diffusivity), E]‘Z—C = P (the Prandtl number)

Uz
and m = K (the Eckert number), we see that eqn. (11) becomes

v 2,2
T—1, 2J°(%)¢ o
T,=T, " l—z pJ((p)

r
(%) 2r(%)!

. . (] —e-ur?a®) ] . 2
L py(p) T prJp) ;( ’ ) a2

+|32pP- E$

STEADY STATE SOLUTION

The steady state temperature distribution is obtained from the solution
(11) by taking ¢ tending to co. This steady temperature distribution is given

by

T = T,+32"U2 {szll() ;;I;f(p))} "(a) T

In order to obtain this solution (13) from eqn. (3), we proceed as follows :
For steady state, eqn. (3) reduces to
d0 1d6 16pU2
dt T T HT, =)
The boundary condition is
=0 foru=1 .. - - .. (18)

=0. U 4 13
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Replacing 6 by T= T 1n eqns. (14) and (15), we have

d*T 1dT  16pU2u2
w2t T 7 =0 .. .. .. (16)

and
T'=7 foru=1. .. .. .. .o (17

The solution of eqn. (16) subject to the condition (17) is given by
2
T=T1+"—kU— (I—ut). .. .. .. .. (18

The Fourier-Bessel expansion for (1—wu4) over the range 0 to 1, as given
by Relton (1946), is

1—u4=ZA,Jo(pu), R ¢ 1)
4

where the summation is over the positive roots of the equation Jy(p) = 0
and

2

1
. P — 1—ut 0. .. .. .. (2
>~ 750 j (1—utyut o(pu) duw (20)
As J(')(p) = ~J1(p), we have from (20) that

. — 2 !
T f (1)t o ) duc

Putting pu = v, we have
: °J
ip = 7 p)f ( p4 P o(v) dv

=l (=)o +[ & o]

=—‘% f pory szl(v)dv]
1

{% ) Jg(?)) f — 92 4(v) dv}

__2 |4 J 8v3J5(%) 4,
J¥(p) I PO T

_ 2 4J2(P) _ { v8J5(v) }ﬂ
Jip)| P* 28 3,

[4J2(P) 8Ja(?)]
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Since 2J1(p) = p{Jo(p)+J4(p)} and 4J5(p) = p{J1(p)+J4(p)}, We have

2 2J4(p) | 8§47
4= J2<p>[zﬂ{ po Ty ‘ﬁ%‘“i‘“p) ~h® }J

- 1 2J5(p)
= 32 ——_ . =2\P)
[PEJ 1(p) 4T f (p) ] )

Substituting this value of 4, in (19), we have

—yd = E ‘ e 2(%) l
1 Uu* = 32 Ty J :Z)QL
: 3 ’-1( ) ( ) ( ). .. . (21)

And substituting the value of 1—u4 from (21) in (18), we have

32,LU 1 2J5(p) |
T=T,+ 2P\ 7o (pu).
Z}’"J 1(p) p*J3(p) ¢

Replacing « by r/a, we get

32pU [ 1 2J5(p) | (pr)
T=T e Ty
o Z P¥,(p) p4J2(p)_J° @ .

This result (22) is identical with the result (13).

NumEeRICAL RESULTS AND CONCLUSIONS

It is worth noting that the terms in the first square bracket on the right-
hand side of eqn. (12) are due to conduction of heat, and are the same as
in the case of a fluid at rest with no frictional heat generated; and the terms
in the second square bracket are due to the heat generated through friction.
The symbol ¢ will be used to denote the terms in the first bracket on the r.h.s.
of eqn. (12) and the symbol  to denote those in the second bracket. Tables 1
and 2 show the values of ¢ and ¢/P-E corresponding to various values of the
dimensionless parameter at/a2 at r/a = 0 and at rja = 0-9 respectively.

From the above values of ¢ and ¢ corresponding to various values of
at/a?, the following conclusions may be derived: The heat due to conduction
and the frictional heat increase with the increase of time at all points in the
pipe, a fact easily seen from eqn. (12) also. The frictional heat increases from
its value zero at the wall of the pipe to its maximum value at the centre of
the pipe. On the other hand, the heat due to conduction decreases from its
maximum value at the pipe wall to its minimum value at the centre of the
pipe but as time passes the heat due to conduction becomes more and more
evenly distributed throughout the pipe and ultimately in the steady case it
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TasLE I
Values of ¢ and $/P-E at rla = 0

otfa2 é G/ PE
004 0-004 0048
006 (-030 0-106
0-08 0-082 0179
010 152 0256
0-20 0-499 0570
0-40 (842 0:864
0-60 0-950 0-957
0-80 0-984 0-986
1-00 0-995 0-995

b4 1:000 0-998

Tapre 11

Values of ¢ and $|P-E at rla = 09

ot/ é $/P-E
004 0766 0-176
0-06 0-819 0-205
0-08 0-851 0-227
010 0-874 0-243
0-20 0-934 0-291
0-40 0-979 0-330
0-60 0994 0-339
0-80 0-998 0-342
1-00 0-999 0-346

w 1-:000 0-346

We note that ¢ = 1 and ¢/P-E = 0 for all values of
atfa® at rla = 1.

becomes uniformly distributed throughout the pipe. It may be observed
that the heat due to friction will be small if the dimensionless product P-¥ is
small. And as the product P-E is generally small (specially in the case of
liquids of small viscosity flowing with small velocities), it follows that the
heat due to friction is small. But it cannot be said that the heat due to fric-
tion is small as compared to the heat due to conduction even for small values
of the product P-E at all points inside the pipe for all times. In fact, the
heat due to friction will be greater than that due to conduction near the
centre of the pipe even for small values of the product P-E up to a certain
instant of time after which the heat due to friction will be less as compared to
that due to conduction. Of course, near the pipe wall, the heat due to friction
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will be small as compared to that due to conduction for all times if the product
P-E is small.
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