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In this paper an attempt has been made to find the solution of Navier-
Stokes equations for the steady flow of a viscous incompressible fluid through
a porous pipe of uniform ecircular cross-section with small suction at thoe
porous wall. An exact solution of the dynamical equations reduced to
third and second order non-linear differential equations with appropriate
boundary conditions is obtained. It is found that the maximum velocity
of the flow exists on the axis of the pipe and that at the centre of the mouth
it is greater than the maximum velocity of the Poiseuille flow. The axial
pressure gradient and the axial velocity decrease along the length of the
channel and vanish simultaneously at a tinite distance from the mouth of
the pipe. It is noted that due to suction an adverse pressure gradient is
developed beyond the point where both axial pressure gradient and axial
velocity vanish, which causes a back flow from infinity to this point. The
magnitude of the skin friction coefficient increases with the increase of the
suction parameter A, defined with reference to suction velocity and pipe
radius. For A = 0, the results transform to the known results of Hagen-
Poiseuille flow.

INTRODUCTION

An analysis is presented for the flow of a viscous incompressible fluid
through a porous pipe of uniform circular cross-section with small suction at
the porous wall. An exact solution of the Navier-Stokes equations, reduced
to third and second order non-linear differential equations with appropriate
boundary conditions, is obtained. A perturbation method is used to solve the
equations for small flow through the porous wall.

The exact solution of Navier-Stokes equations for the flow of a viscous
incompressible fluid between two parallel plates, one in uniform motion and
the other at rest with uniform suction at the stationary plate, has been recently
investigated by Verma and Bansal (1966). The Hagen-Poiseuille flow in a
circular pipe is well known. Yuan and Finkelstein (1956) discussed the laminar
pipe flow with injection and suction through a porous wall under the assumption
that the maximum velocity of the Hagen-Poiseuille flow exists at the centre of
the mouth of the channel. But it is found that the pressure gradient along
the axis, at the mouth of the channel, is not the same as the pressure gradient
of the Poiseuille flow.
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In a recent paper Choudhary and Sinha (1964) have discussed the steady
flow of a viscous incompressible fluid through a uniform circular pipe with
small outward normal suction under the assumptions that the pressure is
uniform over a cross-section and that the axial pressure gradient is uniform
throughout the channel. The assumption on pressure seems to be very
restricted. The uniform suction at the boundary may be very small; even
then the change in the pressure gradient along the axis of the pipe cannot be
neglected. Moreover, their final expressions for the axial velocity distri-
bution and the radial velocity distribution do not satisfy the equation of
continuity.

We have reconsidered this problem under the assumptions that the flow is
due to the pressure gradient of the Hagen-Poiseuille flow at the mouth and
that the suction at the wall is uniform and small. Moreover, a perturbation
method is used to determine the motion instead of assuming the form of
stream function as done by Yuan and Finkelstein.

It is found that the maximum velocity of the flow exists on the axis of
the pipe and that at the centre of the mouth it is greater than the maximum
velocity of the Poiseuille flow. The axial velocity distribution is parabelic.
The axial pressure gradient and the axial velocity decrease along the length of
the channel and vanish simultaneously at a finite distance from the mouth of
the pipe. It is interesting to note that due to suction an adverse pressure
gradient is developed beyond the point where both axial velocity and axial
pressure gradient vanish, which causes a back flow from infinity to this
point. In the present case the radial velocity, which vanishes in the Poiseuille
flow, has a finite magnitude except at the axis of the pipe where it vanishes.

1. FOBMULATION OF THE PROBLEM
The Navier-Stokes equations of motion in cylindrical polar coordinates
for a viscous incompressible steady flow are

a o wou lap
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and the equation of continuity is
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and x is taken in the direction of the flow, r is the radial direction, ¢ is the
azimuthal angle and u, v, w are the velocity components along z, r, ¢
increasing.

If the axis of z is taken as the axis of the cylinder and r is measured at
right angles to it, then for laminar flow through a circular pipe

0
w=0,i¢=0. .. .. .. N (1.5)

Hence eqn. (1.3) identica,lly vanishes and eqns. (1.1), (1.2) and (1.4) become

ou 1dp, (0%u 10u 0% .
B i ! (16
1 ap % 0% 10v v
+05_ ~parTY [ax2+ar2 r or %_2} (1.7)
and

du Ov v ,

3tz =0 . . .. . .. .. (L8)

The boundary conditions are
r=R; v=uv, u=0}
and L (1.9)

r=0; ’U—O,%— OJ

. . . . ov . .
Since there is uniform suction, 5= 0, therefore v is a function of r onlv.

2
It is evident from eqn. (1.8) that %: = 0.
Thus the eqns. (1.6), (1.7), (1.8) reduce to

S, ot lop ot 10u
Wt = '“;a?“[?’ﬁ‘*‘ ]

o . (1.10)
ow_ _1dp, [az” 1y ”] N T §1
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wtHmty— .. .. .. .. .. . {(112)
Let us introduce the non-dimensional quantities as follows :
,lz — _’cf'_ ,“)' — :v_ P x m— I ) = ...ZL_
—Um, ——vo,x R P—p ?n!
a="f p _UnB R ¢ B &)
v 14

where R is the radius of the cylinder, v, is the suction velocity and U, is the
maximum velocity of the Poiseuille flow when there is no suction, and A
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and R, are the suction parameter and Reynolds number for the axial flow
respectively.
The eqns. (1.10), (1.11) and (1.12) in non-dimensional form are

_o0u, A o 9p 1 (0% 1da
Tt R = i E(&,‘ﬂ 5977)’ . (1.14)
av __z@ 1(821) 199 6)
Yo T TR AT i - (L15)
and
o . A 617 {7}
6_5+R;(é;)+;’)=0 .. .. . o .. (1.16)
The boundary conditions (1.9) with the aid of (1.13) are
p=1;9=1, d4=0
and l (117)
1=0; =0, a—?z—()j
o
Let
i)(:—i" 77) = po+p (II‘, n) ’
a(F, n) = ug+u'(%, ) - . o .. (1.18)

where the primed quantities are the perturbations caused by the suction and
P, and u, are the known quantities for flow when there is no suction (i.e. the Ha-
gen-Poiseuille flow in a circular pipe (Schlichting 1960)), satisfying the equations

apu auo.
and - .. .. .. (1.19)
p, _ (azuo 1 Buo) i
I on2 "y Oy
We have p, independent of 5 and
g = (1—72). (120

Substituting (1.18) in eqns. (1.14), (1.15) and (1.16), we get

ou’ , Ouy ,\ o ouw _ dp’

1 [0 lau’]
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The boundary conditions (1.17) with the aid of (1.18) are

n=1;v=1 4 =0

and C e e (129
ou’
=0;7=0, .—=0
7= p
2. METHOD OF SOLUTION
Let
1
~ N .. .. .. ..o {21
nf(ﬂ) _ (2.1)
therefore from eqn. (1.23) we have
b A1,
W= =gz fa)+Fe) L2y

where f(n) and F(x) are the unknown functions to be determined.
Substituting (2.1), (2.2) in eqns. (1.21) and (1.22), we get

S (YT NS/ G

Ig% B —nf A =l ) . .. (23)
%{'7—= %%[nzf’énf'—A(nff'—fz)J- e ey

At the mouth of the channel the pressure gradient along the axis of the
channel is the same as the pressure gradient of the Poiseuille flow.

Therefore, at z = 0, %— = 0.
Hence from (2.3)
1
FAL P o B =0 L 28)

Differentiating (2.4) with respect to %, we have

o%p’

3zon = (2.6)
Now differentiating (2.3) with respect to 7 and using (2.5) and (2.6), we get
A RO A g =0 @)

which is to be satisfied for all .
Integrating eqn. (2.7), we have

B =t f M ¥ aff ) = et o . (28)
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where ¢ is the constant of integration to be determined.

Now we have to obtain the solutions of (2.5) and (2.8) with the help of
the following boundary conditions :

=1, f(1)=0, F(1)=0
fml _ , (2.9)
fl0)=0, ,}lj",“od {T§_0 and F(O):O%

3. SOLUTION FOR SMALL SUCTION PARAMETER

The solution for eqn. (2.8) can be expressed for small values of A by a power
series developed near A = 0 as follows :

f=f0+)‘f1+hzf2+ e +ann t v o (3'1)
and

¢ = Co+Ac; +A%4 . .. +A%ey,, .. .. .. {3.2)
where the f_’s and cq’s are taken to be independent of A.
By substituting eqn. (3.1) and (3.2) in eqn. (2.8) and equating coefficients
of like powers of A, we get the following set of equations:

73, —nf o +nf, = et . . . . .. .o (33)
fy —n2f, +nf 0ty — 0¥ fotnf,f, = e e (34

and
13fy —n2f gt nf gt 202f o f v —m2f fo—nf ot af Syt ufyf, = cant. .. (3.5)
The boundary conditions to be satisfied by the f,’s are

, A IAN
Fa0) =0, f(1)=0, lim o {;§ =0, forn >0 } (3.6)
also

f{1)=1 and f,(1)=0, forn >1 }
From eqns. (3.3) to (3.5) the second order perturbation solution of eqn. (2.8) is

fn) = 2n”-n4)+—~(4n2—9174+6n %)

+ 5%6-0(166172—3801;4 + 27598 —T578+ 15710 ~n12), .. (3.7)

and
¢= 16+12/\+135 (3.8)
It is seen from the foregoing equations that the second order perturbation

solution is sufficiently accurate even for A = 1.
Now, for the solution of egn. (2.5), let

F(n) = -(1-772)+"”(”) O X )|
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The boundary conditions to be satisfied by the function ¢(n) are

X))
1) = =3 7 =
(1) Oandnh—’ﬁ)dnin } O.' .. .. .. (3.10)
Substituting the value of F(3) from (3.9) in eqn. (2.5), we have
Ans+nt —ng +$HAndl —nfd +4f1=0. .. .. (311
It can be easily seen from (2.8) and (3.11) that
d(n) = — %f’(n). .. - .. .. .. (3.12)
Hence '
F(y) = —(1—1;2)-%:‘)’—37—). .. .. .. (3.13)

Now, with the help of (1.18), (1.19), (2.3), (2.5) and (2.8), the axial pressure
gradient is given by
_o9p_ 4 Ax
%R # ¢, . (3.14)
where ¢ has the value given in (3.8).
The velocity components in the axial and in the radial directions obtained

with the help of (1.18), (1.20), (2.1), (2.2), (3.7), (3.13) and (3.14) are

R,

u—c a—-ﬁ':'l]f(ﬂ) .o .o .o .. (3.15)
and

.1

v=1—)f(q), R - A )

where f() is given by (3.7) and a_ by (3.14). The pressure distributions in

the axial and in the radial directions are obtained by the substitution of eqns.
(2.5) and (2.8) in (2.3) and (2.4). On integrating, we have

i _ 4z dezz A [ R f (&332‘,

PO, 0= 1) = B o — 72 o (4 0 50 ) (3.17)
The pressure drop in the flow direction can be readily obtained from (3.17),
ie.

43  Acz?
p0, n)—p(Z, ) = 5 +—5 . . (3.18
D(0, n)—B(Z, 1) Re+2Rf (3.18)
The shearing stress at the wall is
—U
‘R a"7 N=1
i.e.
oR _&aﬁ( 20 26 2)
W0, = % 8— 5 —135* . ‘e .. (8.19)
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The coefficient of skin friction is directly obtained from (3.19) and can be
written as

To 2 aﬁ( 2x 26
==~ = [ B — )2},
Ay 135,\) .. (3.20)
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Fi1c. 1. Axial and radial velocity profiles plotted against (A = 0-1, B, = 103),
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Fio. 2. Axial and radial velocity profiles plotted againat 7(d = 1, Ro = 103).
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The flux across & section at # is

1
Q= 2nR2U,,,f iy dn,
0

=2nR2Um£z—f %g. .. .. .. .. (321
The discharge for solid wall (A = 0) is
Qo=1’§-;g’—”. ce e e (322
The discharge coefficient is
Q 4R, 9p

== .. .. . .. (3.28)
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Fie. 3. Axial pressure drop versus length in flow direction for A= 0-1, 1 and R, = 103,
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4, NUMERICAL DISCUSSION

The axial and the radial velocity profiles for various values of % along
the axis of the pipe are calculated from eqns. (3.15) and (3.16) for A = 0-1, 1 and
R, = 108, and are shown in Figs. 1 and 2. It is noted that the ma;imum
velocity of the flow exists on the axis of the pipe and that at the centre of
the mouth it is greater than the maximum velocity of the Poiseuille flow. The
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Fic. 4. Variation of coefficient of friction and flow coefficient versus length in flow
direction for A = 01, 1 and R, = 103.

axial velocity distribution is parabolic and decreases along the length of the

channel. For A= 0-1, R, = 10% at Z= 27027 and for A=1, R,=10% at

# = 1104-4, the axial velocity vanishes with the axial pressure gradient. It is

interesting to note that due to suction an adverse pressure gradient is devel-

oped, beyond z = 2702-7 in case of A = 0-1 and = 1194-4 in case of A =1,

which causes & back flow from infinity to these points respectively. This
4
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phenomenon follows from the law of conservation of matter. In the present
case the radial velocity, which vanishes in Poiseuille case, has a finite magni-
tude except at the axis of the pipe where it vanishes. It is interesting to
note that the maximum radial velocity exists at 5 = 0-8 and not at » = 1.
The pressure drop along the axis of the channel is parabolic and is shown in
Fig. 3 for A= 0-1, 1 and R, = 103. The pressure increases beyond # =
5405-4 for A = 0-1 and % = 2388-8 for A = 1 due to the occurrence of back flow.

The skin friction coefficient Cy, in the Poiseuille flow at the wall, has a

4 . o _ .
constant value of B In the present investigation the wall friction coefficient
€

is calculated from (3.20) for A = 0-1, 1 and R, = 103 and is shown in Fig. 4.
It is found that due to suction the coefficient of wall friction decreases along
the length of the channel and that it changes sign in the region of back flow.
The magnitude of Cyincreases with the increase of suction parameter A. The
flow coefficient is also calculated from (3.23) for A = 0-1, 1 and R, = 103
and is shown in Fig. 4. It is noted that the flow coefficient C, behaves similar
to Cy the coefficient of skin friction,

Proceeding to the limit A = 0, we have

U = (1-—‘/)2), 5 =0, 0f= i and UQ =1,
R,

as in the case of the Hagen-Poiseuille flow.
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