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Let G be an Abelian topological group. In general, it is conjectured that
there is only one invariant mean if and only if @ is compact. The if-part is
proved by Luthar (1962). In this paper we have proved that G has many
invariant means if G has property P. We say that @ has property P if @
or a factor group of G has property P’. @ is said to have property P’ if there
exists an infinite group H of @ and symmetric neighbourhoods ¥, W of O in
G such that

(1) (F+T)NH = {0},
(2) V is maximal among the symmetric neighbourhoods of O which
satisfy (1},
B) [(V+V+TW)nH| < |HY,
where for any set 4, 4] denotes its eardinality., This gives an improve-
ment on a result proved by Luthar (1962).

Let &' be an Abelian topological group, i.e. an Abelian group, which is
provided with a Hausdorff topology under which the mapping (g, &) > g—h
of GX @ into G is continuous. Let C(G) denote the space of continuous, bound-

ed, real-valued functions x on G with [z | = sup |z(g)]. An element p in
g€G

C(@)*, the conjugate space of C(G), is called a mean if |p| =1 = ufe),
where ee((G) is the function which takes the value 1 at every ge@. A
mean p is called an invariant mean if

w(Tgx) = p(w) ge@, 2¢0(G).
Here Ty is the operator from C(G) to C(G) defined by
(Tox)(g) = z(g+g) ¢ G, xeC(G).
It is known that such a p always exists (G is Abelian) (Day 1960). If G is
discrete, then p is unique (i.e. there is exactly one invariant mean) if
and only if G is finite (Day 1957). It is conjectured that, in general,
there is only one invariant mean if and only if G is compact. The if-part
has been proved by Luthar (1962). The problem, therefore, is to prove the

remaining part, i.e. to prove the existence of many invariant means when
@ is not compact. The following result in this direction is proved in Luthar

(1962).
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(¥) If G satisfies condition P, then G has many invariant means. We say
that G has property P if G or a factor group of G has property P’. @ is said
to have property P’ if there exists a countably infinite subgroup H of @
and symmetric neighbourhoods V and W of O in G such that

1 (V+V)nH = {0},

(2) V is maximal among the symmetric neighbourhoods of O which

satisfy (1),

(8) (V4+V4+W)nN H is finite.
The object of this note is to improve the result (*). More specifically we
prove the following theorem :

TeEoREM: If G has property P;, then G has many invariant means. We
say that @ has property Py if G or a factor group of G has property P.. G
is said to have property P; if there exists an infinite subgroup H of G and
symmetric neighbourhoods ¥ and W of O in @ such that

1) (V+V)NH = {0},

(2) V is maximal among the symmetric neighbourhoods of O which

satisfy (1),

@) WV+V+W)NH|<|H]|,
where for any set A, | A] denotes its cardinaliby. It is obvious that prop-
erty P, is weaker than property P and so our result is stronger than the
result (*). )
Proor : By virtue of the fact that the existence of many invariant means on a
factor group implies the existence of many invariant means on the group
 itself, we may assume that G has P;. We now note that the only place in
the proof of (*) where condition (3) is used is in the construction of two sub-
sets A and B of H such that

(@) (A+V+W)N (B+V) = ¢.

(B) Given hy, ..., hte H, there exist h and &'« H such that

hit+hed, i+h' eB, 1<i<Lt.

Our object will be achieved if we can prove the existence of such two sets 4
and B. If H is countable, this is done in (3).
So suppose H is not countable. Let 4, be the subgroup of H generated by
(V&V4+W)NH. Then |4, =|(V+V+W)NH|<|H|. Suppose we have

b .
defined A4, A4,, ..., Ap such that Hp = _UlAy is a subgroup of H of cardi-
J=

nality less than that of H. Let k< H and k¢ Hp (such an k exists) and let Ap 1

be the complement of H, in the subgroup generated by H, and h. Then
p+1

Hpi= U . Aj is a subgroup of H of cardinality less than that of H.
ji=
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Let
A=1U 4, B= U 4y, asnd B'= U 4,= U B,
. j=1 j=0 J=1 j=1
We claim
(@) (A +V+W)N(B'+V) = 4.
(B') Given h;, -+« kb, ¢ H' there exist 2’ and " such that

hAked, h+heB, 1<i<t.
To prove («’), suppose
de (A +V+W)N (B +V);

so there exist a’'e4’, b’ eB’, we W and v, v'¢ V such that

d=a +4v+w=>b4+v.

Let
@' =agge Ags, b = bypyy e dopy,,
then
Ggj—bopy1 = v—v'—weV+V+W [V and W are symmetric]
a21—b2k+1 € (V+ V+ W) NH
and so
agj—bgk_‘_l € Al C ng, H2k+1.
Therefore,

@sg=boksr € Hoy N Hogyy = Hunin(25, 2k41)

which is impossible.
To prove (B’), let

k. Hy, (h;eH' =

s

).

1

Let max {j;} =m. Take 2n>>m--1, then there exists A’ such that A’
1<i<t

belongs to Hyy but not to Heg_;.

Now h 4k’ ¢ Hyq (because h;e Hy, C Hsy), and h;-+h' does not belong to Hyn_,

(fOI' h” € H]i (o H21l-—1)'

Consequently A;+h € 4ga C 4’ .

Similarly by taking 2n+1 > m+-2, we can prove the existence of k" belonging

to Hgn.,.l such that h:+h” € A2n+1 cB. .

This proves (8). Now we decompose H into the cosets of H' in H.

Let

?

H=HU@+H)U@y+H)...

Let now
A=A'U@x+A4A)U(y+4)...

B=BU@z+B)U{y+B) ...
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We claim A and B satisfy the conditions («) and (B).
To prove (), let
de (A+V+W)N (B+7V).
Then there exist , ye H; ae A’, be B'; v, v" ¢ V and w e W such that
z4+a' Fvdw = y+b' 42,
ie. z4a' —b'—ye V4 V4+W,
ie. z4a' —b —ye(V+V+W)NHCH'
So x—y e H’', which gives x = y.
Therefore, a'4-v+w = b'-2" which is impossible by (a').
To prove (B), let '
hy, ..., ke H, then b; = 2;+h, (h e H').

By (8') there exist A’ and h” such that h,+k ed’, k. +h" e B’
Therefore,
hi+h =+ h+W ex+ 4 C A,
hi+h” = xi+h;+h" € x,—+B' CB.
This proves (B), which completes the proof of our theorem.
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