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This paper deals with the problem of a circular inclusion undergoing spon-
taneous dimensional changes in an elastic half plane. Explicit expressions
for complex potentials, stresses and displacements are given.

INTRODUCTION

Previous papers dealing with ‘Inclusion Problems in Two Dimensions’
confine themselves to infinite elastic media. In this paper we extend the
analysis to a homogeneous and isotropic elastic half plane: a circular region
(inclusion) of the half plane undergoes non-elastic deformations which in the
absence of the surrounding material (matrix) would be homogeneous in
nature. Owing to the elastic constraints of the matrix a system of locked-up
accommodation stresses is set up in both the inclusion and the matrix, The
purpose of this paper is to construct complex potential functions for the
problem satisfying appropriate boundary conditions. Eshelby’s (1957) hy-
pothetical point-force layer method has been employed for the purpose. This,
in brief, hypothesizes the equivalence of the effect of a deforming inclusion and
the effect of a continuous layer of point-forces along the boundary of the
inclusion. The validity and the success of this hypothesis have been de-
monstrated in previous papers (Eshelby 1957; Jaswon and Bhargava 1961).

Let the material occupy the half of the complex plane where y > 0
(z = z+1y). If [ is the distance of the centre of the circular inclusion from
the leading edge and ¢ its radius, then (2—il)(z+1l) < c2 can be taken to
represent the inclusion, y-axis passing through the centre as shown in
Fig. 1. The remaining region is the matrix. All quantities like complex
potentials, stresses and displacements pertaining to the inclusion will be
marked with subscript ‘¢’, whereas those for the matrix will have the subscript
‘m3

STATEMENT OF THE PROBLEM

The inclusion in the absence of the surrounding material will undergo a

displacement characterized by

U = 81w+83(y_l)’
) v = 8y(y—1)+352
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whence the homogeneous strains are
ez5 =01, ey =38, and €zy = 0,

where 8, 8, and 8, are small constants of the order of magnitude admissible in
the linear theory. This state of the inclusion is referred to as the ‘free state’.
The presence of the matrix restricts this deformation as far as possible. Thus
the whole material is self-stressed. The problem is to find the displacement
and the accompanying stress field both in the inclusion and in the maftrix,

Bouxpary CoxbprTions

The following are the boundary conditions to be satisfied by the final
solution to this problem :

(a) The normal and the tangential stresses at the leading edge ¥ = 0
must vanish,

(b) Assuming a perfect bond between the inclusion and the matrix,
the normal and the tangential stresses must assume the same
value on ({—il)({+l) = ¢2, where z = { on the boundary of the
inclusion.

(¢) The displacements on ({—4l){Z--il) = ¢ must be identical for both
the regions,

CoMPLEX PoTENTIALS, ISOLATED FORCE

It is well known that any two-dimensional problem can be reduced to
that of finding two complex variable potential functions ¢(z) and ¢(z) satis-
fying the appropriate boundary conditions. These are related to the stresses
and displacements by (Muskhelishvili 1953) the following relations :

oz+0y = 4RI[$'(2)] % 1)
oy—0z+2irTgy = 2[24"(2) + /()]

and o
2u(u+1v) = ad(z)—24'(2) —(z), .. . - @

where o = (3—v»)/(1-}-») for this problem of generalized plane stress, » being
Poisson’s ratio. The remaining symbols have their usual meaning.
Complex potentials for a concentrated force P = P,;-{iP, acting at any
point { of the half plane have been derived already by others, for example
they have been given in an indirect form (Green and Zerna 1964). Their
explicit expressions are
, ~P 1 « p ( 1 2={ )
) =2n(a+1>('£?—‘z+z‘—‘z)+2w<a+1> 2= (-0
. P & 3z—-{ 22(z-§)) P ( N oz )’
i) = 2_n(a+1)(z-‘”z+(z—z)2 T @08 ) Bt D e el 1P
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where P is the complex conjugate of P. Now the cumulative effect of a
continuous distribution of point-forces acting along any finite arc in the finite
part of the half plane could be described by the following integrals:

) = 1 [fz_)jf {ocPds Pds P(z—z)ds]

T om(a+) Jy2—0 ), =T ) 2= ), =0 ®

o 1 aP ds P(3z— C 2Pz(z-§)d8
¢‘z"2w<«+1)U =Sl = e

fy(fz?"'f anS fa]’_zgi], = . @)

where ‘v’ is the arc, ds the differential arc length and { any point on it.

Tne INcLusioN PRoBLEM

According to Eshelby’s point-force concept the inclusion problem can be
solved by assuming an appropriate layer of point-forces along the inclusion
boundary. The expression for such a layer as would come into play in the
case of this problem can be found from the reversed surface tractions:

o) = '\(81+82)+2#31[
;’ = A(81+8s) +2uds », N )
xy = 2"'83 J

and the formulae (Jaswon and Bhargava 1961)

Pds = — —[(o +00) di— (0 —0 )d§]+'r
(6)
Pds= — -—[(a —00)d§ (a +0'0) dZ]-{-rxydC
Case A

Principal Strains.—It is convenient here to break the problem in two
parts and consider first the principal strains only (55 = 0).
Thus

Pds = —iky dl4iky df } -

Pds = —ikydl+ik, dt§’

where k; = (A+pu)(8;+38;), by = u(8;—35) and A and p are Lamé’s constants.
We substitute for Pds and Pds from the above eqns. (3) and (4) and
evaluate the contour integrals. It may be noted that now y is the boundary
of the inclusion ({—il)({-+il) = c2. Also from this relation it follows that
c2
L = g5 — from which we have df = ;"% . These relations are given

-y



CIRCULAR INCLUSION IN AN ELASTIC HALF PLANE 421

here because they have to be used in integration. The expressions become
particularly simple by the substitutions:

2y = 241l . .
0, ( and 2y = 2—il = ree'ls,

= rye
Thus
, ky a—1 ¢ kg [—c2 44l 3ot
(2) = —k Z 2 (oD HT, 907
#0 =R zf+°°+1( 2 2 2 ) o
. a—1[—c2 2ile2\ —L 10ilcz  1212¢2  Qet 1241t
Yle) = by T ) e 10de 1206t 9ot 1dilot)
R [N S | e i S @
, (a—1) ¢ kp [—c® dile® 3¢t c2
2 ='-—IC —_ —_— — — ——
¢m( ) 1 (ZZ+1) 23 d.+1 ( Z? ? Z; zg)) (10)
. a—1(c2 ¢2 2lc? ky (8¢t ez 104lc2
D=k —— L - L _‘-_v_‘z_.____.__h(_
R b e e e
20%c2 ¢ 1240ct
— }_T‘L - 9_c4+_lolf_) 11)
zl zl zl

Stress Fields.—By means of relation (1) we can find the stress fields
from the above potentials. But it must be emphasized here that the inclusion

had an initial stress field (—o), -—-og, 0) and this must be added to the one

got from the complex potentials ¢,(2) and ¢;(2). Moreover, at this stage it
can be verified that the boundary conditions on the stresses on the edge
y = 0 and at the inclusion boundary ({—il)({+4l) = c? are satisfied.

Cartesian Form of Stresses.—Stresses in Cartesian form are given below,
where we put

Y, = y+1, Y, = y—1, r? = x2+y?, rg = x2+y§ and 12 = 22442,

a1 c2aP+y)) 4e2(3yat—yl)  202(at—6a%yi+y))
(OZ)‘ = _kla+1 1 r: + 9'? + rg
_ +2c2(x2 -9 ~L4lc2(3y1x2 -7
a+1 r“; v r(;
+ (2c2rf +3ct+ 241202) (24— 62" + 9}
8
r

1
120c?(r2+20%) (By w4 — 1022} +47)

10
rl

12¢4(28— 159524+ lﬁyixz—yi)}

10
£
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() = —hr at1 ri T(; 7

o e L R )
1

+

B [, 2c2(22—y3) 200c2(By @2—y]) c2(2r34 1602 +241%) (24— 622y 4 y})
a1 rt + ] + 8
, 1 1 1

1212(r? +202) (59,24 — 1022y} +57)  1204(28— 15972t + 15y 22 —3%) }

10 0
U "1

(Teyh = a1 /5 /5

°‘ 1 o[23/1+4l(z2—3y1)+8(y1—x2y1):|
1 1

| fae? [4(2r§+ 121°+90%) (y;—=%,)  120(r;+2c%)(2¢— 1027+ 5y})
a1

8 10
7, T,

120(22— 3y7) 24¢2(3y, xt— 105722 +3y7)
+ 6 + 10 ‘
7y "

The stresses in the matrix are given directly by the potentials q‘):n(z)_
and ¢, (z) given in the relations (10) and (11).

(o) = _kla—-lc [(x2—.y )+(x2—y2) 4(3y,22—y}) 2(,;4 6a%y’ +y1)}

o 1 4 4 6
+ ] Iy "1 11

b 2 [2(22—y2) + 2(x2—y7) +4l(3y1x2 -7}

«+1] i r

. (2r)+ 3e?+ 240°%) (ot — 2% +3)) | (2r;—3e?)(a*~ 6227 +))

+
r ry
121(r%+2¢2)(5y, 24 — 1022 +y;)  12c2(28— 15974 + 15y 22— )
- 70 - 10 ’
1 1
(o), =k " (=2—1) 3(x9-—y2) 41(31/1.’222—3/1) 2(x4 622y +yl)l
e T
ok 2 2(azt—y2) 2(x2—y§)_*‘-201(3y1x2—y‘;’)
2
(2r2+1502+2412)(x4 6z2y2+yf) (2r2—303) (24— 62295+ y/3)
8
r Ty

10 10
1'1 T

l2l(rf+2c2)(5ylx4—10z2y§+yi) 122 (28— 15y2:0:9+15a:2y —yl)}
1
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a1 4 4 6 T 6
+ T, r 7

— 2 oy al(a22—307)  8(y—z2
(7o) =5 1"‘““{”&“% o) | w)}
1

22 e {@—1262)(3/3—@%) _ 120+ 20%) (@4 — 1022+ 5y))
1

)
o+ 7, P10

1
+4(2rf+2412 +9¢2)(y} —=2y,) N 1212 — 3y +53402(3?/ 2t~ 1022° + 3¢/7) }

8 6 10
T 1

Stresses on the Edge—The non-vanishing component of stress on the
edge can be found from the expression for (o2)m given above by putting y = 0,

1 L T

_ a—1 ‘(a: ~12) 4k, 2f (x-—b)
(“a:)y=0 = ~4k, 1+1 7’? +oc+l (\ e

1

47 (322 —1*) | B3c*(at—62%"+1*)!
G =T) el D)
£ £t ’
Stresses at the Boundary of the Inclusion.—The normal and the tangential
stresses continuousl} transmitted by the bond are given by
22 re?
(On)ect= — =1 l+—— cos 761+#\— c0s (202—391—0)-— = co% (205 —20,)
e +1 T 2 n
202 k,
— —l%— sin (262 39])] — -—:ﬁ[cos 202+-—; cos8 281
7 L

2 4
—_ %3— sin 36;— 9% cos 491+—% cos (260, —30;—96)
£ r 1
+12l‘i T sin (205 — 40, — ) — 27 cos (20— 56, —6)
y "
2(3c24-41°
_ 100 i (205—301) 4+ (3¢ s ) cos (20,—46,)
1 et
4
412 (292—591)],
"
b 2= o[ cin (28,36, 0)— 3 sin (20,—26)
(Tus)e=t =51 at+1 |gd 2 2
1 1

2 ks [ 20 in (20,—36,—8
+7 cos (202—30,)]+a +1[S‘“ 20yt sin (20—3,=)

12¢4r .
12N o (2050, ~0) — g sin (265—501=0)

1'1 1
3c2(3c2+41°)
+100 o (26,—36)+ (s ) cin (20,401
7} "
12lc*

— ==L cos (20;-—501)}'
5
L
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The hoop stress is discontinuous across the boundary :

- 2 2
[(08), 7] = —Fs “—l[l +2r—62- cos 20, +f§ cos (26, —26,)
1

a+1 .
2
- %’_g_ cos (205 — 301—o)+311;— sin (202—301)]
ry n

2 2
+ﬁ[cos 20,— 2—% cos 201+§%—~ sin 36,
£ "

4 2
+614 cos 46, +g£§- cos (20,—36,~—6)
1’1 7'1
12lre n (20,—46,—8)— 12r¢t
rl rl
2 2 5
10? sin (2«92—3(9,)+§"T (3c24417) cos (26, —46;)
T

LAY 1

12lct
. (292-501)].

+ cos (20, — 56, 0)

T
1
The jump in the hoop stress across the inclusion boundary is

4k
[(08), = t}i—[(08), = t] s = —2k1 a+ 1+ +21 cos 28,.

Displacement Fields.—Integrating the relations (8), (9), (10) and (11) with
respect to z we get

ky a—1 ¢ ky 2ile? ot
‘l’,'(z) a+122+k1a+1z+m("“‘—;‘2——;—3), . . .o (12)
a—1fc? ile2\ ik, ko Bilc?  41%2 3¢t  3Bilct
(@) =k 2o E BTN L B ilo? Ve 8t Bilet) 13
v lm+1(z1 z§)+a+1 a+1( ettty T (13)
a—1¢e2 kg [c2 ¢2 2ilc? ¢t
d’m(Z)-k]m;l 0(_}_l(z—l'l";z-'-—¥~—;§), . .. .. .. (14)

b = 1/e ( c? ilc2) ks, (g@z +4l%z+3c4 3ilet  ilc? a4)

z 2] 41 T3 Ty T T T e T a)
a+1 2, z“; o1

z, 7 z;

(15)
Here we have added suitable constants of integration so as to satisfy the
continuity condition on displacements across the boundary. The displace-
ment fields both in the inclusion and in the matrix are given directly by the

complex potentials and eqn. (2).
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In Cartesian form the displacements are
-1 ¢ ac® 4lc%y, c2(x2—3y°
Quar) = ky ——= At {1 s+ t—+ ( 7 )

‘ r r
xky [1+c_2. 4l02y1_°4("’2'73?/?)}

1 N 1 1
+
1 4 0
at " "

kocx

a1
81(3c2 +2¢)(y 22 —y) 3c?(x4— 1022 + 5y%) }

8
rl

c2y1 oac?yl QZcQ(xQ—y;’) c2(3y1x2—y?)
y2 - +

(3

12ly, (ri+302481%)(a2—3y))
1‘: r

1

2 3 1
L8] L

(zf"v"‘klm_*_l

ak +c“’3/ +‘W(w2—y) o*(3y,2*~4))
a +l y r{ rﬁ
1 1
koc? _ 6l(“v2 - y;) n (ri + 3¢’ + 812) (3y1x2 - y?)
a4 1 ri ’I‘f]5

8(3c2+2r)(y, @8 —yiz)  3c*(Byzt— 1022y +9) ]
— _ b ’

r r;
-1 J« 1.1 ly1 (:2=39))] . «k. 2|1 1 iy,
(2uv)y = k; - -“l-—l.“w [ 3 —f+f_:+ i 7’1 +1+1 i+f§ r;
c2(z2— 3y1) .| 12y, N (r} 4302+ 81%) (22— 3y7))
- G + 1 ze " 5
" 1 1
(ro—c?) (=2 - 3y;)  8lBe*+ 2r7)(y,22—¥}) B 302(zt—102%, + “)y“;)] ‘
s B m m
N e U S TR Sl I W (?:yf—zol}
(-Il 7‘)"1 =k 4:'1" r:: r,: ‘rf f; r.i
aky f % Y Zl(aﬁ—gé) 02(3y1x2—y1)}
+ a41 ¢ r;’ rg r; r,
o .t 2 . :
ky® § 6l(x2-y,) + ij’ -30% + 81?(3?/ e ~¥)) + (r;=c%) (;i/zzjv?{z)
a+1 ,-“{ r T,
8(3c2+2r7)(v,2° %) 3 3c2(5y, =t — 10“2!/?4‘!/'{) ){ ‘
- __f.._——-—————»r1 1 7Y

5
L8\
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Case B

Pure Shear—The case of pure shear (8; = 8, = 0, 834 0) can be pro-
ceeded with in a similar way. Thus from (6)

Pds =1 di,
Pds =1, di.

With this distribution of point-forces along the inclusion boundary, the cumu-
lative effect can be found by evaluating the integrals in (3) and (4). Thus the
potentials are

, T [ic2 4let  Sict
951(2) = 2 (z—a"r—; - T)’
1

a+l z, z
o) = oy (ia 1002 12if%2  9iot 12104)
(2) = T T T T A )
' atl % 2y 2 2 -
0
Ty [1€2 1c®  4lc? Bict
$,.(2) = “ﬂ‘(—z -t “r)’
atl\zl o 2 2
, Ty, [ —3ict 2 10l 12il%  Qict  12IcH
b=l — st - s
a+ z, z, z, z| z) z)

By integration with respect to z we find from above

0

, Ty [ —1c2  2lc? ict)
¢.(2) = }< '—‘—.r+-'.;);

a+1l 2z 0
+ L 208

ble) = = S T

% z1 ! 1

T ( 5lc? 4d2 ‘3@04 3lc4)

[ — ic2 iz 2t dc?
— ly —— — e e pe——_—
¢,,,(z)—m+1( + -t 3)

21 %g 27 z

0
blc? 2 4 4 o .4
bnle) =3 ( i +4{l~f~ AR ’P)

a1 2 3 3
+ 2y 2 z] 1 zz 2

where again we have added a suitable constant of integration to #,(z), so as to
satisfy the continuity of displacements across the inclusion boundary.
Actual verification of the boundary conditions on stresses and displace-
ments provides an excellent check on the analysis. The stresses and the
displacements can now be found from the potential functions and eqns. (1)
and (2).
7B
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Some REesurtrs

It has been suggested by H. L. Cox that the stresses at the points 4 and
B (Fig. 1) will be of greater interest from a practical point of view. The stress

*mc
Y2

MATRIX
{ 6e —
I\ e
L g

Df*s
% ‘ " KA x

I R

Fig, 1. Coordinate system.

field near the inclusion and the leading edge was evaluated. Some figures
showing variation of stresses with the variation of the distance of the in-
clusion from the leading edge have been drawn (Figs. 2 and 3). Poisson’s
ratio » has been taken to be 1/3. It is observed that when the distance ! of
the centre of the inclusion is about five times its radius c, the stresses in the
matrix would differ from those in a similar region of an infinite plate (with an
inclusion embedded in it) by about 5 per cent. And, therefore, for practical

(51 ""Sa=5

: o6 04 °
[ o
T

Fre. 2. Variation of hoop stress at the point A4.
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purposes, when l/c = 5, the region can be considered infinite. It is also
observed that when the inclusion is almost touching the edge, the tangential
stress on the inclusion boundary is maximum at points like D and F (Fig. 1)
where 6, almost equals —65° and 245°. Moreover the hoop stress o, at the
point B is greater in the case when 8; = 8, 8§, = 0 than that in the case
when 8; = 0, 8, = 8.

dy= 8, =4 di=-8.=8

8 4
\\ \
o b
\\ \\h-"
AN
4 2
b Y
\~.. Oy
o.| 2 R
ué
o o
- T\....\W‘___ -1
i 068 04 (o] 1 06 04 (o]

A

Fic. 3. Variation of hoop stress at the point B of matrix is shown dotted and that
of normal stress in continuous lines.
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