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The generating function for the Bessel function of the first kind, in » variables
and of integral order m, has been taken to give an integral representation to it.
After giving some interesting deductions, the uses of the Bessel function of n
variables in the evaluation of reversible solution and in the change of vari-
ables have been shown.

INTRODUCTION AND DEFINITION

The Bessel function Jy(x) has a great and growing importance in almost
every branch of Mathematical Physics. Its extensions are going on almost
every day. The principal object of these extensions is to provide for these
functions convenient forms necessary for practical applications. When we
inelude in some practical or theoretical problems more generalized conditions
we may need more functions. At the same time it is also possible that we
may get wider scope for the application of these functions.

The object of this paper is to extend Jm(z), the Bessel function of the
first kind of integral order m and of one variable to n variables and to derive
its integral representations together with some applications.

Schiomileh (1857) has given Jn,(x) as the coefficient of u™ in the following

expansion:
1 [s2]
exp %x(u—- ’t_l,) = mzw umJ ().
We have followed a similar method and taken Jp(xy,. .., 2,), the Bessel
function of the first kind of integral order m and of the n variables x,, ...,
Zq, 88 the coefficient of u™ in the expansion

exp{%xl(u—é)-p“.ﬂxn(un—%)}= i W@, 2. (1)

We observe that each of exp iz,u, . . . , exp 4x,u” can be expanded in abso-
lutely convergent series of ascending powers of #; and that for all values,
except u = 0, exp — a0, . . ., eXp —jx,u” can also be expanded in an absolute-
ly convergent series of descending powers of . When these series are
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multiplied together, their product can be arranged in powers of » as given in

(1) for all finite values of y, . .., z, provided u % 0.
INTEGRAL REPRESENTATIONS OF Jop(2y, . . . , 27)
From (1) it is easy to see that by Laurent’s theorem
o) 1, 1
Im(@1; ..., Zp) = o w~m=1 exp {%xl(u— {e)+ e +§x,,(u"—- {ﬁz) (du. (2)

The contour ¢ is one which encircles the origin once in the anti-clockwise
direction.

Another form for Jm(x,,..., zs), similar to the one given by Appell
(1915), is derived below.

On putting u = ¢’ in (1) and equating the real and the imaginary parts
on both sides, we get

«

cos (z; sin ¢+ ... +x, sin ng) = cos mé Jm(®1,...,Zy), .. (3)
1

[+0)

sin (z; sin ¢+ ... +x, sin ng) = Z sin mé Jp(xy, ..o, 2. . (4)

Multiplying (3) by cos mé and integrating with respect to ¢ between the
limits 0 to 7, we get

ks

f cos m¢ cos (z; sin ¢+ . . . +x, sin nd) dé

0

= f { Iy, - - oy Ta)+d m(®y, - - -, Tg)} cO82 me deb,
0

i.c.
w

[ cos m¢p cos (z; sin ¢+ . .. 42, sin nd) dop = {a{I (@), .. ., ¥n)+J _m{Ty, . . . 20)].

Yo

Similarly we have

J sin me sin (z; 8in ¢+ . .. +2p sin ) dd = dn{ (%1, . . ., Tn) — _p(®y, - . ., X))}
i

Adding (5) and (6) we get

Io(®1, ooy Tn) = %f cos (m¢—z, sin ¢— ... —ay sin ned) de,

0
and on subtracting we get

m

I m(@yy o005 Tn) = }’J cos (—m¢p—x, Sin ¢— ... —z, sin né) dé.
0
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Thus combining these two, we get
Iy, .-, Tp) =}1f cos (m¢—2x; sin ¢g— ... —x, sin ne) d¢p .. (7)
0

for positive and negative integral values of m and m = 0. The above integral
for Jm(zq, . . ., %4) is similar to Bessel’s Integral (1824) for Jn,(z). We can
also deduce this integral representation directly from (2).

DEDUCTIONS

In (3) and (4) on putting ¢ =% and 0 respectively we get the following

interesting results:

(@) cos (x)—T3+a5— ...) = (=D)mJgp(xy, ..., Zu),

(b) sin (x, —2z+a5— ...) = Z (=T omer(@ys - - 5 Ta),

(©) L= > Jnfes, .o o).
From (7) we can also obtain

(d) f cos r¢ cos (mp—x; 8in ¢— ... —x, sin ne) dd
0

{J‘m—-f(xl’ ey xn) +Jm+r(x1: ey xn)}

rol 3

and
v

(e) f sin r¢ sin (m¢—x; sin ¢ — ... —x, sin ned) dé
o

= g{Jm——r(xl, cois Bn)=Imyr(®1, oo, Z) b

Again, if we put » = ¢ in (1) and multiply both sides by ¢'®, then, on
equating the real and imaginary parts of both sides, we get
(f) cos (64 sin o+ ... 42, sin nd) = Z Jm(xl? cev, Zy) co8 (04+me)
e —- 0

and

w

(9) sin (0+4-zy 8in ¢+ ... Fz, sin nd) = z In(®y, .+ .y Ty) 8in (04me).

W= -0
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On writing —r6 for 6 and z sin 8 for ¢ in (f) and integrating with respect
to 6 between the limits 0 to 2#, we get, on dividing both the sides by 2,

2n
%rf cos {r@—=z, sin (z sin §)— ... —x; sin (nz sin 6)} df
0

o0

= Z Iml®y, . .., Zy)dp(mz). .. .. .. .. .o (8)

m= -

From (7) we find that
Imn(®y, - Zy) =T (=2, ..., —24). .. 9

Now, on multiplying the expansions for

exp [éx,(u— i)—}— cen +§xﬂ(u"— 517»)} and

exp [—%xl(u— ?12)— . —%xn(u"— %)] and

considering the terms independent of u, we get, on using (9),

Z Um@s, - za)i2=1. .. .. .. (10)
Evidently, )
[Ty, oo, zg)] < 1. .. .. .. .. (1b
APPLICATIONS
A M = E—x,sin E— ... —zy, sin nk, then we can find the reversible

solution for E in terms of M (Watson 1958) with the help of the Bessel func-
tion of n variables.

Here we observe that when £ = =, M is also equal to = and if £ = 0,
then M = 0. Also if M and E vary, while #;,..., £, remain constants,
E—M is a periodic function of M, which vanishes when M is a multiple of =.
We may, therefore, assume that

E—-M = i A, sin r M,

r=1

where the coefficients A,’s are functions of x;, ..., 24, which are to be de-
termined. Differentiating the above expression with respect to M we get

< dE
z rA, cos rM =m—-l.



444 8. L. GUPTA

Now, multiplying both sides by cos 7M and integrating with respect to
M between the limits 0 and =, we get

gm-A,:f (Z-gl—l) cos rM dM = f ~—cosrllIdM

On changing the independent variable from M to E, since the limits
remain the same, we get

w

A, = Ef cos r{f —x, sin E— ... —z, sin nl) d¥
rm 0
= Jr(rxl’ 3 "x'n)
Therefore,
E=M+2§J(& rag) SrY
r 1’ * ey n r .

r=1

(B) If 77 =@, sin £+ ... 4-axn sin n¢ be the equation of a curve

\/ I+
referred to obhque axes, whose inclination is cot~! e, then with the help of the
Bessel function of n variables we can find the equation of the curve referred
to rectangular axes with z-axis coinciding with the ¢-axis (Gray ef al. 1952).
Here the relations between the coordinates (x, y) of rectangular system

and (£, 1) of oblique system is given by

€
= 12
tVire (2
and
- (13)
YT Vire "
Therefore, from (12), we get
z = {-+ay 8in £4- . .. 4-ay 8in n¢,
following (A) we may, therefore, assume
§—x=ZArsinrx, .. .. .. .. (14)
where 4, can be determined, as before, in the following form:
2
Ar=;Jf(—ral, ceey —m';). .o .o .o (15)

From the above relations (12)-(14), we get

ey = x=—f = —iArsinrx.

r=1
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Putting the value of A, we get

-2 e gin rx

which is the required equation of the curve.
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