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In connection with a statistical test for the equality of means of two popula-
tions, Csaki and Vincze (1961) obtained by path methods the joint distri-
bution of the numbers of positive steps and of crosses in the case of a particle
performing a Bernoullian symmetric random walk returning to the starting
position O on the last step. In this paper these results are generalized by
introducing variables, namely how often the particle reaches O from the posi-
tive side and also from the negative side. (Generating functions, path methods
and, in addition, the combinatorial technique are employed to deduce the
number of paths in a variety of cases.
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1. NoraTioNs
Definition

the ith step is said to be positive if S;+8;_; > 0.

the tth step is said to be negative if S;+8¢.; < 0.

It may be noted that a positive step is not necessarily of the
size +1. A positive step in the path (2, S;) always occurs
on the positive side of the axis and a negative step occurs
on the negative side.

a path for which 8;=0,8,>0,8;>0,...,8i.:> 0,8 =0.

a path for which §,=10,8;<0,8;<0,...,8.:1<0,8 =0,

& point of the path, where S¢ =0, ¢ > 0.

a point of the path, where S;_;. 85,3 = —1, so that Ss=0.

a path from (0, 0) to (2n, 0).

an Ky, path containing exaotly (I4-1) O¢- points, i.e. an Egy
path with the lth return to origin at the 2nth step.

an Ey,, ; path having I, positive waves and l—I, negative
waves, i.e. an Hyy path touching the axis I, times from the
positive side and !—I, times from the negative side.

an Kyy, 1, ;; path having 2g steps above the axis.

b& 6.
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Symbol Definition

Eg’f:,, I .. an ngt, ,,1, Path with the first 2¢ steps comprising the I, posi-
tive waves.

FZg,k an E2g P -

B o 1.1y . on, 1,1, Path containing exactly k/7T'-points.

H .. a path starting at the origin and reaching for the first time
the position r at the mth step.

L, a path such that 8y = 0, 8; >0, ..., Sn = 0 with ¢ positive
waves, or a path such that §; =0, 8, <0, ...,8, = 0 with

¢ negative waves.
(...) .. number of paths of the type ...

These definitions can, of course, be made more precise in certain cases, e.g.
in a positive wave S; = 1 and 8;_, = 1, and in an L path either §; =1 and
Sﬂl—-l =1 or Sl = —1 and Sm_l = —1.

2. INTRODUCTION

Let us denote by v (i = 1, 2, ... ) the independent” variables, taking the
values +1 and —1 with probabilities 4 each and by 8 the partial sum

Si=vi+ve+ ... +y, Sy=0.

If the points (¢, S;) are joined one to the next, we obtain a path of the

particle performing a Bernoullian symmetric random walk (BSRW); 1/(%)
is the probability of each path in the space of paths starting from and re-
turning to the origin on the 2nth step. The study of certain sets of paths
has proved useful in testing the homogeneity of the distributions from which
two samples are available.

Consider two independent samples of » measurements ¢,, &, ..., ¢, and
M, Mg, . . ., Mn drawn from continuous populations with unknown distribution
functions. Let p; < #s ... < Kyy denote their arrangement in ascending order.
Making the variable v take -1 if u¢ = ¢ and —1 if 4 = M determines a
path terminating on the axis.

Sir Francis Galton was the first to arrange in an ascending order data
comprising two sets of measurements. The measurements related to heights
of plants, 15 each of treated subjects and of control subjects, referred to him
by Charles Darwin in 1876. Galton observed that the number g of times a
treated subject exceeded a control subject of the same rank was 13. This was
taken by him as an evidence for the treatment having increased the measure-
ments. In the corresponding BSRW the number of positive steps is 2g.
Reocently Chung and Feller (1949) while deriving the arc sine law showed that
the distribution of g is a uniform one. On the basis of the probability
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formula P(G' > g) = (n—g-1)/(n--1), a significance level of 3 can be attached
to Galton’s observation.

Csaki and Vineze (1961) made the Galton statistic more precise by con-
sidering the joint distribution of the number of positive steps and intersections
with the axis; this can be improved further by incorporating the four vari-
ables mentioned below.

While Chung and Feller (1949) used a double generating function and
Csaki and Vincze (1961) the path method, we employ here both these and, in
addition, the combinatorial technique to investigate more completely the
joint distribution of the numbers of (i) positive steps, (ii) positive returns to
the axis, (iii) negative ones and (iv) intersections with the axis.

3. Two THEOREMS

THEOREM L.
E ym (l) T (29—11) -1, (2n~2g+zl—1);
b L/ 29—4\ g ]2n—29+1;—1 n—g
1<y, 2KI<n
Forly=1lor0,
(Bgn, 1) = *—L (Qn—l) ; 0l
’ 2n—Il\ »n )’

Proof. Consider a path EZf, .1, (Fig. 1) and its corresponding path of

the type E:f,j',’ ,(Fig. 2) obtained by keeping the structure of each wave
unchanged but rearranging them in such a way that the relative positions of

28
Fic. 1. An Ezn. L path.

M , :
NN NNV

28+
Fi16.2. An Ezn, Lo path.

the +ve waves amongst themselves do not change nor those of the —ve
waves.

3B
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The number of E;f, .1, paths corresponding to the E;f:,’ ;, bath shown
in Figs. 1 and 2 is equal to the number of ways in which /; positive signs and

. . . l
l—1, negative signs can be arranged in a row and is (l ) Hence
1

! 22
(ngt, I, ll) = (ll) E;n‘fl, 11)

l
= (ll)(LI;g)(le;l_lzg)- N 1)

To find (Lg), we omit the first step of each one of the I; positive

waves comprising 2g steps and translate the truncated waves, without dis-
-1

turbing their order, so that the gaps cover up; we then get a H,  , path.
Thus (Feller 1957, p. 76)

T P 291,
@ =ty =52 (7, ) e

Similarly the value of (Lj,",) can be written.
A use of (1) and (2) leads us to the first result.
To prove the second result we note that for /; =1 or 0, the number of

paths is
(Eg:t 1) = (Egn 5 0) = (L;n) = (H‘lzn—z)

1 (2n—1
=9l ( n )
TerEOREM II.

For 1 <k <l—-1; and 2, >,

L—-1\ (-l —-1\ | 29—1, -1 2n—2g—141,
26, 2k-1y _ of * 1 1 1 .
(Ez”: L )= 2(10—1)( k-1 )2g—l1 ( g )2n—2g-l+l1 ( n—g )’ (3a)

p -2k 51—1) l—-ll—l) I (29—l1) [—1, (2n—2g—l+ll)
( 2”,1,!1)— k k__l k__l 29_11 g 2”"_29__1_'}..1‘l n_g .

(3b)
For k = 0, either n—g = 0 =[—1l, or ¢ = 0 = [,; then
(EZZ (z), 1) = (Eg;z?l, o) = (leu)

, 1 (2n—1
= (Hy,_) = In—I\ n /J°

Proof. We first find those Ei, .1, Paths which involve a given number

of intersections and correspond to & given E:ff,, ,, path. Consider the segment
of the given path comprised between and including the first and the last
+ve waves. All the intersections lie within or at one of the ends of this

segment.
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Let us identify the exponent of y with the number of intersections and
that of ¢ with the number of negative waves.

By interposing one or more negative waves in between two consecutive
+ve waves we shall get only two intersections and, of course, no interaction
if we don’t interpose any —ve wave. This is represented by the series

Yo'+ y2(t 2134 ... ).
This expression raised to the power I;—1 will give the number of intersections
by all possible placings of —ve waves in between the l; +ve waves. By
placing one or more —ve waves to the right of the +ve wave on the right
extreme of the segment we shall get only one intersection and, of course, no
intersection if we don’t place any. This is indicated by the series

Y+ y(t+32 4834 .. L).

This also indicates the situation when —ve waves are placed to the left of the
+ve wave on the left extreme of the segment.

Hence the number of Egi 1,1, Paths with ¢ intersections, with the relative
positions amongst themselves of - ve waves unchanged as also those of the
negative waves, is given by the coefficient of #~1y* in the expression

D4g2+24 O yle+24 .. )T

(149 ""1( yt)2
“(HTZ}) =) @

The coefficient of y2¥ in (4) is

[ R Py [V

and the coefficient of #-/1 in its expansion is

[ e iy sl

ll—']. l-—ll—l ll'—l l"'ll'—l l—2k ll—l l""ll‘—l
= ()05 )+(k-—1)( k )" E (k—l)( k-1 ) ®
Again, the coefficient of y2%¥-1 in (4) is
Zl-—l t &
(30 ()
and the coefficient of #-% in its expansion is
L—1\[ —k Y l—ll—l) :
2(k—1)(l—l1-—k)(—) =2(k—-1)( -1 ) .. (6)

Multiplying respectively by (5) and (6) the value of (Ey', ) as obtained
in (1), we prove theorem II,
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Zg!i
4, GENERATING FUNCTION OF (Ez.,, 3 z,)

In determining the generating function (GF) we make use of the well-
known relation (see also Erdelyi 1953, p. 101) for [ a positive integer or zero:

i 2n 41 . 1 [ 9 ]l 7
n:o( n )(U _\/(1—4‘”) 1+J(1_4m) s . .. ( )
and its variant

,Zﬁ(n—)‘” “‘"(T) e

Formula (3a) can be broken up into two parts, one of which is

ll"l l 2g—11
L(k,ll,g)i(k_l)égi—l}( g )’

and the other is 2L(k, l5, k), where ly = [—I; = the number of —ve waves
and b = n-—g = half of the number of —ve steps.

We now find the generating funection of L(k, I}, g).

Sinee 1; and ¢ can vary between the limits inserted in the GF,

Ak—-l(l“: v) L(k: ll’ g)y’ll"g

]
-MB
Mr

i
-
oy
[l
-

18

, same summand as above

]
M]s

=
I
P
o
~
-

v oo

I, —1 2m 4l —1
Ll tmtii—=1 dt,
(k—l) " fo,,zo( m )

s

! k

=
il

on putting g—1; = m.
The integral on using (7) is

f" g1t ( 2 )’Hdt_ ‘M—yd—4y' 2

o= \trya—a) “=), T = ="

= [1—J(1—49)]"/27,.

Hence writing
A= dpll—JA=)], .. o . .. (9

< (L—1 2 fitk—1
Areal ) = >, (k‘_l)xl= Z( o ),\w
L=k =0
=a-nr. ¢ ()
Similarly, .
Bl )= > > Lk Iy, 4%
h=hiog=k

=[5/1-9T, e e e e (1)
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where

8= ig[l—J(1—49)] . .. .. .. (12)

(i) Hence the quadrivariate GF for an odd number 2k—1 of intersections
with parameters u, ¢, v, i respectively for the number of -} ve waves, —ve
waves, -+ve steps and —ve steps is

el

Ourcsli b7 ) = 3 3 Z Z (Ui e R

Py lh=k b=t
=2 [MA—=-NT[8/(1—-9)7, T £ )

on using (10) and (11) and noting that I, and 4 vary independently of /; and ¢.
(ii) To find the corresponding GF for an even number 2k of intersections

we make use of the identity (5) in (3b) and use the symbol Pg 1»(2k) in

place of E2 where n = g-+-h and I = [,-}-I,. Then (5) can be written

nlll7

(P32 2k)) = L(k+1, Iy, 9)L(k, I, k) +L(k, 1, g)Lk+1, Iy, h),
so that

Z ; 2. zl PRI = ( :\—z\)m(lia)k+(1-’\—,\)k(i”8—_a)m' (14)

(iii) Finally making use of (13) and (14) we find the quintic variate GF
with parameters u, ¢, v, b as in (i) and o for the number k of intersections

Hiw, §,v, o) = > Cilu, b, », dof

i=0

© 3 A ] °°[ ]k
Z[l s (25t o2 2 =)

A -28(1—w)
TIS S a(l—w?)

(15)

5. Opp NUMBER OF INTERSECTIONS

(@) To get (B 2= Y), the number of paths with 2k—1 intersections in 2n
steps and Spn = 0, we put s = v, ¢ = p = 1 in (13) and collect in the expansion
thereof the coefficient of »». With the above substitutions (13) becomes

1-J(1—4]* _ 1-J(1-4v)]“
2[mm] *2”2k[‘—‘2‘:— :

The coefficient of v* in its expansion by (8) is

2k [ 2k
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Hence
(E*2k 1) = 2(H4k
a result obtained by Csaki and Vincze (1961).

(b) To find (E2*"), the number of paths with (i) 2k—1 intersections,
(ii) 2g steps above the axis and (iii) S;» = 0, we put ¢ = p=1 in (13) and
collecting as above the coefficient of 9y»-¢ in its expansion, we verify the
following result due to Csaki and Vineze (1961):
2¢, 2k ~1 k 29 k 2n— Zg \ 9% 2k
sy =2k (V) () = 2 ).
(¢) To get (E*fk*ll) the number of paths with I; +ve waves and 2k—1
intersections in 2n steps, we put ¢y =v and ¢ =1 in (13) and collect in the

expansion thereof the coefficient of pwm. With these substitutions (13)
becomes

2{ [l y(1 )] }k [1—~/(1—4v)r
1=l =J(1—=4]} {1+ /(1 —4)
The coefficient of p't in its expansion in ascending powers of u is seen to be

l—1 I—J(l—4v)}ll+2k(l)k
()= L e

where we have used the formula

—k . ,—1
(ll-—k)( it = (k 1) .. . .. a7

and the coefficient of v» in the expansion of (16) in powers of » by means of
(8) shows that

L—1\(2n—1)\ (1. 42k li— .
- 1 1y 4+ _ 2kl
( 2n, *11)“"(]‘, l)(n+k)(2n—l1)—‘)( )(Hm_I:
(d) To get (E%f, Zf,l "), the number of paths with (i) §; +ve waves com-
prising 2g steps, (ii) 2k—1 intersections and (iii) Sgn = 0, we put ¢ =1 in

(13) and collect the coefficient of u'tv9yn -9 in its expansion.
We are thus finally led to the result

(B2 %1 =2( )(29—11) L (2n—-2g)‘lc_
2. * 1y k-1 g /29—l \n—g—k/n—g
ll 2
= 2( )(H"g 11)(H§i 2g)

(e) To get ("), the number of paths with 2k—1 intersections and
Ith return to the origin at the 2nth step, we put ¢ = p and ¢ = v in (13) and
colleot the coefficient of whv» in its expansion, getting finally

I-1\/2n-01\ [ | ) .
*2%-1y __ =2 .
(E2n,l = 2(2]0-—1)( n )Qn-—l, ‘)(21‘:—-1 (Hi’"-’)
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(f) To get (B2 "), the number of paths with 2k—1 intersections and
2g steps above the axis and Ith return to the origin at the 2nth step, we sub-
stitute ¢ = p in (13) and colleet in the expansion thereof the coefficient of
phoyn-9.  Now (13) becomes

5 { bl — /(1 ~4v)] }" { bull -y (1—44)] }
T— I —yA=&)]) (T=ul—JI—=4p1f -

Expanding each factor as a power series in p, the coefficient of u! is seen
on using a variant of (17) to be

\ If (7,+k 1)( -7;0:’;—-1) [l—x/(zl—‘iv):lHk [I—J(;—4¢):|l—i'k

and finally its expansion in powers of v and i shows that

(s ) 2’2“’k(z+k 1 (l—z'—k—l (29—'5—10 itk
20,1 = k=1 g 29—1—k

(2”—29—l+i+k) l—i—k
X

n—g 2n—2g—1+i+k

=2k

T4k—1) [l—i—k—1 e
S A [y C R C =

6. EvEN NUMBER OF INTERSECTIONS

The results for an even number of intersections corresponding to those of

the preceding section are the following. Of these (a) and (b) are due to Csaki
and Vinecze (1961).

2
(E*2k) — 2 2k+1 ( n

4k
n n+2k+1) = 2(H, +2)'
oo _k+1{ 29 ) k (2n—29) k( 2 )k+1 2n—2g )
®) (B ™) _T( —k—1/n—g \n—g—k +o\=% (n—g-—k-—l
(H2k * 2)(H2n~ 2g) + (HZ )(Hgft+ Zg)

o @)= () o) e () e ()
S G0 b [
@ @) =@ ) (7 e+ (20 )ez)
0 @2 =2 5 ) (") =25 )



JOINT DISTRIBUTION OF INTERSECTIONS, WAVES AND STEPS—I 469

1-2k=-1

k4i—1\ jl—i—k—1 ; —:im
o @ = > (T e @)

i=0
TR C AR (- o]

7. ParES WITH INTERSECTIONS UNSPECIFIED

We now deduce the number of paths when the number of intersections is
indifferent, i.e. unspecified. On putting w = 1, (15) becomes

A+8)/(1=A=8). .. .. .. .. (18)

(@) To get (Ez, s,), the number of paths with {; 4-ve waves in 2n
steps and with Sy, = 0, we put = v, ¢ = 1 in (18) and collect in the expansion
thereof the coefficient of v,u'1.  Now the GT (18) becomes

[1—JA—)]+pll—y(1 )] _[1—J(1—4)] _ F[I—J(1—4V)]] -1
8= I8 —pI—JA -]~ 1+J(1—%) I+/0—-%) | -

The coefficient of xM in its expansion in an ascending power series in p is

(1-J(1—4v))’1+1 '1—¢(1—4v))’1
1+/(1—4) (1+J(1—4v) '

Finally the coefficient of v* in its expansion, by using (8), leads to the
result

(1+#)[1

- ll+l 2n \) ll ( 2n ) _ 21 +2 21y
(E2n,*11)—7(n_l]_l +5 n—I, “(Hzn )+(H2n

_( 23+1
- 2n4+1/"

() To find (B .,), the number of paths with l; 4-ve waves comprising
2g steps and with S,, = 0, we put ¢ =1 in (18) and collect the coefficient
of paymn-9 in its expansion. Proceeding as above the final result obtained is

(EZi, * 11) = (HIZL—II)[(Hgntigé-ll) + (H121n —2g+11)]
)(Hh-\‘-l

= (H1
- (H 2n-2e+i1+1/°

2g-l1
(c) To get (Esy, 1, 1), as defined in §2, we put = v in (18) and collect
the coefficient of u'i¢2y® in its expansion.
Now (18) becomes

Hpt+oi~V(1—4)]
1—{[1-J(1=8))u+$)’

and the coefficient of u'¢* in its expansion is

l1+lz\, [1 —-J( —4v)]ll+'2
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Finally the coefficient of v» in its expansion by (8) leads to the result

Eand = (1) (") s = (1) -

(d) To get (Ean, 1), as defined in §2, we put ¢ = and ¢=» in (18)
and collecting in the expansion thereof the coefficient of ph* one can verify
the following well-known result (Feller 1957, p. 82):

1 [2n—1
(Egn,1) = 20 2n_l( n ) = 2(H,,_))

(e) To find (3 ), the number of paths with (i) ! returns to the origin,
(ii) 2¢ steps above the axis and (iii) Sgn = 0, we put ¢ = p in (18) and collect
the coefficient of phoyr-9 in its expansion. With these substitutions (18)
becomes

l{ w1 = (L= 4)]+pf1 =/ (1 —44)] }
B o o Ry 0y g ) |

and the coefficient of p! in its expansion is

G- /A =)+ -y =41

-l e

L

The coefficient of »#)%#~¢ in its expansion shows that
i
2
@) = > ()@ ).
i=0

(f) To find (Ezf, , the number of paths with 2y steps above the axis
when 15’2,. =0, we put $ = =1 in (18) and get

A=) = (A=) _ 1 /(=) —/(1—4)

,J(l —dv) 4+ JA—4y) 2 p—r -1
11—t JA-8)] |
2 Y—v

¢1—J(1 4¢)Z()f 11— J(l 4»)2()

The coefficient of vy -9 in it leads to the following well-known result
due to Chung and Feller (1949):

(2n+1) 1 2n\ 1
(& ) n4l)2n41 " (n)n-}-l'

Of the deductions in §§5, 6, 7, those which have not been quoted as
verifications of known results are believed to be new.
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