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The paper deals with one-dimensional random walk by discrete movements in
the presence of two absorbing barriers in the two cases: (1) the steps are
Bernoullian, with probability p of a step being to the right and (2) the con-
secutive steps are correlated, with probability p of continuation of direction
and ¢ (= 1—p) that of reversal, the steps being all of unit length. The
analysis carried out in case (2) is equally applicable to the more general two-
state Markov chain process, but the expressions in the results would be still
more complicated. The probability generating functions (PGF) for the 4th
passage of a particle to a specified point, as also that of the rth return to the
starting position, conditional on the particle not having been absorbed
earlier, are obtained. The expressions for probabilities become much
simplified when the starting position is the middle point between the barriers.
It has been shown that return to the starting position is a transient event
and that in the Bernoullian walk the probabilities of absorption at the bar-
riers ¢ and —b, conditional on no return to 0, are respectively pa(g—p)+
(g¢—pe) and g¢¥(g—p)/(gt—p?). Probabilities of the particle returning at
least r times to the origin before being absorbed at an absorbing barrier
have been explicitly given. The treatment of the correlated case has been
made possible by the introduction of suitable conditional probabilities. The
problem of the number of passages through an arbitrary point before ab-
sorption has been solved by the authors, using similar methods; but has not
been given here in view of the heavy work involved.

1. INTRODUCTION

Suppose that a particle is performing a discrete random walk along a
straight line when there are absorbing barriers at the points —b and a. At
each step the particle moves a unit distance either to the right or to the left
of its original position, with probabilities depending on the type of walk the
particle is performing. For the non-correlated walk these probabilities are
p and ¢; and for the correlated one they are governed by the transition
probability matrix.}

¥ Present address: 213 Radcliffe Graduate Centre, 6 Ash Street, Cambridge 38,
Massachusetts, U.8.A.

1 The more general transition probability matrix with diagonal elements p, and p; could be
treated by the very same method, but the expressions would be cumbersome.
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Whenever the particle reaches either barrier, the walk terminates. Feller
(1957) and Mohan (1955) considered the analogous problem of the gambler’s
ruin and the expected duration of the game. Kac (1947) determined by the
use of matrix algebra the probability that the length of life of the particle is
greater than a given number of instants. Weesakul (1961) considered the
problem when there are only one absorbing and one reflecting barrier; while
Seth and Gupta (1964) discussed the random walk in the presence of two
reflecting barriers. In another paper Seth (1963) investigated the correlated
unrestricted random walk. We obtain here the probability generating funec-
tions (PGF) for the particle to arrive at a particular point for the Ith time
and also for its Ith return to the original position. These can be utilized to
give the various statistics of the distribution.

While in § 2 we summarize known results, in other sections we give results
which are believed to be new. The formulation of variables and difference
equations, involving the Ith conditional passage, along with the method of
solution (e.g. in § 6) will, it is hoped, present points of interest.

(I) NoN-CORRELATED WALK
2. PGF for absorption

Denote respectively by p, , and ¢, , the probabilities of absorption on
the nth step at @ and —b of a particle starting from the position z. Clearly
P, , and g, , are conditional on the particle not reaching the other barrier
earlier. Denoting the PGF by the corresponding capital letter, e.g.

@
§) = Z ?, 5"
n=10

and using Laplace’s method of generating functions, we have (Feller, 1957)
Py(s) = Lz yp/Liyas

where o
Li=X—Xx, A ¢
with
- 2y} (1 2\
Al == l_-.!-_gl.‘)_.ﬁpﬂ alnd /\2 — l__g.ﬂﬂ_’
2ps 2ps C o o (2
80 that

MAg = q/p = p, say.
It may be noted that
(i) [Py(s)]a = r is the PGF for the first passage through r( > 0) conditional
on the particle starting from 0 and not reaching —b earlier;
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(ii) p, , can be interpreted as the first passagé probability from z to a at
the nth step, conditional on the particle not reaching —b earlier; and

(iii) Ly=—pLi... .. .. .. .. @
Similarly, or by suitable interchange of symbols in the above, we have
Qz(8) = —ptPL,_ a/Layn. . . .. (4)

It is easily seen that P,(1)4@.(1) = 1, implying that the pa.rtlcle is even-
tually absorbed at one of the barriers.

3. PGF for the th conditional passage to the point r ( > 0)
For0<r<a,let

f,(f’n = probability of the particle reaching r for the lth time at the nth
step, conditional on the particle starting from 0 and not reaching
a or —b earlier.
Then

n-2

filz)n = Z fs)”_k..l[pnr-i-l, T(k) + q7y_) ) f(k)]y

k=1
where =, ,(k) = conditional probability of arriving at the position r from w
for the first time at the kth step.

Therefore
Z FE,5n = oF Q) Iy, (8)+ Ty, r(8))
while B
F6) = [Po(d)], - g ey = Lo/Lpyr-
Also
I, 44, /(8) = [Qz('g)]b= —rrmrtl ~p*"Ly_gy1/La-y, by (4),
= PLa-r—l/La-n by (3);
while
IIy_;,4(8) =[P 2(3)],,=,, rmpel = Lpye-1/Lpyr.
Hence
Yy(8) = pllryy, r(8)+ 91y .y, 1(8)
La-r— Lb+r—1]
= . e ‘e . .. .. 5)
q[ La-—f + Lb+r (
In general,
n-2
fi‘,’,, = z fy,_,;l.)k-l[P"rH, r(k)+gmr_1, r(F)],
k=1

so that
FU(s) = sY (8)F' V()

= (8¥,) PV, 1>1.
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Hence the PGF for arriving at r from 0 in the presence of absorbing
barriers at —b and @, not necessarily for the first time, is

[ o]

Us(s) = Z(sz)‘ Fs) = Ly/[l—sYp(®))Lpsr. .. .. (6)

I=1
The explicit expression can be written by using in succession the results (5), (1)
and (2).
4, Return to origin

(t) The PGF of conditional return to the origin for the Ith time is, in
view of F(()”(s) being unity by definition,

G(()l)(s) = Fg+1)(8) = (SYo)lF:)U(s) = (g8 [L“’ +Lb 1]

L
Forp>gq,if s = 1, then A; = 1 and Ay = p; and
13
Wy o [ 1=p* 7t l—p"‘l]
G, (1)—-ql1_pa+ T .. .. (7

is the probability of the particle returning at least ! times to the origin before
being absorbed.

G(()”(l) is the probability of ever returning to the origin; and this being
less than unity, a return to the origin is not a certain recurrent event. The
equation Gf,l)(l) = 1, when rid of fractions, admits of the only solution p = 1,
i.e. p=¢q == }; but in this case the theory of limits shows that

G(1) = 1~}(Lja+1/b) # 1. . .. .. (8

In fact, I—Gf,l)(l) is the probability of absorption at @ or —b without

the particle returning to the origin. The probability of absorption at a is
[pPy(1)], -, = p49—P)/(¢*—P);

that of absorption at —b is
[¢Q-,(V)], - = ¢"(¢—P)/(¢"—P");

and it is easily verified that the sum of these two is I—Gf)l)(l).

(ii) If w, , denotes the probability of a conditional return to the origin
at the nth step, not necessarily for the first time, then

n
- (1)
uo, n = z go, ,,-,“o. T,
r=0

(1) =
Jo,0=

and the convolution theorem gives, in conformlty with (6),
1/Uy(8) = l—G(‘)”(.s) =1—38Y,.

where
uo. 0= 1 and
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(IT) CorRELATED WALK
5. PQF for the absorption probability

To deal with this case it is necessary to introduce the conditional prob-
abilities :
az, » = probability of absorption at a on the wth step, given that the
starting position is 2z and the first step is to the right;
B. . = the corresponding probability when the first step is to the left.
Also define
vz,0=0,27a; og9=1
B, ,=0,2%0a; B,
Xg_1,n = Sn-1; &= {(l): :?___ég

Boogra=0,n>1 .. .. .. . (9
Then
oz, n =pa3+l,"—1+QBz+1,n‘1} —b+l <2<a—1: (]O)
ﬁz' n = 9%z-1, n—1+sz,l, n-1 n >l
Writing
Ay(s) = Z az, 75" and B,(s) = Z Bz, nS™
n=10 =0

we get the following difference equations from (10) and (9):

Ay (s) = ps Azy1(8)+98 Bz11(9)
and
B,(s) = qgs Az1(8)+ps B, 1(s),

with boundary conditions

B_b+1(3) = and Aa_](&) = 8. . . . . (ll)
Hence
= Oz =P8 gy L PPS
A,(8) = Cu g8 +Dp %
and
B,(s) = Cp?+Du~?,
where
2psp = 1+cot+{(1—s?)1—c2)}, c=p—g. .. .. (12)
Choosing the constants C and D so as to satisfy (11), we find on writing
UM = (1—pps)— (u—polptat2o=s .. .. .. .. (12)
that
A,(8) = M1 — ups— (u—ps)p2bte-1]y-1+a-2
and

Bi(s) = Mger(1 —ptirtis-2)ua-s,
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If ¢, = 1 — ¢, is the probability of the particle taking the first step to
the right, then the PGF for unconditional absorption at a is
V() = c1.4,(8) +c2B:(s)
= Mops-2-1o; —c,psp-+Cogop— (C1p—cy D8+ Coge)p2?+22-1). . (13)
4,(s) and B,(s), the corresponding PGF for absorption at —b, can be ob-
tained similarly; or can alternatively be written down from B,(s) and A4.(s)
respectively by interchanging a—z and b-}-z, as also ¢, and ¢;. Thus the PGF
for unconditional absorption at —b is
W 2(8) = M3uo*2-1[(co+c1gsp—Capsp) —pa =227 1(c 198+ Cop—cops) - (13a)
The expressions V,(s) and W.(s) simplify respectively when ¢; = ¢ and
¢y =p. Then
V() = Msguo~?=1(1—p2e*2b)

and
W o(e) = Magu=1(1—p2a-2).

For p = q = ¢; = ¢3 = }, these are in agreement with P,(s) and @Q.(s)
of §2, as they should be.

6. PGF for the lth passage to the point r (> 0)

Let p;” = probability of arriving at r for the Ith time at the nth step,
conditional on the particle starting from the position z ( < r) and
not reaching ¢ or —b earlier and the first step being to the right
with probability ¢; = 1—c¢,

and qsi{’” = the corresponding probability when z > r.

Clearly

R(l) z p(l)nsn = [Vz(s)]a= . v e .. (14)
and "
q);n(s) = 24’3’,.8" =[W))y _,, -- .. .. (15)
where V,(s) is given by (13) and W(s) by (13a).
Now for z < 1,

p‘z) Z pil)” ¢_1[p X (probability of first passage from r4-1 to r at the kth

step)+g¢ X (probability of first passage from r—1 to r at the kth step)]
80 that
BP(e) = sBY (@) { W), = r41,0= —ro ey =pF AV e@orra o, cl:q}.
In general,
RYe) = Rﬁ"(a)[p{¢§’+}’(s)}cl= BV @), _q] S A 1)
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and
¢0e) = s00) | p (R @)), - (270, ]
Now define

Jos, 1) = z RY%s)# and Hy(s, t) = z o' (s)t.
I=1

I>1

Then from (16)

Jz(s,t).—_—tRil)_i_tsRil)[p{H,ﬂ(s,t)}cl=p+q{J_l(s,t)}cl=q] S ..ooan
and

Hys, t) = 10,410 [q{Hpir(o, O}, _,+0rale, 0}, ). - .. (18)
Here {H,,(s, 8)} and {Jy_y(s, )} X

P ¢ = are determined by putting z = r
1
+1land ¢; = pin (18) and z = r—1 and ¢, = ¢ in (17) and solving, we thus

get on writing

0 =1—gstA—qstB—cs%’AB; c =p—q .. .. .. (19
with
A= {Ril‘)l}ﬁ:q and B = {@ﬁlji}%:ﬁ (20
that :
{Hy1(s t)}cl=p =tB(1+-stcA)/0
and
rals, 0}, _, = tAQL+8lcB)/S.
Hence
J (s, t) = tR"(s)(14stcB)/6 B 2 §)
and
Hys, t) = 0} (1 +sted)®. .. .. .. (22)

R%(s) and ®(s) are then obtained as the coefficients of # in (21) and (22)

respectively, which can be expressed in explicit forms by using successively
the results (19), (20), (14), (15), (13), (13a) and (12).

7. PGF for unconditional return to the origin

Let hg)” denote the unconditional probability of arriving (in the presence
of absorbing barriers at @ and —b) at the origin for the first time on the

nth step from the starting position 7( > 0). hf,l'),, may be interpreted as the

probability of first return to the origin; and for —b<r<a
Q) &)
b, n = Caby n-1+°2h(-1)1, n-1
or
HD(s) = c18H(8) +coaH W (@),
4B
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where
- g8(1—p?4-2)
2=1,b=0,¢,=2 " 1—pps— pu20-3(p—ps)

H{(s) = {W.(s)}

and

gs(1—p#2%)
1—pps—(p—po)uto=s"

(i) If hg') » denotes the probability of the Ith return to the origin at the
nth step, then

H(_l)l(s) = {Vz(s)z= -1, 2=0, cl=q =

n-2
o _ (1) (l-=1) -
”'o,n" Z clhl,k{h k- l}c hm k{hO n“L e, =7
k=1
Hence
HY(s) = cosHY @) (HY V}e, g toasHY @) (HY VYo _p .. .. (23)

To obtain the expression for Hg)(s), put first ¢, = p and again ¢; = ¢
in (23). Thus, writing

{H(()l)(s)}cl=p =4, {Hg)(s)}ch = B,

H(ll)(s) = ¢, and H(_l)l(s) = oy,
we have
4, = psoyB;_;+qsosd;_y
and
B = gso1B;_1+psoad, ;.
Hence
Ay =PX.4+Q), and B; = {41, —gs0:41}/psoy,
where Ay, A, [different from those in (2)] are the roots of the quadratic
(A—g8o2)(A—q80,) = p2sPo;03
and P, @ are determined so as to satisfy the relations
P +QAg = psoy+gsog
and
Pa;+QX; = pso(gs0,+D80s) + gsos(pso1 +gsos).
Finally H(s) is obtained from the relation
H},”(S) = 0180, By_y 4638004 1.

(ii) Probability of at least one return
The events ‘first reburn to 0 at the sth step, ¢t =1, 2, 3,...,” being
mutually exclusive with probabilities hf,l’),-,

M = gy = c(a—1) c,,(b—l)]
zh Ho l’‘q[2p+wq—1“TL2p+b.q—1

i=1
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is the probability of the particle returning to the origin at least once before
absorption at a barrier. In the special case ¢, = } = p it agrees with the
value (8) as it should.

(iii) Starting position at the middle of the range

When the middle point between the barriers is the starting position, i.e.
when a = b, these expressions become much simpler; then

0y = g, 80 that A; = se; and Ay = —cs0,.
Consequently 4; = (s0,)! = B
and the PGF for the lth return to the origin is
gle2i(1 — P,za—z)’
{1 —pps—(u—pe)p2a-3Y

H g) (8) = (018) =

whence
HY(1) = {g(a—1)/(2p+ag—1)}’

is the probability of the particle returning at least I times to the origin before
being absorbed at one of the barriers 4-a in a correlated walk. This may be
compared with the corresponding expression (7) with a = b for the case of a
non-correlated walk., For p = 1, the two, of course, have a common value.
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